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Chdp-ter 11 
VECTORS AITD CURVES 



In't roduct Ion ^ 



2 

Given the curve^ y = x ^ we can easily show that the point A .with 
coordinates (0,0) is an absolute miniinum. We can also show that the area 

. 1 



"between the cxirve and the line y = x + 2 



is ^ 



(Figure 11-ia) . 




^igure 11 
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But suppose we take the figure and rotate it alDOut the point A Until the. 



line y = X + 2 is horizontal (Figiire 11-lb) . As a result of the change 




Figure 11-lb 

the point A Is no longer a minimum. On the other hand, the area of the 
shaded region certainly should not change. ^ 

This simple example suggests that there are tvo types of properties 
associated with curves in the plane or in space.' Certain properties depend 
on the orientation of the c\irve with respect to a. set of coordinate axes, and 
others do not* In this chapter and the next we ishall emphasize those proper- 
ties whach do not depend on the coordinates. You should not suppose that ^ 
either type of property is more inrpoin^nt or more fundamental ^han thp other, * 
for they have different uses. In Section 1-1 to find a box with the largest 
volume, subject to given conditions, we plotted the volume of the -box as a 
function of the length of^a side (Figure 1-la) . If we were to rotate the" 
reference axes , then the new corrve would be of -little use" in solving the pro- 
blem. In^ contrast, areas and voluAes of regions do^ not depend on the coordi- 
nates. For -some problems ^coordinates are not useful ^Intil the solution" is 
almost complete; such a problem is that of describing the motion of two mutually 
attracting objects. -/ ^ , 

We shall introduce new tools particularly apprp^priate to the*' study of , pro- 
perties independent of coordinate axes. We combine parts of euclidean synthetic^ 
geometry an<i the analytic" geometry of De^car^'=»5. S^thetic geometry does not. 
employ coordinate axes but is^very awkward lantitative studies . f Cartesian 
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geometry Is an ideal -tool for -the definition and analysis of CTxrves and sur- 
races, "but the analysis, rests on the choice of coordinates, even when the re- 
JsTolts do not. To combine the advantages of "both sy status we introduce the con- 
cept of. vector as a translation of the plane or space^' although later the ct»n- 
c^pt/will he seen to have many other inteorpretations . We shall develop an. 
algebra of vectorjp^ with operations corresponding to simple geometric construc- 
tions. In this w^^ ve can descr-ibe space independently of coordinates and yet 
have the power of algebraic operations. All of this could have been done beior 
the calculus, but we finally ii/troduce a vector calculus, and, bring to bear the 
tools we have developed in earlier chapters. 



Ebcercises 1 1 -l - 

1, Which of the following quantities are independent of the choice of 
coordinates? ^ 

(a) The distance ijetween two points ^ 

(b) The distance of a point from the origin. 

(c) The angle between two lines. 

(d) The angle of inclination of , a line, 

(e) The area of a standard region xmder the graph y = fCx) * 

(f) The area bounded by two curves. 
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1-1-2 . . Vector Algebra . 

We sHall use the seometrical idea of translation as our primary represen- 



tation of the doncept of vector. A vector ^7 is then thought of as a mapping 

P ^ Q onto Itself In 



of space V 




vhich all points are translated the 
same distance (the length of V , 
written IvD" in ^the same direction* 
if VCP^) = and vCp^) =: 

then the directed line segments 



and 



5^ 



have the same len^h and 




Figure ll«2a • 

/ 



are parallel (directed line segments 
are said to be parallel if they not 
only lie on parallel lines ^ but also 
'have the same orientation). We can 



describe ^ by the va/ iin which it ma^s just one point since any directed 
segment PQ , vhere Q = v(p) , defines the direction and aen^h of V . It ' " 
does no harm to picture as a floating directed segment (of a specified 

length and direction) which may be attached to an initial point ^ if convenient. 

The interp-e-bation of vec-tor as a transla-fcion clearly makes no "use of a 
coordinate system. Nonetheless, it is often convenient to have a represen- 
tation of a vector in a given coordinate system. If v"(P^) = and 




C 



Figure 11-215 




We shall use the word "space" to denote either the Euclidean plane 
or Euclidean three-dimensional space E^ , specifying only when necessary. 
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"vCp^) = Q2 "then Trom -the paraULelism of P^Q^- and P^Q^ "the projections of 
-the two directed segments on an;/ given line are equal in-JLength and have the 
same orientation. Thus if and P^ have the x-coordinktes and 

respectively^ '.then ' and have the x-coordinates * x, ^ and x^ + ^ ^ 

respect-ively (Figure l-2h)*~. Here. ||I is the conmon len^, -"^^ of zhe two pro- 
jections and ^ is positive IT the projections have the s -e orientation as 
the X-axis, and negative if they have the opposite orientation. The number I 
is called the x- component of ^ V . In exactly the same way, we introduce 

the y-component V^^ by means of projections on the y-axis, and the z-component 
V hy means of projections on the z-axis» If we happen to be concerned *about 
the Euclic-'-^- r^lane E , not three-dimensional • space E , then, of course, 

there is _ .3 and no z-component. It is convenient, however, to consider 

^ 2 ' 

^ as par-o E^ by talcing E as the plane s = 0 . The translations in 

are then simply the vectors V with V = 0 . By means of this imbedding 
3 ^ o ^ 

of in E-^ ■ the statements w^^. make about E^ can be specialized to yield 

statements about 

From the definition .of component, we see that the effect of V upon the 
coordinate representati(?n ^(a,b,c) of a point is to add its components to the 
corresponding coordinates; namely 

(1) , V : (a,b,c^ ^ ^ - ^ + ^ 

Thus the mapping ^ is completely dascrxJj^'G in a given coordinate frame by 
the specification of its components, ' '^^write the coordinate representation 
^of a vector as the ordered triple of fccr.ponents 

In (2) we have deliberat- ly adcptedVthe same notation as that for the 
coordinate represe .::aticn of a -.oLr.zi ye hall ^ee that this is' a convenience 
rather than a cauL ■ f confusion. Ir. pa^icular,. the vector V maps the 
origin onto a point whose cocrdinate^r are.* the components -of V" , ' 

(3) V : ro,c,c'- -J[V ,v ,v ) 

^ ' y x^ y^.z^ 

thus the len^h of V ic the distance tJetv^en the points (0,0,0) and 
(V^,V^,y^) , n^ely, . ' ' \ . 

• <**^ 

(h) "' \v\ = v<r2 4- + ; ^ • 

' . ' /X y z 

We may represent the transition -V by the point ^into which it maps the origin, 
and given either ^-one, the point or the vector, the other is determined. Thus, 

O - 673 ' 




given an origin, theire Is a one-to-o;j^ j:orresponcience betveen poin-ts and 
.vector^. (This depends on the cholce'^of origlf: but rfot the orientation of 
the axes, although the coordinates of points and vectors do depend on orienta- 
tion.) As we shall soon see, this correspondence is given a special signifl- 
carlce In terms of the operation of cogrposition of translations. When Ve wish 
■to emphasize the distinction we shall write V = (V^,V ,V ) for the point and 
^ = ^^x'\''^z^ ' vector. . . 

The composition of two translations, fijrst V then- U applied to a point 
P has a simple geometrical interpretation". Let Q '= vCp) and H = uCq) , 
(Figure l-2c) . * ^ ' / 




Figure ll-2c • 

Think of^ y as attached to the initial point P to yiel^ the terminal point 
Q .and U as attached to the tip of the arrow PQ to yield the final point ' 
H . The composition ;w = UV is the translation defined by the directed seg- 
ment PR . Thus we may thlnJc of W as foiTnlrtg the third side of a triaegle ' 
^or which >- and T define the first two sides ('provided that P Q , R are 
not cbllinear., of course) .' It is natural to compare the composition W = tjv" 
with the ^composition in the reverse order, W* = W applied to the same point 
? . • For this purpose set S = U(?) and = vCs) = W*Cp) . We shaU. prove 




Figure -ll-2d 
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that. R ■= in other vords* that, the 'compos it ion of - translations is com- "» 

mutative. ' «e leave as en exercis^ th^ s^e&iai 'case' in v^iich U and V ' are 

paraia.ei... -First ohse'rye in Eigure ll-^4^jsiik-t since and SR* are p^allel 

that the exterior -angle, . ZTPS , -is equal to ZPSR , and since PS and -QR * 

are parallel, th^t ^ ZTPS = ^QR . Thu^^PQR' = ZPSR* ; hence, froi the efjuality 

o£^the sides of the- angle, - APQR is cc^griient to 2a?*SP Consequently, ' • 

|vr I = [Wf . Kow, from the parallelism ot FS' and .the four points P , 

Q ^ R _are coplanar, and from tiie parallelism of -PQ -and ,.SR* "the points.^--" 

P k Q > S , B- are coplanar .- .'Hence &11 ^lYe -points. P , Q , S ', R , R* ^ are ' 

coplanar and Figure ll-2d irepresertts a plane figijare. But now observe that 
/■ ' ' " ■ 

^ PS = /rPBQ = ZRPS 

since and, ^ are parallel. 4:onsequently, ?* and R lie in the same,, 

direction from P~ at the same distance ( jw] = ) , hence R = R* . 

^The same result can be obtained ve:iHy simply ^y means of the coordinate 
representations of' U and V . Set P = .(a,b,c) , tj = (U ,U ,U ) , ' I 

^ = ^^x'\'\^- .-'Then, by (l},.. ' ' - , . • ^ x y' z ' . • 



" UV(P) = Ca'^ + V^. + , b + , c + vr + U^) , \ f 

Since the comp'onents ot the composition are siiroly t^e sums' of the corresponding 
components of the^constituent translations; the composition iJv" is naturally 
called the sum of IJ and V and is written U + V*\ For the' coordinate re- 
presentation ox' the "^um, we have 

(5) ■ . U V (U V' , U + V . u + V ) . ^ 

\* . ' 

/Since addition is' commutative, it follows th^ tj + = V + . The commuta- 

tivity. ofl the ^um leads to tTie "parallelogram" law for the addition of vectors. 

In Fi^tir^ 14-2d the points R and" ^ should "be the ^ame and the figure PQRS, 

is a parallelogram for which the directed diagonal PH represents U + T . 
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FroGi (5) we conclucle that addition of vectors^ is also associative: 
* (6) - ■ (u'+ V). -K IT = U + (V + 1^ . ■ 

The geonjetrical ^proof of the .a:ssociative law (6) -i^S^^eft' to Exercises 11-2^ " 
Ntnaber 6, It is al2K:>st as ohvious as the algehraic proof. \ 

r ' ^ ^ . ' ^ ■ ' ^ \ 

^.Formulas (l) and (5), the one representing the effect of aHranslation,^ 
^the other, the. addition of two- vectors, are formally identical. ' As far as the 
algehraic consequences are involved, it does not matter ^heth^ ve di6t:^guish 
the*point P = (a^h^c) ^ from the "position'' vector P = (a,"b,c) .which inaps the 
origin onto P., Once we have chosen an origin we s.hall feel free hencefprth 
^ to use point • and -vector • as interchangeable ' tenns • 

In order to complete the^analpgy of vector addition with ordinary addition 
we introduc_e the mill vector which may be thought of as the" "identity" " " 
translation which maps each point onto itself. Thus O"^ has the coordinate 
representation ^ ^ 

. - O" ^ (0,0, 0) . ' ' 

.and satisfies the_prpperty 

(8) ' ^ r ' 0 + = V + 0 = 

for aUL vectors "V . * 

Each translation V has an (ad^d^tive) inverse -"v which undoes the 
"effect- of yi. Thus, if. vCP) tlien -V(a)^ = P^*c- Consequently, -V is a 

vector of the same length as -V , but- opposite direction. The inverse^ -V" 
satisfies - ' \ , ^ - ^ 

C9) • V + (^V) = 0 ; ' 

hence, if V = Cv^,V ,V^) t.p.e coordiriate(_r_epresentation of -V" is given by 



ClO) / • -V = C-v ,-V ,^l£ ) . 

-A se^cond useful operation is multiplicatioi; .of a vector by a real number. 
3y the vector W ^ where ^ > <) , is -meant the vector in the direction of. V" 
witii len^h \ times that of - If \ <0 , ?hen ^XV is tak^ .with' length 
-\ -times the length of ^ and ^'-direction opposite to that of V If \ = 0 
then we take \V ' = 0 • In any case. 

Note further that . ' " 

(12) • ■ V. , ^ = '.(XV) . 



If interpret- V ^as- a point we see- for .7^>p that the oDer^tion bf Tiiulti- 
:]^ying X. app3!i-€d to all. points 'of ^ space ^y^^^mts to a change of scale, or 
^ 'magnification "by the factor \ . For" this ^ reason^ we call real niimhers 

s calar s . Finally, in, terms of the coordinate repre.sentation of .V:'.- • - 

whic^. means geometrically that to magnify V by' a factor X is eqSiivalent to 
magiiifying each coCTJonent^ o by the same . factor . " Fronf^ClS) it follows 

directly that multii5iicat*ion by a scalar^ is associative T ' 

and satisfies tlie distri'butive laws ' .■ ' '- 

(15) 1 . Cx + ^i)v = w + tiv 

■ > < ' ^ ■■ ■ • 

(16) ^ ■x.Cu + V) = xu + \ ■ v , > 

■ . . . ■ ■ >. ^^ . 

The usual connections ^between the concepts ■QiS' 3ubtractian, inverse, and 
multiplication by -1 still hold. Thus we define "tiie* difference V - IJ by 

* ' ' . -V - U = V + (-iT) - - ^/-^ 

Geometrically V - U crarrespofcds to the second diagonal' of the parallelogram 
in the parallelogram law for + tj Ci.e., the ps^egsaent rSQ ' in. Figure 11 -2e); 
the verification is left to Exercises 11-2, Number -2 .-v ■ J^om their geometrical 
definitibns it is immediate that -7 = (-l)V • ^-^C- : * 

If ^ = t-iU or Ij" = \V we say \hat the vectors. IJ and 7 are * c oHinear « 
This corresponds to the conventional statement that the points 0 -^''U /-and V, 
are collinear* Note that, the vector is by this definition collinear ' with, 

ever^y- vector, ^See Exercises 11-2. No* i^-Cd)) ' " . . ' 

In the ^ p^-e ceding discussion wa^have been guided by geometrical ideas, but 

there are man^^ other ways of representing vectors th^n.the ones we have chosen* 

The basic algebraic structure we h^ve* exhibited is the defining characteristic 

of vectors. In general a set ^jf is called a linear vector stjace over the. real 

■ * • . ♦ 

numbers and its elements called vectors if there are two ODerations v -addition 

^ . 

of vectors and isultlplication of vectors by a scalar, ::^hich obey th'ej ifollowing 

laws X ^ ' ' * W*^. 'v \ 
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For each pair of vectors U and V in the-re ,is ^ vector tj -f- ^ in^ 

-called tfie sum ' of tj and V" with the fdllovdLng properties,. * 

Al. Commutativity, tj + 7 - V + U . - " 

Associativity, (u + V) + t7-'= U + ("^ +^t?) . ^ ^ ' 

A3. There exists a vector 0 in called the,'null vector such that . 

V 0 = for each vector in JC. • 

•= A4. For eacii vector V in ^ there exists a -vector such that 

* - ■ 

For each scalar (real nimber) \ and ^ch vector V in -C-' there is a 

vector ^ called the product" of X and T , with the -following 

2 ^ * 

properties. 

•Ml. IV* ='^. ^ " 

^ T » 

M2. X(p.^ = \-K[i)^ . f ■ ■ 

Multiplication by vectors is distributive over addition of scalWs, 
DX. (\ +-(jl)V =^V + tiV" . 
Multiplication by scalars is distributive over addition of vectors. 



The postulates for a linear vector space are given above only to present 
*the abstract mathematical concept of vector prec??sely. It includes spaces 
which you might not* at first ' connect wi*th our geometrical model • ^ For example, 
the, set of all polynomials with real coefficients form a linear vector s-oace: 
the set of all solutions of a linear homogeneous differential- equation is. 
another. For our present purposes, however, the geometrical- mod*el "is suffi- 
cient. We leave to the exercises some of the simpler algebraic consequences 
of the vector space postulates. , . * ' 



'^•he Properties Al « ^4- define a structure, called an abeliaii" or commuta- 
tive group, which appears in many^ different contexts. 

S^e adhere to the convent;ion that the product of a scalar and a vector is- 
always, written ^with the scalar on the left. ' 
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" ' * Bxercises" XI *2 . " 

X. I^et U and V be any^ points and ^ V the .corresponding po'sitioD?^^ 
vectors. -In terms of U and what vector, is represented "by the 

directed segment ITV ? ^ ' - 

2. In Figure XX-2e, one diagonaX corresponds to the smn . U + V . What 
vector corresponds -fco the other diagonal? 

3. Give, a geometrical' Justification f or ,the inequality 

• . /' • . . . lU -f-' jul . + -iv^ 

Let^ ■ A and 3 he any given points . Characterize geometrically each of 
the sets of -aoints > - 

(a) CX : IX - a| =r} . 



'(b) [X : 1^ - A| < r} . 

(c) . {X : |X - Aj >>r3 - ' - , ■ ' • . > 

(d) CX : x; ="xa" , X real} . ' ■ _ ... 

(e) {X. : X - XA , X > 0} .V . . ^—^^^ ' ^ 

(f ) {X : X = A + XB , X > 0} . ^ - - 

(g) 'fx : X = A + \B , X real} . • , 

(h) {X : |X - aI = Ix - Bl} . ' ■ ' - 

5.^ For any-non-n-uXX vector A obtain the unit vector (vector pr length ±) ' 
in the direction of A • 

3* Give a-:geometricaX derivation for the associative Xav (6) for the addition 
of vectors * " . .. \' ' 

7. From the laws of toperation^ AX - 4^ MX - 2, DX 2, -which define a vector 
space^ derive the-^f oXXowing consequences. ' 

(a) X0:= O 

(b) OT. 4 0 ^ ^ ; ■■ 
Cc) If^ X ^"0 and V 7^ 0 then XV ^ O . • 

Cd) (-X^= -V , 



(^) ^ 7^ 0 ^ "the vector equation \X + U" = v" has the unique'^^Xution 



ir 



Shbw that , the set of; continuous fuxLCtions. on the interval [O^l] ^s'\ 
line^ vector 'space, over the real nuiiibers wher^ addition and multiplica- 
• tion have their ^ conventioiial inJ:erpretations. 

^(a) .Let and J^*^ be linear vecrtor spaces over the real numoers. 

Shov that the s^et of ordered pairs ©-^ = Kv^yV^ * "^1 ^ 

^-2^} is a liti^ar vector space over the real numbers, where, for 

^-^1 ^-^T^ ^2 ^ ^2. ^ *^ addition and multiplication by a ^ 

, scalar in ^ defined by • ■ 

and ^ - ' . * ' - * . " 

The space -^^'@u^2 is known as the dird^t sum of " and . 

Cb) Show 'that the real number field is a linear vector space over- 

the rekl ' numb er s , where addition and multiplication is now ordinary 

• ^addition and multiplication of numbers. Tirie set ^ considered as a 
'linear vector "space with a length defined as 'Ixl' for x" e ^ is 
denoted" by ('one-dimensional euclidean space) . 

» 

(c) Show that euclidean two-dimensional* space ET is given by 



■J . 



Where lengt^^ for^^A e , given that = Ca\). ^nd a , b s 'e^ , 
is defined by . - y/ ' ^- 



Similarly,, show "that euclidean three-dimensional space E is - 
given ■ by ^ - ^ . , , " 

'e^ = 3^ ©V. ■ • " ^ ' 

^where length for, V E^ , given In the -foirti ^ (X,o) with : 
-A e , c €. E^ , is defined by ^ . 
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11-3 Vector Geometry , _ , " - " ^ 

In this section, ve give some examples of geometrical theorems using • 
vector methods^.' In many cases, the^proofs are much simpler than the proofs'^ 
*of synthetic or analytic geometry, 

^ First ve shall establish some preliminaries. We choose an origin 0 so 
that ve may represent a point as apposition vector.' Let P and^ Q be any 




\ < O 




0 

0 < X < 1 

Cii) 

Figure 11 -3a 



A. > 1 

Ciii) 




two points and P -and Q the corresponding position vectors (Figure ll-3a) . 
The line PQ is parallel to the vector V represented by o the directed seg- 
ment PQ . Thus a point X of- the line may be represented as the result of 
a translation" from 0 to P followed by a translation in the'^'d^ection of- 
V or its- inverse, and ve may vrite X in the form X = P + XV" ^ where the 
parameter may b^* any real number. In particuiar^ we observe that if \ in-' 
creases from 0 to 1 X traverses the segment PQ from P to Q ' and 
that. \ represents the ratio of the length of 'PX to that of PQ , (Figure- 
ll-3a(ii)). If \ > 1 , then X lies on the other side of Q from P y 
(Figure Il7r3a( iii) ) ^ and if \ < 0 then 'X lies on the other side of P" from 
Q , (Figure ll-3a(i)). We observe also that the vector V represented by ^ 
satisfies ^ ; hence^ V = ^ « . Thus we obtain , the vector'form f6r. 

the two-point equation of the line^ , - 

(1) ^ X - (1 \)F + \ Q . 

Here.. (\ [ has the geometrical meaning of the^ ratio of the length of PX , to 



that of PQ , X being, positive if Q and 



X lie in the same direction 



:rom 
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P , negative ir Q and X lie in opposite directions trom P • Hence, in 
particular, the midpoint of the segment ^PQ is given by X = ^ : 

« ' • -V ■ • , 

(2) * X = |(P + ^ . 

To gain some experience in vector manipizlations- we nov use the vector^ 
approach to ^rove some geometrical theorems ♦ 

Sxample ll*3a . The midpoints of the sides of 'a quadrilateral are the 
vertices of a parallelogram. 

Let the vertices of the quadrilateral be A , B , C , D , and the corres 
ponding position vectors, A , B , C , (see Figure H-3a) . 

A 

>- 

- • P w 



B 




Figiire ll-3a 



The mid-DOint 



>3-j_ of" AB is given by . . 

I 

Similarly, the midpoints of the other sides are given by 



The figure VL^yi^L^^ is a parallelogram if and oray if K^^M^^ and M^M^ are 

parallel and equal in- length; i.e., if and only if M^%-R^=m!^-'S^. But 

^)^^ - = 2^(5* - .■^) = " ^ whic^TL proves the theorem. ' . 

ITote'\hat the proof holds even if the original^ quadrilateral does not lie 
in a plane, ^ " - " . , - ' * 

Sx!ample - ll-3b . J The' arithmetic 'kverage A^ ' 6f • ^n points P^ , , , 

P • is given by -A = ^P^" + P^ + • • . rh ) and is called their centroid. 

n JL^^^^ £1 n ^ 

A ■ 682 • '. . 
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The -three medians or a* triangle -conctLrrent at the cen^roid of the^ - 
vertices, Piirthermore the distance from the centroid to the midpoint of "any 
side is half .^ihat • to the opposite Vertex. . 




Figure 11- Sh 

Let P-j^ , P^ he the vertices of the triangle and M^,, , the 

midpoints of the respective opposite sides • The equation of the" median from 
P^ to Mj_ is 



^ = (1 - -x)?^ + >^ 



The centroid A is on this line if - and only if there is a value of X for 
which X = A , i.e»^ 



or 



3' 3 

This last equation is^ clearly satisfied by X = . Thus we see that the 
centroid subdivides the median- in the stated ratio • The same argument applied 



to the other medians completes the proof. 



Just as a line, may be described by any two of its points, a plane may be 



^described by any noncollinear triple of its points. Let 



C be *any 



noncollinear triple of points* The plane ABC must^ contain' with any two of 
its points the entire line on which they lie. It^'follows/ then, that the 
plane con-bains -fche tvo lines {P : P = A-+ p.(B - aJ*" , p. real} 



and 
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2. 



(Q : = "S" + vCC" - A) , V real) , conseq-uent.ly, it contains the set of points 
(3) (F : 2*= (1 r X)?" + « ^^ci^ Gl - X)^C3 - S) + Xv(S^ - ^ , X .^i , v^eal) • 

Purth^bnor e , any point of the plane is a point of- this set; f or -i^ H is a 
'point o^ the plane, take any line Jbhrough, H vhich is not parallel' to. either * 




the line AB 
H ^will meet 



that 



Q 



Figure 11-3 c 

or the line AC and does not pass through A • 
AB at a point P and AC at a second point 
and R can be written in i:he forms given above* 



The line through 
Q . It follows ~ 



The form (s) in which we have represented the plane ABC is imnecessariiy 
complex* For simplicity, set (l - x)t-L = 1 and W = n . Ofcsejrve that any ' 



pair of real nimbers I n can be represented in this way by-^taking ^ ^ 
CU) ABC = 



Conseauently, we may put 



{H : R/= A +^(B 'X) ^ vCC - A) , ^ , V real} . 

The representation- (UJ of ABC iias a simple geometrica^ interpretation. 
Take A as the origin of a coordinate system in the .plane with g ^.'ri-axes in 
the directions of the vectors U = B - A and = C^^- 'K , respectively* 
CSuch "^axes will usually not be perpendicular.) Choose scales (generally 
unequal) , along the axes with [uj as the unit along the |-axis and [V^j as ' 
the xinit along ^ the rj-axis. A point R of the plane is given *by the coordi- 
nates (ot;,3) , the position of R being determined by a translation of 
A along the |-axis, followed by a translation f^V parallel to the Tj-axis 
(see Figure ll-3d) . ' ^ 
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This procedure is a straightforward generalization of the familiar method for 
locating a point by 'its rectangtilar coordinates. 

-the points 0 , B., C are coplanar ve say also thai^the vectors 

A , B C • are coplanar .. -Note that -by Vhls definition any three vectors whi 
rinclude the null vector are coplanar. 




^^^^'P^^ ^--3c . The vectors X ^ Z are coplanar ±f and only ±t there 

exist^ three scalars a ^ b , c , not all zero, such that ^ 

^ ' * - ■ ■ ^ ^ ^ 

' . " * aX + bY + c2 ■= 0 . 

(a) Suppose aX + bY + cZ = "O ^ say" a ^ O , then 



X = . ^ . £^ 

a a 



By reference to C^)' above with A = O , B = t , \nd C = Z ve see that X is 
in the^plane determined by Y , 2 and the o*isato O' . 

-(b) Suppose X , Y , Z are coplanar. If any one of them, say X , is 
the null "vector then we have the relation " - 

l-X + 0*Y + 0- Z= '0, 

so we assume none of the^ vectors is O . If 7 is^ collinear with It then 
Y = Tv^X , and 

Finally, if 0 , X , and Y are not collinear, then they determine a plane, 
and by (U), any Z which lies in the plane satisfies 



or 
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^11-3 .... 

Corollary , Suppose X" and Y are not co3-linear, then any poi^t '2 in 

r epr e s en t a t i on 

•2 = aX -fi / 



the -plane ^ 6xY has j the unique representation 



We leave to Exercise 11 -s3^ N\mber 8 the proof that given any four vectors 
W,X,Y,2 in there are , constants a , b , c , d not all zero so that 

- a W + bX + cY" + dZ = O , 



^ and hence given any three vectors X , Y , Z , not coplanar^^any vector^ "W 
1^ has the representation W = oX + ^ Y f XL . 

We introduced position, veqtors referred to a given origin 0 * We n6w 
consider how a position vector is affected by a ' shift of origin to another 
point A . Let X be any position vector referred to ' O . The vector , ^ 
? - ^ is . . 




5-2 



Figtire ll^Se 

represented by the directed segment AX and therefore is the position vector 
of X referred to A as origin (Figure ll-3e) Thus, insi^ead of shifting 
the origin to A , we may translate the plane by -X" and the result is 
algebraically the same. Note that any resxilt^ which is unaffected by the 
transformation X ■ X - A is independent of the cho*ice of origin (see 
Exercises 11-3, No*' 6). ^ . 



. 11-3- . 



Exercises 11-3 

!• Verify that^ Pomiila (2) gives the familiar f onmilas for the midpoint of a 
segment in terms of coordinates for F and' Q . ' * , 

2. Find the equation of the lijie "through the point P = (l,2,l) parallel to 
the position vector (0,3, if) ;'then give the coordinates of a point on the 
line at distance 1 from P • 

3. (a^ Is P = (2,1,2) -in the plane P containing A ^ (l,±,3) 

-3 = (1,1,2) , C = (1,3,3),? 

(b) Find a vector if normal the plane P . 

(c) r^ind the distance from P = (2,1,2) to the plane P • 
iv. Prove the corollary^ in Example ll-3c. 

5. Let A and B he noncoHinear vectors-. Determine the equation of the 
ray which bisects ZAOB • - " \ 

\ 

,6. Verify that the results of (l) , of Examples ll-3a,. b, and of (h) do not 
depend on the choice of origin. • 

. ?• (a) Show that-the vectors A = (1,1,3) , B - (l,l,2) and a-> tl,3,3) 
are noncoplanar, 

(b) Express the vector D = (2,1,2) .in the form of a linear combinaation 

d" = aA + bB + ^ C" . ^ ^ 

8. Show that given, any four vectors A,B,C,D, there are constants 
a b , c , d , not all zero, so that 

- . aA + bB + c^ + d'D = 0* . 

(Hint: Use the property that if a line is not parallel to -a plane it 
must intersect .that plane at precisely one point.) ^ 

9. The statement .of Niamber 8 implies that any four vectors are linearly ^ 
dependent, namely that one can be expressed as^ a linear combination of 
the other three. Show from the assumption that is not contained in 
a plane that there do exist three linearly independent vectors in .E--* , 
tj^at is, vectors ^ , ^ , C' for which the equation 

' ' \ aA + bB + cC* = "o" ' . 

r is satisfied only If. all three scalars a , b , c ar^ zero". 
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11, 



12. 



Prove if 
sen"fced as a linear'-comtiination 



, B , C . are not coplanar then any vector Z - can be repre- 



' Z = ai^ + bB + cC* 
and that .the representation is unique. 

Show if and ? are not collinear that ? = A + pB 4- q'^ is the 

equation of a plane passing through the point A and parallel to the 
vectors B and "C . We say that a plane is parallel to a vector 'if. - 
it contains a directed 'segment ^ which represents . 

(a) In the accompanying figure, H is any point on tiie line AB . Obtain 
the 

A ' 




represen-tJation R = a!? + hB , and determine '"^^ in terms" of a ' 
and b « 

A (b) In the accompanying figure C is any ^oint not on a side of the 
triangle. ^ 





Set R - A = a(B - R) - B - p(0 - P) , Q - 0 = r(t « '5) - Show 



that* 



' (x^r = 1 • • ^ ^ 

This result together ^with its converse (namely, if P , Q ^ R divide 
their respective sides so thatu this • relation holds, then the lines 
AP , BQ , and OR are concurrent) i£-C.eva*s Theorem (Giovanni Cava', 
Italian, l6k7 - 1736). ■ . . 
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13 • Let (QABC) be a parallelogram, D the midpoint of BC , and E the 

^ midpoint of CO • Shov that the lines AD and ^AE divide the diagonal 
OB in thirds, 

1 14. Let ^j^'^ ^2 ^ ' "^^^ oonsecrative vertices of a^ regulan^olygon, 

of n sides. Shov that PL + + + P = 0 ^ vhere '0 is the'^center- 

of the polygon. Is this result independent of the choice of origin? 

15 • Prove' that the "bisectors of the interior angles of a triangle are con- 
JTurrent ' ^ " , 

16. A' median of a tetrahedron is a line segmenC joining any one vertex to/the 
• centroid of the other three- Show that the medians of the tetrahedron 

are concurrent at the centroid of its foiar vertices. Show also that the 
* segment of median between the centroid and vertex is ^ of the total 

length of the median. T ^ 

17. -The segment joining the midpoint of any edge :of a tetrahedron to the 
midpoint of the opposite - edge' is bisected b^ the centroid of the four " 
vertices. 

18- The eight planes, each containing one edge and bisecting the opposite 
'edge of a tetrahedron, are concirrrent, - J, 

19.^ Let A B, be any noncoHinear vectors^ let -i^.be any 'line in the plane 
-GAB ^ which contains no vertex of the triangle CAB and is parallei to 
^ no side. Let P ^e the intersection of with OB , Q the inter sec- 

tion -with OA y and R the intersection with AB . If a p , r are 
given by y ^ . . -: ■ 

R A = a(B - *R) , B - P = pP , ^ = tCQ' - A)" - ■ ■ ^ • 

show d:hat ojpr = -1 . Conversely^ if P , Q ^ R ""are points satisfying 
C0T.= -1 then they are collinear. (Menelaus's Theorem.) 



11-4 ^ ■ • . 

- Products of Two Vectors^ ^ 

Sc> far we have introduced addition of vectors and multiplication of . 
vectors by ordinary numbers ♦ In this section ve examine two useful ways of 
multiplying one vector by another. The properties of tl^ese product s^are in- 
dependent of coordinate * axes. At the same time a product A®B of twOv 
vectors wili ha^e certain linearity properties: 

\ A0 (offi + pC^7==^ QA0B + PA0 C . 

(qS + &C) ® A = C^0A + (g)A ^ " , . 

where ® represents any such operation. J[Phe ^inearity properties and inde- 
pendent of coordinate axes characterize three types of product? of two vectors 
Of the three kinds of product, the two we-^use are the dot product (also called 
. an inner product or scalar product; A - B ^ which is an oijdinary number, and' 
.the cross product (also called the vector isroduct) • A X 5 y which is a vector^ 
^Here, we only give- the products and verify that they have the desired proper- 
ties* 

(i) Thie doS ' product . Let Ja and ^|[^.be two position vectors and let 
' 6 be the angle 'between them, where 0 <r*ef< rr , (Figure 11-^). 




■Figure 3_l-iie 

The dot product (or scalar product) of^ tl^e. two vectors, written X - B , is 
defined by ^ , ' ^ 

(1) ^ A -B = |a I |b| cos e . t. 

The expression for the dot product is already ^familiar as a term in the law of 
cosines for the length of the side AB in ZsQAB ; namely, 

(2) |b - a[^ = |aI^ + |b|^ - 2[a1Ib|'cos e 

= |Ar + Ib] - 2A • B . 

• /. . ■ • ■ . • 
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If we enter -the coordinate •representatip'ns J = (A ,A ,A ) and 

* ^ y 2 

5 - (B^,B^ .-B^) in (2) ve obtain 



(3) 



A • B = A B + A 



+ A B 



(Exercises 11-4^ No, 2) y However, it is clear froiS^he Definition (l),' which 
contains no reference to coordinates, that A - B is independent of the orien- 
tation of the coordinate axes. In (2) ,we have already given one invariant 
interpretation (that is, an interpretation independent of the orientation of 
the coordinate axes) o^ A •B hut there is another which w,e shall also find 
useful. Observe that the perpendicular projection of A on the line OB has 
the signed length ^ , _ ' * « 



|Aj cos G 



where the sign is positive if the projection of A falls on the same- side of 
a as B, (0<e<|-) and i^gative if it falls on the opposite sidi 

(5- <'9 <if) (see Figirre . ll-i+-b) . Tho^ "fche dot produc-t 




B 




o < e < ^ 



B. is the length of 



Figiire ll-U-'b' 
times the signed length of the projection of A 



>n B (con^jare Exercises ^ ll-i;.,/ITo* 3(a)).' : 

The dot product of two vectors vanishes if and only if one of the vectors 
las zero length, or if ' the two vectors are ^perpendicular (0 = "^) . We adopt 
he convention that the null vector is both "parallel and perpendicular '1:o any 
ector so ^hat A •b' = O ^^if and only if A and b' are perpendicular. . 



"We leave as exercises the proofs of the following essential properties of 
the dot product (Exercises 11-^4-, No. l) . .... - ^ 

■C5a) * A • B = B • :S . 



A • (ctS + 3C) = '3 + ^ -C 



A = A . A . 



= A 



(5b) 

* 

(5cf 

(5d) lA .Bl-< lAllBl . • • 

It is conventional to omit tiie absolute' value sign in (5c) . and write A -^A 
As a further consequence of the properties (5)^ note that ^ 

lA + = [Al^-^ IbI^ + 2A -B < lA|2 + 1^1^ + ^\K\\f \ < {\t\ + [bD^ ; ' ; 

hence, ^ ' * . " . , ^ 

(6) ^ ^ \ ; lA -h Bi < 1^1 + [Bl • • \ 

This inequality Justifies the use of the absolute -value sign for the JLength of 
a vector. Geometrically, it states that the length of one side of a traingle 
is less than the .sum of the lengths of the other two- sides. From (6) we obrt^in. 
as. for absolute values of numbers (Section AI-3) , the inequality 



(7) 



lAl - iBl 



< A + B 



Th6 use of the relation A -B = 0 for perpendicularity often simplifies 
the treatment of geometrical problems. 

^ Example ll-4a . . The altilTudes of^ triangle are concurrent. 

Let the triangle have vertices deteiTiiined by A , B , and . Let two 
of the altitudes intersect at X , so that, the vector A - X " is perpendic\iliar 

C 



. A 




Figure 11— l<-c. 



ERIC 



692 



3Q 




•to S - "C" , 'and S - ? is perpendicular to A - c" • (Figure ll-4c), or in terms 
of the dot^ product " ' v 

(X - • (S - C) = 0 ■ . 

- B) • (C - A) = 0 . ■ 

* * " " ' ' _^ 

We '.wish -to show £hat the line .-fchrough C and is an altitude, or that - 

X is perpend iciilar to A -■ B , or ,/ 

^ ^ / 

(x; - C) • (A - B) = o . / 

From the first two relations, on addition we find ■ ^ \ 
" . O = x\^(b -c}+Cc-a) - A- B+ A- C- B 

or X • (b - a) + C . (A - b) = 0 

30 that ' (X - C) • (b - A) = 0 , 

as ve sought to prove. - " ^ 

Example Given a line £ and a poiht X xipt on £ find the 

point Y on £ such that XT is Jjerpendicular to i , * . 

^ We write the equation of the line parametrically ^as 

. ' , Z" = (1, - t)A + tB ^ 

>o that the desired point Y is given as 

Y = (1 - t)A tB . ' ■ , 

?he line from X to Y is perpendicu5.ar to i if and only if 

' " (x.- • (A'- B) =0-,.^ ^ ^ ' ■ , 

ir . (X - A) • (A - ^) + t(l - B) - (A - B) = 0 , 

o that we '■may solve for t , and then obtain. 

^ ^ ^ Cx - B) » (A - b)a +^Ca - x), - Ca - b)b 

|A - B[2 - ■ 

le 11— ^c > A characterization of the plane by means of the dot 




escribe a plane in the previou^ section in terms .of three vectors 
^e endpoints^ lie) in the plane We now give an alternate description in 
ermg of ' a position vector- for a point in -c^ . plane and any vector IT per- 
end icular. ^ or normal ) to the/^ plane . 





Let A and X by any tvo j?oint^ of the plane- (Figure 11-li-d)^ then X - A xs 
parallel to a line segment in the J)lane. hence, perpendicular to K ; conse- 
quently^ 



(8) ' N • (X - A) = O . 

Conversely^ if (X - Jf) = then X - A is a vector parallel to the 

pl^ne and hence the point X given hy .■ 
X = (X - i^) A " . / 

lies in the plane since A does. - If ve write (8) in terms of coordinates 
X = (x,y,z) and = (a^h^c) ^ and set K - A = d , then (8T becomes 

ax + by + cz = d , 

which is the familiar equ^jbion f or ^a plane. , 

■'(;ii) The cross product >'We 'sh^T_l now -define a ,prdduct: of two vectors - 
which, is a vector. For this product of the vectors V A and B^/we u^g^^e 
^ parallelogram 'with adjacent -'si(3es . OA . and OB . . The varea of the parallelo- 

gram^ is invariant 'under rotation of the coordinate f^fce* To associate a : 
vector with the parallelogram we.tise a norma;L 'to the plane the figure. If 
e is the angle between A and B % (O < © < ir) , 1^| |bI ^n^^ is the area 
of the parallelogram. Let n be a' unit vector perpendiciilai^p the plane* of 
the parallelogram." We introduce t^ Vector . ' . 

. C9) . . tl = A®B =\!a| - ]b! sin 0)n . ^ ^ . .. ' 

If A and B are collinear then the "parallelogram" is not defined and hence 
. its "nomial vector n is not defined; but then at least one of [a] , [b| , 
' 'sin e is 0 and we take IJ = o' in Cn). In what follows we assume A and^ " 
"B are noncollinear unless an explicit statement to the contrary is made. 

^± • ■ ■ 32 " 



Taere are two unit vectors perpendicular to a given plane so that (9) does 
not uniquely define a vector U unless ve make a specific choice foi: the 
"half -space" into which the vector n points • We choose the half -space from 
which the rotation through the engle 9 ^ of the raySQA i^o^the ray OB is 
seen as counterclockwise (recall that 0 '< 6 < jz) • - Equivalently/ we^ choose ' 
n so that the ordered triple (A^B^n) is right-handed, where (A^^n). is a 
righi-handed triple when the rotation through the angle 6 from the direction 
of A . into that of - B is indicated by the fingers of the right hand and the 
thuinb of the right hand points in the direction of n (Figure 11-J+e)- If the 
fingers of the left hand were used to' ind-icate the rotation, theQ the left 
thumb would point in -the direction opposite to n • The two' situations are 
depicted; in the figure.' 






righ1 



left 



Figure 11- Ue 



- • By -the" foregoing xrae-of. -thumb"' if (A^B^n) -is right-handed, then so is 
C3,A,-n) 'so that ; ' ' • 



(10) 



A®B = ^B0A 



With the convention that the null vector is parallel to every vector, note- 
th^t A and B are parallel if ; and only if 

(11) . A(2)B = 0 . 

Ifo-te also, since-- 3 is perpendicular to both A and B , tha% 

' " ' ■ ■ CA®3) . a = (A0B) = 0. . ■ 

■ Next we seek a coordinate representation for A(^B'. At 'this point it <■ 
V^ys to do a li-ttle wishjful\ thinking. We have not provedyWtie linearity pro- 
perties prescribed at the beginning of this section, butr let -us proceed as 
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-though we had and verify af-Der-^ard- that our vork -is sound. We choose a right- • 
handed coordinate system; that is we choose rr.utuaLlj'^ perpendicular set of axes 
so the unit vectors i , 3" and k ip the directions of the x , y and z 
axes, respectively, constitute a right-handed triple in the given> order (Figure 
ll-4f ) y Such a triple (i,J,k) is called a fundamental set. 



X 



Observe that 

and also 
(13) 



Figure 11 -4f 



®- J = , j (S) k = i , 5^ ® i = J w 



• i0i = = 0 . , . 

Since i = (1,0, 0) , S '= CO/l^O) , = (0,0,1) the coordina-te represen-ta-tion 
of a vect.or can be vri-ften ^.n "the form _. ► 



W = (W ,w ) = i + W j + W k y 
■ . ^ ^* y^r z x y z 



-namely, a linear conibination of the, vectors -of , the' fund^ineiital set. . ITowj 
we apply the assumed linearity properties to . - - 

A-(g) B = (A^t 4-^ A^T ^ A^k) <g) (B^i f B^T + B^k) 

anci obtain, with the aid of (12) and (13) > tpe product Y 

(15) V = A X t = (A^B^ - A^B^)i + (A^B^ - A^B^)^ ^ ^A^B^ - A^B^)k , 

where we niust prove that A x B as defined by (15) fact, the vector 

,A(2)B -defined by (9). It is clear' that the product V defined by (15) has 
the." stated linearity properties. ' , ■ 




, 11-4 

1 ■ _ • 

The coordinate. ^repr^SSS S^ i^ Cl$) defines a vector IT in a given co-> 
ordinate frame. This Wc I^Bjifeg ^Biro^d : the cross product of A and B . We 
have yet to show that the coordinate representation given by Formula ^15) 
defines , the • same vector in any other coordinate frame ^ This will he ac- 
complished by Ifehpwing that V" = A(g)B = IJ ; namely that is perpendicular 
to both A and .B , that Iv| = |u| , and also that Ca,B,v) is right-handed 
triple- of • vectors • To prove that >A and .V are perpendicular we calculate 

the dot product : . 

I. » • 

A -V = A^CA B - AB-)+A(AB -'AB)+A(AB - A^'B ) = 0 . 
X y z z y' z X x z' < -s^ x y y x' 

Jh^the same way, it follows that B and V are perpen<iicualr- To prove 
[v] = l^uj observe :fi:^st that 

ltj|^ = |a|^1b|^ sin^ e = |a|^|b.|^(i - cos^ e) 

, ' ^ 'lAl^lBl^ - (A -B)^ . ■ 

It is a straightforward exercise to write -out the coordinate representation 
for this expression. and verify that it is the same as the coordinate repre- 
sentation for . |v| as obtained from (15)- 

We are left with the problem of showing that (AyByV) is a right-handed 
J. • . • 

triple, where V is defined in a right-handed coordinate system by (I5) • 
- ■ . r ■ ■ * ■ . 

XSo far we know pnly that T = ± - To prove that the plus sign is the 

cori^ect one requires some details which we -take for granted here, but which 

can be proved easily in another context* In particular, we assume that any' . 

right-handed f un'damental set can by a continu<5us rotation be transformed into 
any other right-handed fundamenrtal set. Let t be the parameter by whiclT this 

continuous motion is described. We have already shown that = t U'^'^fhere 
the sign depends 04^ the coordin'ate. system^ hence on t . Thus we may ^t- ' JT 
= f(t)0' ' where . f may have only the. values +1 or -1 . (We are assimiing 
^ 0 .) Now the components of u' and v" both depend continuously^ on t 
ar^, therefore, fCt) must be continuous. We conclude that only one of the 
values +1 or -1 is possible (Exercises 11-4, TTo* 9)- This means that the 
triple (A,B,V) must be always right-handed or always left-handed and we must 
determine whichT For this purpose, we choose a special right-handed fundam^tal 
set ^^o^'^O^^O"^ • choose i^ in the direction of A , in the plane' of 

A and B*- so that the sense of . rotation ''in the plane, from A to 3"^. is the 



The precise concept' of continuous vector fxinction is defined in .the next 
section. For the present, we lieed assume only that the compone:^ts of the 
vector function are continuous. 
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same as -that from X to B , and Icp/^perpendicula'r to the plane of 



and 



^ (Figure 11— l^-g) . In this special coordinate system. ^ = (A ,0-0) where 




Figure ll-4g 



B 



A = 

X 



|a| > 0 , and B = (B ,B.,0) vhere 

X y 



B^ > O y (see Exercises 11-^4-, No. 12) 



Kow^ by (15), V = (0,0,A^B^) ; hence > 0 



The vector V has the same 



dir^tion as It^ and ve conclude;, for- this special frame, hence for all right- 
handed coordinate systems, that the vector V defined "by (15) is U » A(§)B • 



Vectors were intro'duced for the purpose of describing properties 
independent of the coordinate system. To* better appreciate this idea 
and to understand the reason vhy so much effort has gone into the des- 
cription of the vector product, we make a change of coordinates in ' 

which a. rigiit -handed fundaniental set '[i,j,k} is replaced by the 

left-handed fundamental set {i,^!^*^} whra^ = -5 . If the 

coordinate representation of a vector A , in the right-handed system 
is (A^,A^,A^) , then* in the left-handed s;^stem it is (•^^>-^y >--A.^) • • 

If .we use/Forroula (15} in the right-handed and left-handed systems to 

, respectively, we obtain the following compari- 



describe 



son* where U 



and 



U 



handed system 

right-handed system 

~ T = U 

X X 



V = U 

2 2 



are the components of ^ in the left- 



left-handed^ system 



V * = 


-U = -U * 








-u = -u ■* 


y 


y y 


V * = 
z 


u = -u * 

Z 2 



Thus, the entity defined by Formula (15) does n^ transform like, a 
vectx::w?'r~^"^ is a pseudo-vector; that, is, it transforms like a vefctor 
iinder rotat^ns of coordinate axes, but when the orientation of a co- 
ordinate'^'axi^^i^is reversed the components transform not into components 
of the corresponding vector, but into their negatives. However, it is 
more convenient to have the same formula for the cross product in i 



i 



. IX-h 

coordina-te systems -than to change the formula when the orientation of* 
an axis is reversed. For our poirposes we need consider only rotations 
and we do not reverse coordinate axes. We restrict cyrs elves to right- 
handed coordinate sysi^ems and make no distinction be€feeefi vectors and 
pseudo-vectors • There are physically meaningful quantities of both types, 
however, and in some contexts it is necessary to distinquish the two. . 

Example 11-Ujd . The normal to a plane. We have two characterizations of 
a plane, first, by any noncollinear triple A , B , C of its points (Formula^ 
(k) of Section 11-3) and, second, by two vectors, one normal to the plane, the 
other a position vector for any point in the plane (Example 11-Uc). Ve now 
obtain a normal to the plane in the form 

= (B - X CC^- A) 

and thus find a normal in terms of the non|:ollinear triple of, points. 

■ Example 11^4e, The reduction of the triple cross product A x (B'x C") . 

So-nce 3 x ^ is normal to the plane of B and C , and A x (B X C) is 
a vector 'perpendicular to "S x it follows that A x (B x C) lies in the 

plane of and , or by the corollary in Example H-3c, ' 

"'^^V^ * ' A X (b X C)j = sB + tC . 

Now 5 is perpendicular to S x (B X ^) , or A • (A x (B x 'C) ) = 0 , so that 

sA • B + tA • C" = O . 

Hence weVmay set ^ s = (A • c)k 

t = -(A •B)\ 

or * / A x (B X C) = kC (A • C)B - (A • B) C) . 

It suffices to choose a particular coordinate system and to examine one com- 
ponent in this relation to verify that k = 1 , hence tliat 

(16) A X (B X C) = (A •'C)1^ (A •B)C ' > 

We leave it to you to verify that Ci^) hol^e^or the degenerate cases ignored 
in the above derivation (Exercises 13>irrNo. 13). 

Sx*=^TTTpie 11-lj-f . Three noncoplanar vectors -A , B"% 'C determine a 
parallelepiped with initial edges OA , OB , OC , (Figure ll-^i-h) . The volume 
of the parallelepiped is the area of the base tlmi^s the altitude. The (signed) 
volume of the parallelepiped' is the so-called triple scalar product." ' 

(17) V = A • (B X C) , >^ 
O ' 699 
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O B 
Figure ll-lj-h 



where is positive if C^,B,C) is rlgtit-handed set, negative if left- 

handed- (Exercises lJL-4, No. Thus the condition that the three vectors 

€ire coplanar is A • (B x "c) = 0 . 
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, - Exercises " J 

!• Verify properties i^a - d) 'of the dot product. 

2» ObtadSi the coordinate representation (3) of the, dot product* 

3* (a) Shov that the ;^rpendicular projection of the vector 5 ,on the line 
of A is the vector 

. ; ■ . . 1^! . .^5 ■ ■ 

The vectoi=~~ 3^ is called the component of "B in the direction of 

Cb) Write B in the form 3=5^+ and shov that is perpendi- 

cular- to 5. . The vector ^ is called the component of B 

^ - ^ ' " 

perpendi cular to A . ■ • 

•U. Let A and B be noncollinear vectors* Minimize |S - xS"] and 
interpret geometrically. ' . • ' 

. 5» Prove that 'the disf^nals of a rhombus "iiitersect' at right angles. 

o. Prove that an angle insqr^ibed in a semiciircle is^ a right angle. 

7* (a)^ Shov that the sum of the squares of the sides of. a parallelogi'am is 
equal to the sum of the squares of - the aiagonals . 

(b; Shov for an arbitrary quadrilateral that the sum of the^ squares of 
the sides exceeds the sum of the squares of the diagonals by four 
times the . square , of the^^distance between the midpoints of the 
diagonals . ' . ■ . 

■S. Given ^ U = ( 1,1,1) , find vectors V , so that Cu,V,W) is a right- 
handed triple of nrutualiy peivp end i cular vectors. 

9.- In connection vxth the definition of cross piroduct, vhy must a function, * 
continuous on an interval, which -can take on only the values ^ 1 be 
constant? ^ . ' ' ' ' 

10. Show that AxB=AxB^ , (see Uo. -3). - ^ 

^ V^Cl B -^B C ~ 

11. (a) Sxrpress the vector V = (A ) - (A ) in terms of dot and cross 

prodi^c't. ^ 

, / 

•U)\^Co2^^are f vith tf = {'^^^ - (^)c and W = (A^) ^ - (A^)^ . 

\ 

- ' /m^-,' • • ■ 
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12. In -the "text, .^iven noncollinear vectors A and B , we chose a right- 
handed fundamen-tal set ^^^.^jy^o'^'^O^ ^±tln in the direction of A , 
with in the plane A and ^ B so that t-he rotation in the plane 
from A to is in the same sense as that from, A to B , and with 

ICq perpend icvilar to the plane of A and B . Express , ^ , k ■ in 

, 0 0 0' 

terms of A and B . ■ , ' . 

■% 

13. Verify (16) for the degenerate cases ignored in Its derivation. 
1^. Prove the result of Exanrple ll-Uf . . , 

15» Show A • (B X C) = (a X B) rC , V 

= -A • (C X B") 0 - . " ^ . 

B • (C X 1) 
=: -B • (JT X C) 
= C • (X X B) 
, = -C • CB X A) 

Give a general rule for J:he sign'? 

16. Let A + B. + C = O . Show that 

AXB^BXC^'CXA. , 

Interpret this result geometrically to obtain the law of sines for 
triangles. 

17. Use (16) and Number I5 to express , • ' > 'v 

(A: X b) • (t: X d) , ' ' \ ' 

in terms of dot products alone. ' 

18. Wjiat. is the shortest distance between the straight lines - 

: X = 4^ sA , ' - ■ . " 

; ^ ' : Y -= + tB ? 

What is the equation of the line perpendicular to both? 

19. Use cross products to -Pinr^^ i->^^>ifj^-h-t ^-n of the ray which bisects^ the 
angle between OA 'and OB • (Compare Exercises 11-3, No. 5.) 

20. Prove tbat^ . ' 

' . A X Cb X C) 4- B>X (C X A) + C X (A X B) = O 



21, - Use (16) to fi^ two different representations of (A X'S) x (C x D) 

and" so establi^x?r^ Identity of the form aA +• bB + cC" + dS" = 0 . Hence, 
show how to exp^^' any vector as a"* linear combination of any three 
vectors J "B y-^-; 'for which _ A • (b x C) *0 (Compare Exercises ll-3> 
. ^o. 8). 

22. Solve = J ■+ X X) ; 



r 



703 



11-5 



11-5* Vector Calculus and Cyjves . ' . " ■. 

We have introduced an. algebra of vectors; now ve- shall develop a differen- 
tial calculus of -fetors analogous. to the calculus of ordinary functions. The*, 
vector calculus will be applied to the study of curves^ and^ later, to mechanics. 



(i) Lidits y derivatives , and integrals of vector functions. W^have 
worked with real functions, on a real dontain; these will^ow be called scalar 
functions ^o distinguish then from the 'funations- whi-ch a're our present concern, 
^ vec?J?5r--^runctions on a real domain. . A vector function will be ■ indicated by a 
'^^^3€ly barbed arrow, just as a vector is distinguished from a scalar ' e.cr. 

^"^^ ^ • ^ vector function may be described by a representation in some 
fixed coordinate system . . 

'.' , ■ - ^- .?Ct) = (f(t) , gCt) , h(t)) 

where f , g , h are scalar .functions on a 'common domain. Given an origin, 
we may represent a vector "as a poTnt, and a vector function r . as'^ a .function, 
which assigns a point- r(t) in space to' each value of t in some domain.^ In • 
mechanics we take ■ t as time, and the equation X= ?Ct) represents' the path 
^of a particle whos.e position Is given as a function of the time' parameter. In 
'^Section ll-3i Equation -(l) , a line is described by means of a vector function- ' 
■ Of the parameter \ . In general, if the domain of r is . an intej^ral and r 
^is continuous we think of the points r^,) as describing a .curve ^ . - ^ - 
^ ^ Limit is the- basic idea of . the calculus. For the vector calculus, too, 
_^we shall need the idea of^ limit- for a vector function- Since we already have, ^ 
in the length of a "vector, a concept analogous to that 'of . absolute value, we " 
may immediately e'xtend the idea in. Chapter. 3,-' without, change of foiTii,; to'' victors. 

- - PilPIITITION.11--^. I^t t^' be "a' poin-g /or wh^ch ' eve'^>.is3:eted . --^ 



0 . -. . ^. 



neighboriiood , contains points of the domain r . We say 



r 



has the limit A .-at t^ and write 



Cl>^' ■ , .... A = lim ?Ct) 



•^6 



±r and only if for each positive member € there exists a positive 
number 5 such that ' 



C2) . ' ■ ir(t) - A 



< e 



for ev^ry t in the domain of r .vhich satisfies 




3 



.Os< Jt - t^l < 5 
70k 
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In (2) -the €-nelgliborliood ot A ; namely, 
{R : - ^1 is uov a sptiere about 

■fche point -A of radiujs. € (Figure ll-5a) . 
With- this slight generalization of - the . 
idea of neighborhood we may describe the 
idea of "l^imit geometrically, precisely 
as before (see Definition 3-2 and the 
related footnote,^ p. 59) • 




Figujie 11-5.S 



Since the difference between two vectors does not depend on the coordinate 
system, it . is clear- that this definition of limit does not depend on the choice 
of coordinates . ' ^ 

For vectors, it is not necessary to recapitulate the epsilonic defijaition 
of --limit; ■ observe *that (l) is conrpletely equivalent to, 

(3) 

• ■ . * - - -^^4 

'0 



lim ir(t) - aI" = O 



(Exercises- 11-5^ ITo* l) . - ' ' " 

. Spme of the proof s .of limit theorems- in Section S—N- can be directly trans- 
ferred to prove theorems about -vectors^ .'in' particiilar, ' the corollary to Theorem 
for a linear combination, . - ^ " / ' 

......,*■-■-.. n: -n ■ ~ - . . : ; 

^^0 .1=1 ■ 

iand* Theorem .3-4d for a product, ' . - 



(5) 



lim a(t)r(-t) = I lim a(-t)| lim r(-b) . 



As' a .consequence of (U) and (5), for "the coordina-be represen-ba-fcion 

v(-fc) = (f(t) , sC-t) ,h(-t)) i-b follows -that lim v(-t) =A where -A = (a,"b,c) 



t~-b 



if and oniy if 
(6) i 



O • 



. lim fCt) ^= a , lim gCt) = b", lim h(-b) =. 



c . 



Finally, for -bhe products of vectors, we have 
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(7) ' iim* [ftCtO -vCt)] = film tS(t)l .film ^Ct)] 



' and 



(8) lim {u(t) X v(t)] = film 1S(t)l X film '^Ct)! .. ' 

The proof s of .'-these . llml-b theorems are left to Exercises 11-5, Number 2,,- 

With the definition of limit in hand, and the algebra, of limits estab- • 
1-ished, we may proceed "to develop vector calculus. 

A vector function r is said to be continuous at a point t of its 
domain if- ■ - r 



lim r(t) = ?Ct^) 



Continuity on. an interval corresponds to the geometrical idea of ' a cu^e with- 
out' gaps. - ■ ! - :^ ' ■> . . , 

j The derivative r* = of Ibhe vector function r - is defined by - ' V . " 

--(9) .^7.'-: ./ . ?'(t):^ lim ^^^-^) - 

In. Chapter 2 we introduced' the velocity of a ^raight line motion as the 
derivative ^of position with respect to time. Position in space^-'can be des- 
cribed .'as a -vector* •?(t)i -;- fbr the motion, of a particle in spa'ce a full defini 
tion of the vector velocity is - ' • . 

Tn Chap-ber 12, w6 shall have much more to say about velocity vCt>\ and 
, acceXerat±on St^t) = T?^(t) ; for the moment wevjaerely note; these as possible 
- applications of the concept of deri'vative. 

The ,f ollo.ving elementary properties of deirivative^are direct con- 
sequences of (9) , 

Let*^ ? be given by..?C-fc) = Cf^(t) ,g(t)',h(t)) in some coord ina^te ' " 
'system; then is' differ entiable if and only if f -, g , and . h are 

< different iable, and ' . . 

v ' = (f»Ct) ,g»(t)-,h»(t)) . ^ ' 

J-t , f , vi , and . V are dif f eijentiable, then * . ' " 

(H) . -.D^Cf^t^ttCt)) = f*(t)t5Ct.) + f(t)u»Ct) , , _^ " 

„■ S," ■- ^ * 706 ' ■■. , . '•' . . ■ ■ ■ . . 
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(12) . . D^(tr(-t)---r(l:)) =tt»(t) -'^t) + tt(t) --O-'C-b) 

(13) D^CilCt) X -^(t)) = $''(t) X m) + «(-t) X '^»(t) . . 

(iif-) ; _ D^5Cf(t))^= u'(f(t))f'(t) . -•> ■ • 

Tiie proofs of (lO) - (1^) are left to Exercise^ ^-5? Nxmber 3, 

Example'' ll-^a > If I is cons-fcant, then rCt-) and r*Ct) are 

p.erpendicxO-ar • . ^ • - 

3y the hypothesis ^ 

■ * O = 'D^f = D^[^(t> -i^Ct)] = 2?Ct) • r 

hence, r(t) •r^(t) - 0 which proves the assertion. 

Example llL^h ^ • r*(t) = 0 for all t , then "rCt) is a constant. 

This resiilt follows at once, from' ClO). and the analogous result for scalar 
functions CCor:ollary 1 to . Theorem 5-^) * ' 

Example 11-^c . If " r( t) x r"' (t) - O then rCt>xr»(t) =k-^where k- 
is a constant vector. " ■ - 

This result is vei^ useful in mechanics; it follows immediately from the 
result of Example ll-5b' upon the observation that r(t) xr"*(t) = D[r(t) Xr»(t)] 

Example 11-^d . • If 'r ^ ( t) = f(t)!?' and ^Ct^) =B , then 

l±3) . r(t) ^ B + r f(T)dT|A . ^ 

The vector function r defined by (I5) satisfies the stated vector' 
differential equation and initial condition. Furthermo«re, if u(t) is any 
other solution of this initial value problem, then " 

so -bhat' u*C-t)'- r*(-t) .= '5' , and, by. Example 11-513, u - ^r* is a consian-t func- 
tion. Since u(t^)' rCt^) = 0 , it follows that* u(t) = f(t) for all t , 
hence -that the solution (15) is xmique. 
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For tile present, we shall not need a def-inition of the integral, 

r(t)<it , altiiongh you will liave no difficulty in defining it by analogy 

with the limit of Riemann sums (Exercises 11-5, No. 4) . We merely note that 
in a coordinate representation the calculus of ve^ctor functions is equivalent 
component -by -component to the calculus of scalar functions. We have seen this 
in (6) and (10), and it remains tiTue for the integrals- of . veatQrs- as well. 

Cii) Parametric representations of curves. As we have already mentioned, 
a 'continuous vector, function r on an interval defines a ciorve in space • The 
equation X = r(t) is called a parametric representation of . the curve. In a. 
coordinate representation with X = (x,y,z) ,. such- a parametric representation 
has the form - ' ^ " 

x = f(t) 



(16) 



y = gCt) 

z = h(t) 



For each value of t , the function r" determines a j^oint. X = Cx,y,2) and 

the set of points defines . the .curve . 

0^ - ■ 

.For the purposes of 'this text we restrict ourselves to piecewise smooth * 
curves;" ^i.e., curves for which -the function r ' in a parametric representation 
X =^x('t) is not only continuous, but also has a piecewise continuous deriva- 
tive. We emphasize that a 'ciirve has not one' but- infinitely, many parametric 
representations. . Two parametric representations X =.r(t) and X = qCu) of 
the^same curve are sald^l^o be equivalent if_on the domain of q there exists 
a scalar function ,. continuous , increasing, and piecewise continuously 

/ii^-ferentiable, 'for which the range of 0^ is the domain of r and 

= q(u) . Clearly,, given'^'ajoy parametric representation X ^ f(t) , it' 
is possible to describe infinitely many others by composition with appropriate 

^ functions 0 . ^ V " ' 

'P Suitable choices of param-^er' will often yield very s^imple representations 
of complicated' culrves, even curves which intersect themselves or wiS.ch may. have 
sharp spikes ( cusps ) . ^ ' - ^ ' • • . 

. . Example 11-^e , The circle.. \ . ■ ^ : . . ' - 

■ To Represent tij^ circle (x - a)^ + (y - b)^ = c^ fiy means of the graphs^ 
of continuous, functions we must split the curve into two semi-circles: ' • 



y = b 



^ vc - (x - a) , (a' - c < X < a + c) , 

^708 .. r 



end 



V 



(a < X < a + c) , 



while -the peiiame'tric represen-ta"txon 

X = a + c cos 6 



y = b + c sin 9 



for O ^< 9 < Stc provides a one--to-one map of the parame-ter interval onto the 
dsntire circle- • "S^ 

In order to give a geometrical interpretation to r*Ct) , we consider the 
definition . ^ ■ ' 



r'Ct ) = lim 
t-t. 



^Ct) - rCt^) 
■ t - t^ ■■ 



and observe (Figure 11— 5b ) that the 



vector X - X where 



and 



X = r(t) , is represented by a directed 
chord of the curve. If the direction 
of this chord has a limit as t ap- 
proaches t^ it is that of the tangent 



line. Consequently, if 
the vector = r^(t^-, attached to 

the point Xq , is tangent to the. curve 
there. From its definition, the vector- 
Tq points along the ciorye in the direc- 



tion of increasing t 



If 



(t^) = o ■ 



then the derivative does, not define a 
direction for the curve at 
a direction might exist in fact, as we 
shall sot>n see). ■ 



Xq ( although 




(17) 



Figure 11 -5^ 

If $,*(-t) 5^ 0 , i"!; is usei^zl "to single out the xinit "tangen-b vector 

? = ^*Ct) 

|^Ct)l. • • 



- since^ apart 



rjm a possible reversal of direction, t does not depend on the 
choice of , pa>&meter (the use of t for the parameter and t for the unit 
tangent vector is awkvard but conventional.) . ^ereafter, when we refer to, 
"the tangent" without qualitif cation we shall Sfean the iini^ tangent* vector 
(17). 
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Example > The semicubical parabola.^ 

Consider the '^semicubical parabola" defined by 



X. = t 



y.= -tS 



We may split the cixrve into the graphs of two function: 

y - x^/^ , y = -x^/^ , Cx > .0) 



(Figure 11 -5c) • In thje figure,' the arrows 
indicate the direction of increasing t 
along the curve. -At the origin the curve 
has a cusp, a point vhex'e ' the curve has a 
discontinuous reversal of direction, 
although the parametric representation 
is smooth. More precisely, since 
r^Ct) = C2t,3t^) the tangent is 



2t 



IT 



) 



Consequently lim t = (l,0) , while 

^ t-O"*" 
lim t C-1,0) . 
t-C" 




Figure 11-5 c 



^A^null derivative may he the fault only of some peculiarity of t-he.para- 
m^fizatxon. rather" than of the curve, as the following' example shows. 



thus 



JExample ll-5g . The straight line* 

We have already given the parametric representation of the straight line 

rCt) = A + Bt , . ' ' ' . . 

r(s) = A Bs^ 



is the same straight line. At the point A corres- 



dr 



ponding to ' s = 0 , ~- - O 

• CIS 



Uonet he le s s 



B 



Lim -fc = .iim. 
s— ^0 s— ^ 0 Ib 



B 



iBi" ' 



■ SO that' the tangent vector t is defined for" all s . 'At X , the curve is 
perfectly regular; ^ that is> t^iere exists a parametrization of the line 
X = qCa) for which A = q( cr^) and q* ( a^) ^''O 



ir r'Ct) =: ^ at a point then the tangent vector and tangent direction 
may not exist* We . study . only curves and parametrisations. for which the zeros 
6r V r' are isolated; .that'is^ each value of t for vhich r'(t) = 0 is 
contained in a neighborhood with no other zeros of • r' . Whenever ve change 
parameter we re-quire that this • condition be maintained.' Where r'(t) 
vanishes the curve may have a cusp, or there may be regular point of the 
curve, or there may be more complicated behavior. 

The arclength of a plane curve was introduced in Section 6-3Civ)*'^We 
parallel the. discussion there to obt'ain a formula for the^piarc length of .any 
curve- given parametrically. Let- the curve have the. parametric representation 
^ = .rCt) for . a < t < b ...where r'C*t) is continuous on [a,b] ^. Let 
^ = -'^o^'^l-' • * * ^"^n^ partition of [a,b] . The length of the polygon 

joining the successive points r(t.) , (i = 0,1, ..-,n) is 



(18)- PCc) = ^ |r(t^) - 



n 



where f , g , h are the component functions in the coordinate representation 
of r - ■ By the Law of ^he Mean for each of the component^ functions, there 
exist numbers ^ "^t^ ^ ^'^k-l^'^k^ such that 

and n(-b^) - 'aC-b.j^_^) "= h'C^^)Cl;^ - t^_-j_) - Consequen-fcly, 

n ' - ' 

• . ' ' ' ; , k=i 

It follows from the continuous differentiability of r (hence of ' f ^ g , 

and h) that the limit of lim P(<y) exists and is the Riemann integral 

v( a)-0 

* ' ■ 

(19) ' L = J" /f'Ct)^ + s'Ct)^ + h'(i;)^ dt 



-I 



h 

|r'(t) |dt . 

a 



The proof of this result is left to Exercises 11-5, Niimber 13 , 
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It is easy to verify, that 'the arclength defined by the .. integral formTila 
is the same Tor all , equivalent parametrizationa. of the curve (given by a 
substitoition t = ?^(u) where 0 is .increasing .and " 0' continuous). P\rrther 
more, from the vector representation ^of L , the arclength is independent of 
the coordinate systeiii. These propeVties 'make arclength a very convenient 
parameter for the general theory' of curves. For this purpose we introduce 
the parameter s . , the arclength measured along the curve from a fixed 
reference point rCt^) , by ' " . ' 

(20) I'- ■ , s = a!;(t) = ■ ■ lrT(T)-|dT ■ ■ ' 

Since r'(t) vanishes at isolated points, if at all; the function ^ is 
increasing, and the derl^'^tive 'is continuous and^may have zeros only at 

isolated points. Thus s and t are equivalent parameters. Except for. 

places where r'(t) - 0 we may invert the relation and consider t as a 

dt 1 " ' - " 

function of s with - — = . Given a reisresentation of the curve 

X = r{t) ,-we have - 

■ , ' ■ ' dX dX dt' 1 dX . ^ ' ' " ■ 



-hence,. 
(21) 



ds dt ds I 



dX 



ds 



and, .by (17), 4^ is the tangent to the curve at each point. 

Although it is extremely* convenient to parametrize ciirves in terms of 
arclength to prove general theorems^ it is ^ of ten impossible to invert the 
relation s = ^(t) for a , given curve and we. must rely on the original repre- 
sentation r(t) to obtain explicit results - 

Exasrple - ll-3h > The Four Cusped Hypocycloid. . " " ■ 
.,Gi>nsider the cur^j'e given by 

/x cos'^ 

ty = s^-n*: a ~ ■ ^ ■ . 

From (20) ' ' - • 

e 



s 



^ 3 I cos 0 sin 0|d0 , 

Jo' 
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, for 0 < e < §■ 



_ 1 



s = 



for |- < 0 < 3t 



3- + |- sin^- e y for « < ^ < 

6 |- sin^ 0 , .for < S < 2jt 



In -each, case, ^ = 3 [cos Q sin ©i , and 



I 



t =. (cos 0 sin 0)- sgri (cos 0 sin 0) 



rhus -the -curve has cusps at 0 = 'o ^ ^ , m j ' , (Figure il-5d) 



f 




Figure ll-5d 



Example IX-^i ^ Now ve prove th^ eeome-brically reasonable proposi-tion 
;ha^ IT all .-tangen-b lines "to^ a .curve are concurrent then the curve is a 
jtraight line. Let the curve be given by X.= r(s) J The equation or the 
tangent line at the particular point X is ' 

'tiere X is the. parameter on the line.' If A ..is the conmon point of "the 
.angen-t lines; -then for each 's .there is a value .X = 0(s) such -that 



22) 



f 



A = ^s) + SZf(s)?'(s) 



'ake -the x-conrponen-t in/this equation, to obtain from r(s) = (f (s) ,g(s) ,h( s") ) , 



f»(s)0(s). + f(s) = A 



his'is-a linear dif^ferehtial equation of firsf- order (Section 10-7). Since 
he constant fxinctj^on s — ^ A^^- is a particular solution^ the solution can 
e put 'in the form * , .■- ' ■ , . 




f ^" da , 
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wiiere B is the constant f(0)-- A . Since the solution has the same form 
for each component, ve obtain the solution of (22) in the form 

(22) ' ■ . X = r(s) =A +o(s)B - * • . 

• where B = - A = r(0) - A . We have only, to replace tj^ (s) parameter 
p. to see that (23) is the equation of a straight line, r 

.In this example ve see again how th^ calcixlus of scalar functions, this 
time exemplified by the solution of » linear differential' equation, can be 
transformed component by'^cpurponent into the vector calculus • 
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Exercises UL-^ 



1. Prove -tlia-t Definition 11-5 and Equation C*3.) are" equivalent definitions of 
^. lliri-t for a vector function* 

2. (a) Prove Properties (h) and ,(5) for the limits of vector functions. 

(b) Use the resoilts of Part (a) to prove Property (6). - 

(c) Prove Properties (7) and (8). • 

3- Prove the vector differentiation . formulas^ (l6) --(l^i), 

"4. Consider the/ function ^ : t — ^ I where r diff ereqtiable. 

Differentiate ^ - " - 

r ■ , • « ■ 

I ^ - ■ 

' Ca) 0(-t) . . ■ • • ~ 

5- Obtain the'fomrula for the arclength of a plane curve' given in polar 
coordinates by p = f(0) . ' . " 

6. Sketch each of the following ciurves'^ give the points at which the .tang^ent 
vector doesn't exist, and represent the curve in terms of - arc length where 
possible. (if no 2.-coordinate is given^ restrict the locus to the' 
x,y-plane) . " . ; ' \ . 

/x=a+b sin t ' - , ; ' 

(b) { . , ^ ^ (O <rt <■ 2jt:) 

■ vy. •= c; + :d ^cos t ■ . . • • — — 

(b) The cycloid- ■' ■ . ' . ^ 

■ . ^ " ■ . S ■ . ^ ' ' 

■ - ■ \ ' " ' \ ' , 

' /X = a(t « sin t) ^ - . ' * (a > O V o <^ < 2jr) . 

ly = a(l - cos t) ^ . * 

Show that .this curve is the l^^rus of a point on a circle that 
rolls on a straight line without slip^xSg. 

A(c) The Comu spiral, 

^ t 



■J 

■J 



2 

cos u . du 



0 ■ ' ^ ^ 

sin u du • - . • 
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(d) Ttie cardioid, 

/X = cos © (X * cos 6) ^ 

\y =r sin (1 - COS. a) 
* - " #- 

.or, in"* polar Qoordiiia1;es, p =^1- 

2-t 



^ Co < 0 < 2jr). 



- cos 9 



(e) 



X = 



y = 



1 + -t 



1 - -t 



(s) 



• X + -b 

Iden'tif y , -this cxirve . 

.The -tliree-dimensdLonaX helix, 

X = a cos t: * 
y = a sin *t > 
z = -fc" , : ' ■ ■ 

The conical helix, - " , 

X = a i: cos "t 
y =■ a -t sin "t. ^ 
z = -b^ 



(a > 0) 



(a > O) 



Show hov -to define- the " in'tegral 



.•t ) d-b ' by- tihe me'thod of* - Ri emann- 



sums. Prove -that -this is equivalenl: "to in-tegra'ting component by com- 



ponen-t; 



8, 



Wha-fc is -the -unique contiinuously differ enviable solti-tion of r^Ct) = tA 

y • ■ . / 

with the initial condition 



r(0) =0 ? 



(a) 'Let the 'parametric representation .of a cuarv^.-rb.-^^iven in the form 
X — rC^I where s ^ is arclength and r is t^liree times differen- 

dx 



'tiable . From 



t = 



ds 



= 1 ^ .it follows fromj^ample ll-5a that 



*^ Is perpendicular to ^ . If ^ 0 ^ the unit -vector 



ds 

- dt 



n = y/^l^^l exists. -The vector n is called t.he principle 

Cl S ^ Cl s ^ - 

normal to the c-^^e. . Assuming that n exists^ for all. s , prove 
tha:t the curve is planar if and only if 

' t X 1^ = o . ' 

- ds 

(b) iScpress this condition in terms .of derivatives of X - . * * • 

." ■ ■ ■ ' ^ 
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We have restricted ourselves to para:netrizatic5hs of curv.es 
. 5C = rCt) , a < t <. b" , for vhich the deri^/ative r' is continuous' 
vith isolated zeros, if any. - Zrr general, we say that v is the tangent 

X , if there "is a pararaetrization f \ vith' -"^(t-.) 



to the cur^/e at 
such that 



lim 



vCt) = lilTL 
t~t 



O 



wnere 



(b) 



Cc) 




-(a) Show -that this definition includes the text case 




|r»(t)I 



J 



In the text we have defined parametrizations X = qCr) and X = r(t) 
as equivalent if r{0{i:)) = qCx) where jZ? is defined on the domain 
Of q , has a range in the dociain of r , is increasing, and has a 
piecevrse continuous derivative. Prove that the tangent t at • 
as defined in Part (a) is the same for all ^otilvalent "S^^metrizations, 

If, in the def'^fnition of equivalent parameters 0 is ±-eplaced by. a 
decreasing function, we say that" t and r are " contra valent^'- 
parameters, Just to have a word for it. Show that contravalent " ' 
parametrizations orieat the curve in opposite senses; thai is, if -t 
is the-rtangent for the parametrization X = rCt) ,-^.en -t-. i^V^e 
tangent ^^or X.= gCt) = rC^Cr)) - - . \ ^ 




A possible vector generalization of. Rollers Theorem i^: ( Let 'r .be 
d£ff erentiable on- a.< t <.b^ and let r(a) = rCb) ^ 0', then- th^re is a 
•point t , a < t. < 0 , at whict^-" r'Ct) =0^. Prove or disprove. . ' 

For X - r(t) where r" has a continuous derivative on ^ [a.,b] prove 
that the lengths .PC cr) of inscribed polygons given by (l8) have a leasts 
upper bb\in<$ ^nd that this upper, bound is the arclength ■ L. ^iven by^ 



A -13. Complete the proof that the arclength' integral (19) is the limit of the 
lengths of inscribed' polygons (l8) by^ establishing the following leifma,. 

Let RCIb) = (F(t) y oCt) , H(t).). be contiguous on [a,b] * For each 
partition a = (t^^i^^, . .^t^) of [a,b]" and each choice of |^ ^ iT^^ 
in "'■'''k«i>"''i^-' > (k = 1 , , n) , consider 

n 

Un3er the stated condition, ' , ^ ^ * . 

b 



lim P = f ' vf( 
v(a)-0 J a 



t)^ + G(t)^ ^ H(t)^ dt-. 



y 



-1-6 ♦ Curves in the Plane.* 

-In this section, we make use of the vector calculus to" represent geo- 
letrical quantities in an invariant way; that is, inde:^endently of changes in 
.he coordinates. First, we give an invariant description of the area of a 
•egion.in terms of a vector representation" of its boundary curve • Uext, we 
tudy the curvature of a plane curve at a point as a meastire of rate of 
■ending or turning. We shall see that a plane curve is completely described 
y giving its curvature as a i\inction of arclength; in this way we' shall have ^ 
btained a description of a 'curve which is not only independent of the coordi- 
ate system, but also independent of the"^rametrization.'**' We shall also study 
ertain special kinds ^of curves which are not only interesting for their own 
ake, but have value for applications • ^ ^' \'' 

■> - - . ' . 

Ci) The area enclosed- by a curve . The descriptiOTi^of area we have 
bliized so far is certainly not independent of the coordinate system. It 
is biased \on the idea' of "stah^ard region", the region under a oxirve y ^ f (x) 
30ve^the x-axis, .and bounded by the two vertical lines ^ x = a and x = b , - 
r we -wish tg obtain- an'^ihvariant description of - the area enclosed by • a curve, 
rmaV^roceed in either of two. ways: either introduce a new 'definition oT 
•ea.not related to, 'coordinates and then show, the new and old definitions agree, 

■ we take old '.definition and modify and extend it .until we see easily that ^ 
^ea does* not. depend on coord ii^at-e. representations . We shooie the latter alter- 
tiye, sjXLce it involves less work- ^ We restrict -ourselves to- curves .'that' do^ 
t intersect , themselves, although we give several exercises intended to show 
at happens when a ciirve does, intersect itself. 

The idea of "self -intersection" is easily described in terms of a par^a- 
trization X=^' = r(t) , a<t<b .,We say the curve intersects itself (or^- . 

not simple)- if there exist two values of the parameter- t^- and t^^ at 
ast one of them in the open interval Ca,b) ,^^uch that "^("^2? ^ ^("^j) 

the curve does not intersect itself, we say it is simple . If a curve is 
aple and r(a)^ 7^ r<b) , it is called an arc . Note that the' definition of 
iipiicity permits rCa) = rCb) - .| We say a curve, simple or not, is closed 

■ rCa) = r(b). A simple c^ose^ curve, or (Jlordan curve) is,, .therefore, a 
rve for'ijihi^ch r(a) ^=^r(b) and' f which O <"|tp - t | <b - a implies 



Except for a reversal of orientation. 
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The French aaatheina-tician, C. Jordan (1638-1922) , vaS "the 
first to realize that this idea of "'simplicity" required deeper 
study. In his Cours Analyse (1887), Jordan stated the geo- 
metrically "obvious** theorem that' a simple closed curve separates 
the plane into two^ji^irts, an inside" and an "outside." Jordan 
considere'd a more .general class of "curves" than "we do; namely, 
? only need be continuous^ not piecevise continuously differen- 
tiable as T^e assume. Ke attempted a proof which was rather sjiom- 
plicated and turned out to be incomplete. This "obvious" theorem 
was finally proved by the American mathematician Veblen in 1905* 
Relatively simple proofs -^are now known, but they all require an 
extended development of geometry (topology) beyond what is 
feasible here. 



For the moment, we confine- our attention 'zo the -area of a region bounded 
by a simple closed curve. The parametric representation X = r(t) defines. an 
orientation of the curve, the direction in which the curve 'is traced as the 
'parameter t is^ increased, . With respect to this orientation it is meaningful 
,to speak of the lef-:: and right side of the curve Just as- we ' speak of the left 
and right sides of a road -with respect to the direction in which the road is 
traveled It is useful to attach a sign to the area of the region enclosed by 
the' curve, positive if . the region lies on the . left of the curve (Figiire ll-6a), 
negative if it' lies on the right (Figure ll-6b) with respect to ^the given 
orientation. At the same time, if the region enclosed . by ' a simple closed curve 





posv^ve orientation 
Figure 11 -6a 



negative 'orientation 
Figure ll-6b 



V 



lies* on the left with ■ resoect to the orientation of the curve we say the 
orientation is positive ,[ counterclockwise ) , -if the region is on the ri^t, \ 
negative (clockwise). The expression we" shall^ obtain for tSe area enh^sed by 
a plane curve is defined even if the cnrrVe- intersects itself, but then we must • 
extend our. .'idea of area to make the rasult •geometrically ■ meaningful. - By' 
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area 'S sign we prepar< 



ror .this extension. 

■5o 
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Next, we modify thfeuSef inition of area for a standard region to conform 



with: 't hie . given conventions of ^^s^gn and orientation* 
region under the graph of a honnegative function f 
We introduce a simple parametrization, ^ 
r(t) = (0(t),xlr(t)) , a < t < p , for 
the boimdary of the- standard reg±^on for 
which the orientation is positive. Note 
that the graph of f is then oriented 
from -right to left, thg.. reverse of the 
customary orientation from left to right 
(Figure ll-6c) ir. Now suppose a = 0(t^) ' 
and b = ^Ct^) where a < t^ < t^ < P 
(see Exercises 11-6, Kos. 2 and.^). — 
Then . 



Consider the standard, 
over an interval Ca,b] 





-A = 



Figure ll-6c 



hence 



(.1) 



where the integral in (l) is taken in the direction -of increasing t . Next 

we observe that on the straight segments -either y = 0 or x is constant,! 

hence ^(t) - O or 0»(t) ^ 0 . It follows that the integral in (l) can be 
taken over the entire parameter interval j that is, ^ 



(2) 



•3 



J I 
*(t)sz5»Ct)dt. 



I"t is conventiojial to use Leibnizian no-tation and write (2) in the form •" 
(3) -' . " A = -^yx» dt •- 

where y = i]/-(t) , x = 0(t). and where the orientation, of the 'circle indicate 
the orientation of the; simple cirrve; in -this notation, the ends'^of integrdf^ 



tion are omitted". 



\ 



Note that the integral (2) is defined for any a^owahle. parametrizationi 
whether the curv^ is closed or simple or not. For us, the particular interest 
in (2) xs as the area of closed curve, * - ' 
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Our objective is. "show ^hat (3) agrees with our conception of area for 
*' ■ » ' 

the regiou enclosed by a simple closed curve for a class of curves which will 
include almost . all cases of practical interest. Having done that, ve shall 
simply accept (3) as a definition of are^ whenever the , integral exists ■ In 
particular (3) is defined fbr the class of curves which have the piecewise 
continuously dif f erentiable parametrizations to which we restrict ourselves 
(these curves are called piecewise smooth, smooth meaning continuously differ- 
entiable). The form (3) does not reveal independence of the coordinate system, 
but we shall obtain a related expression for area which does. 

First, as in the Introduction (Section 1-2) , we consider a simple closed 
curve which. can be subdivided into 

finitely many arcs, each the graph of a 
function. The simplest case is a sub- 
division into two such arcs (Figure ll-6d) . 
Let y = represent the upper arc, 

i:he lower, where [a,b] 



and 



is the common domain of f^ 



and 




'1 "2 
Consider a positive paramelA:ization 

■ X = 0(t) ^ y = i{r(t) for a < t < p 
where 0(q:) = 0(p) = a . The decomposi- 
tion of into "two such arcs amounts 
to a division^ of the parameter interval >^ 

into two sue intervals, first {c^■r^ on which 0 is increasing, then rr,P] 
"on which 0 "is decreasing; here 0{t) = b Now consider the area enclosed . 
" by C-. This is the difference between the areas of the grar>hs of the standard 



Figure 11 -6d 



regions under the 'graphs of ■ f- 



and 



name 



via ^^^^^^^ - [ 



From Cl) , ve have 



J a 



^(t)0'(t}dt 



^where we taJ^fe. account of the negative orientation of tiie standard region under 
the graph of ^f^ fixed bythe orientation of O (see^Exercises 11-6, Ko^ 3). 
.Consequently, 



A ■ 



-4 



y x'dt 



in agreement with (3) 
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More generally^ consider a, simple closed curve O in a positive para- 
metrization x = 0(t) , y = >ir(t) , a < t < 3 , where [ct,^l can be subdivided 
by a partition CtQ,t^, . . • , t^} into intervals on which ^ 'is either strongly 
aonotone or constant. The cxirve can. 
be subdivided, accordingly, into arcs 
i^hiftli represent functions, and yertical 
segments (Fig^Ire ll-6e). Let 

, Ck = 0,1,... >) , 
De the points of corresponding to 

:he partition and draw the vertical 
Line through each podnt . (the same 

-ine may pass through several of the . 
Cj^) • Let A be any point above the 
rjLTve which is not on one of these' lines 
iet us start at A and go vertically 
iowTiward. When we first meet an arc of 
^be curve we pass from the exterior to 
-he interior, so the arc is oriented 
rom right to left. In crossing the 

ext arc we pass from the ^^erior^ to the "exterior, so the curve is traversed 
rom left to right* In this way, we proceed across pairs of oppositely 
riented arcs until we finally cross the bottom arc and pass from the. interior 
o the exterior of for the last time. Consider the region contained^ 

et^een. each such pair of arcs and the vertical lines on either . side of A , 
DT exan^le, the shaded region between the arcs BC and DE in Figure ll-6e. 
he area of this:^ubregion is easily seen to be 




Figure ll-6e 



-'bcde 



■J 



yx»dt 



yxMf 



Lnce thfe integrals over "the vertical segments . CD and DE vanish by the 
rgument for (3). To find the total area .cut put of the interior- of (L^ by 
le strip containing' the point -A - only have to aclS^p- the integrals 

j*yx»dt over all. the arcs of . - •i^thin 'the strip. Suinming over 'all strips 

! see that the area enclosed by is thesim'of the . integrals taken over 

.1 arcs vhere 0 i*s strongly monotones. However, the integral over . a ^vertical 

gment . £s zero, so that we may write 
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yx'dt =-feyx'dt . 



k-l " "k-l^ . £^ 

Thus Formula (3) is .est:ablished for a very general class of* curves. . 

We have seen that (3) conTorms with the ideas of area . developed in 
Chapter 6. At the same time the integlral in (3) certainly exists for a 
larger class" than those we have just discussed, namely, for the piecewise 
smooth curves which we are taking as the basic. class. We simply adopt (S), 
as a definition, of area for the interior of a simple closed -curve under the 
stated conventions of orientation and sign. It is not ve2ry hard to prove with 
due allowance for these ^conventions, that this definition satisfies the pro- 
perties of area of Section 6-1, provided all regions considered have piece-' 
wise smooth curves as boundaries.- Here, we simply ^ccept that it can ^e done 
and turn OT-ir attention to the question of invarianc^^. 

Formula (3) is not symmetric in x. a-nd y We shall need a more 
symmetrical form, and obtain it. by getting the formula for area referred to 
the y-axis and taking the average of the two. We have' . ^ 



=^-(^yx'dt = -J^ yx'dt 



where [a^p] is the parameter interval. Integrating by parts to invert the' 
roles of X and *y (compare the geometrical discussion to Section 10-4), we 
obtain " ■ ^ ' . 



A = -xy 



-4- 



xy'dt , 

J a 



but, since r(a) ='r(p) , the first term is zejxi^ and we have 




I^w we take the average of thdf expression^p for A given by (3) and' (4) to 
obtain * - : ■ , 



(5) 



- I" «^(xy' - yx»)dt , 



the "desired form, ^ We shall use this "form to prove the invariance of area 
under changes in the " coordinate system, but is also ; frequently the convenient 
form for the direct computation of area. 



Example 11^ 6a , The ellipse 



X = a + b cos -t 
y = c + d sin t , 



Co < 1 < 2Tr) , 



has "the area 



2:t 



1 f 

A = 5" f(a + b cos 't)di cos t dt 4* (c + d sin -t)b sin t Id-t 

Jo 



2tx 



■2t: 



Cccs^ t + ^in^ t)dt 
O 



■ A = jt bd . ' 

Thus the area is^ n times the prodixct or the seEaimajor and seniiminor axes. 

Example 11 -6b , ir a ciirve is .given in- polar form by the equation 
p = r(e) .,'then." e may be taken as the parameter; 

X = r(e) ^ (r(e) cos-e , r(ey sin e) . ' ' ' 

From (5) J "^e obtain the Torniula ' ' 



(6) 



A. = 1 t(e)^ dO t^p5 d0 > I ^x^de 



To see that the area as defined by (5) is independent of the coord inmate 
system, imbed .the plane -in space* Let i and j". be the unit coord?.na;6e 

vectors in the x^^ y-plane and set v = ixT - The vector 'v is the unit 
upward .normal to the plane, (Figure ' 
ll-6f ) , Equation. C^) can be written 
in the vector form 



(7) 



where - X^ r»Ct) . Since v is 
unaffected by translations or rota- 
tions of the coordinate frame this is 
clearly the desired invariant expression 
for the'area* - . ' 




Figure 11 -6f 



, \' (ii-). Curvature , As a^ first approximation to a curve in the neighborhood 
of a point, we have already made use of the tangent line (Section 5-7) • If we 
want-further iiiformation in the 'form of a measure of the deviation of the 
curve -from straightness we may try to formulate an analytical answer to ^the 
geometrical question, "How much-.is the curve bending?" As a curve bends the 
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* 

tangent turns and ve may use the rate of turning or the tangent per unit 
acTclength, which may be thought of as the rate at which the direction of* the 
curve changes, to measure the bending of the curve. ^ This, implies that we 
must restrict ourselves to points X = rCs) where the second derivative with 
respect to arclength * . - 



d^X ^ dt 

,2 ds 
ds 



exists. If B is the angle ■ inclination of t with respect to the x-axis, 

then t = (cos 0,sin Q) , defines 0 uniquely- The instant eneous rate of 
cr^ange of direction, 

(3) - -K = M - 

as : - 

is called the curvature at the given point. ' Since t has a fixed (unit) 

dt ^ ' -fc 

lengrth, the vectpr ~' is perpendicular , to t (Example ll-5a) - We introduce 

o. s 

the unit normal to .the cujrve directed to the left of the tangent 
(9) _ - yi = (cos[e + -] , sin[9 + |-]) 



= ( -sin"" 0 J cos e) . 



We have, at once 



. ■ ' . - as 

and " ■ ^ ■ ■ . 

(11) . ■ . 1^ = .Kt . ■ 

ds 

Although ve .-defined the curvature k in terms of By ve ended with an inter- 
pretation of '< y Equation (lO)^ in terms of the tangent and left pointing 
normal. Thus (lO) gives an invari-ant definition of < y independent ■ of the 
coordinate system^ and we take (lO) as basic rather than (8).. 

liote that the opposite orientation of the curve reverses the direction 
of both t and n in (10) so that k ^does not depend upon the orienta-^ion 
of the curve . 

We shall show -later that if /c ' is a continuous function of arclength s 
then it characteri2.es the curve completely: namely, for any continuous func- 
tion ^there exists only one curve, apart from rotations and translations, 
such tr-at -< = ^^W. . 



er|c ^"^ 
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Example ll-6c > For the circle 

X = a + R cos 9- 
y = b. 4- R sin & , 

we have 



{ 



^ = R(-sin e , cos e) , 



so that arclengtii is given by ^^^^^ . With arilength, as parameter, we have 



X = a -I- R cos ^ 
y = b + R sin § 




(-sin cos -) = tICs) 
1/ s . "sv nC 

■where n(s) = (-cos |- , -sin ^) . Thus -the curva-bure of a circle is constant, 
consistent with our intuition that the tangent to a circle txiirns at a constant- 
rate. The Eadius of the circle is the reciprocal of the, curvature. 

For an arbitrary curve we define the radius of cujrvatu:re R as the 
reciprocal of the curvature. The significance of the radius of curvature will 
be further explored below. • 

Example ll-6d. The straight line. 

The equaition for a straight line in terms of arclength is 



r(s) = a + 



s 



b 



Consequently, = o* and hence k = o . * Conversely, if ' k = o then t is 

constanif and r(s) describes a straight line. 

^ Example ll-6e . The relation between sign of curvature and flexure of 
a cux^e . 



Let Xq = ^CSq) be any point of the curve and choose a coordinate frame 

'A 



with origin at , x-axis in the direction of t^ , and -y-axis in the 



direction of 'n^ (Figure ll-6g) . 
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positive curva'ture- 



nega-tiye . curva-tizre 



Fi 



TTov 



le"t us "take "the y-componen'^ in "the 'equaM:ions 1: '= and 



dt d^X 



ds 



a-t s = , -to obtain 



ds 



= 0 



and 



, 2 

GS 



ds 



If ' ^ O it follows that is : local mininrum, ■ if ^ ^ that . 

is a local maximum. Thus, in :he -.e:.^ r.borhood of Xq the curve lies 
on the same side of the tangent as the normal, or on the opposite side, 
according to whether K - .l'^ positive or negative. In the ' langiiage of 
Section- 5^5 > say that the curve is flexed -at- in the direction of f<n * 

Example ll->6f . Representation of cunfature in terms of a parameter other 

than arclength, ' ^ 

, , ^ ' 1 ' ■ *" " " ' 

- Let the curve be X = r(t), where t need not be arclength. Using 

primes to indicate differentiation with respect to t , we have 



and t = X* 



whence 
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ds ^ 



_X 

Ix 



X' (x"r»x')x' 



where, a-fc the last step, we have used 



(conbare' Exercises 11-5, Ho. 4(b)). We recognize || as the' component of 
1^, j2 to ^* . ir is the angle between X" and X» , then 



dt 
ds 



Ix" 



ix* X X" i 

= ® = — ,Q ' where the sign of k is positive 



if 2t" . points to the left of the tangent and negative if X" points to the 
righ^. Consequently, if we introduce the unit upward normal to the plane 
5J = t X n we have . . 



'Cl2a) ■ ■ K = JJ • (X' X X") 

--, |x'J'3 . ' ■ •. 

J" ■ _ , - . " ■ . 

From this we easily obtain the coordinate representation of k : '.for 

Ci2b) . K ^V' - y*x" 

- . . _ - CCxO^ + Cy')^3^/^ * . . ; ■ 

In partictilar- if the^curve is the graph of a fxanction f : x — y we may 
take X as tl^ parameter and obtain 

(12c) K = ^ 

[1 + f»Cx)^]3/2 . • 

thus < is posirtive or negative according to whether the curve is flexed 
upward or downwa|-d (coinpare Exercises 5-8, No. 11(a)). Since we can always 
choose the tangent line as , the x-axis, it follows from (.12c) that the curva- 
ture is zero and changes sign at an inflection point. 

(iii) Centner of curvature .' Evolute and involute . To improve the 
approximation to the graph of a function in the neighborhood of a ^iven point - 
Vby a line through the point whichjias the same direction as- the curve, the 
tangent line, we may take accou^^ of the flexure of the curve, also, and 
approximate .Lt by a circle* througk the poinf which has the same • tangent and y 
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curvatiire, the so-called osculating circle * This would be the circle with 

center situated at distance equal to the radius of curvature alone the normal,^ 

The center Y of the osculating circle is called the center of curvature , and, 

» — — 

by definition, is given by - 

. . - " ft 

(13) ^ ' Y = 3c + ^ n = X .+ Ito . ' •" . _ 

* * 1 ' 

where^ X ±3 the point of osculation on the curve and R = — ia,. the radius 
of cu2rvatxire- 

There is' anothefr way of defining the o'sculatinj^ circle and center of 
curvature which is geometrically appeal-ing^ Let the cui^ve be given by 
3r ^ t(s) and let = ^^^^0^ where the osculating circle is sought- Consider 

^any three poiiWs on the c\irve- = ^f^^L^ ^ "^2 ^ "^^^2"^ ^ -^^^ ^3/"^ ^(s^) where 
, , and' s^ ' -are distinct. /Consider the. Circle through- 1^ three points, 
s^ , Sg , and s^ all approach , . this ' cirile approximates a limiting ' 

- circle, the osculating circle we have defined above. To prove -that this'^ is*^.*: . , 
so requires techni.gues ^which .will be ^better understood af ter^ we have studied ' ' 
Taylor^ s Theoi-em in Chapter iS. 'Just as the tangent line ^give's the "b.^st'' 
^linear approximation (compare Section 5-7) .to the curve near • (in- the 

sense that the error of approximation of any other line is greater than ihat 
of the tangent line for all sufficiently small neighborhoods of\ '^s-. ) the 
osculating circle give^^ 'the "best"" approximation to th^ cxxrve of all circles. 

EqTjiation-^(l3) defines a new^ curve, the locus of the centers of curvature, 
Y = q(s5 whpre q : s — ^ X + RiT .. This locus is called the evolute of the 
original curve, and the original curve is called an involute of the new locus. 
The parameter s .in Y = ,q(s)^^is, of course, not the arclen^h for the 
■ evolut'e, but a convenient parameter. The evolute and involutes of a given 
curve are useful in many physical applications, and we sb^ll meet some of 
them in Chapter 15 f ' / " 

■There is a^ seaond geometrical approach to the idea of evolute which is 
part i cilia rly illuminating. For this we .conside^ the center of curvature in-a' 
somewhat different light,, as the liiiit of the inters ec-^^ns of normal lines - 
For a c;Lrc"le, all hormal lines intersect at the center. We anticdpateV-^hen, 
mt/as s approaclros s^ , the intersection of the normal lines throurfh X 
and X^ approaches ythe center of the osculating circle. To prove this result, 
write the equatic^T^f the. two normals: 



From I*a tin, oscx;;JLor, to,. kiss* 
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the' normal, lines are not pa2*allel ("^ ^ the. lines ini^rsect" at a point' 

X? = V sucla that ' ' - ... ", . ... 



We may eliminate 



X - Xq = ^.n^ - nn ..- 
and solve for X by taking the cross-product with 



?s.Cn X n^) = n X CX - X^) 



' Observp that this equation is equivalent to 



.We obtain the limit of ^ , hence the limit of * the point of intersection, as 
s aj^roaches , by - 



dt 
ds 



-a. dX- 
O O ds 



or, by (11), 



.XjC(.tQ X n^) = n^ X tQ ; 



1 ' ' 

■whence X = — — H , as we sought . to prove , 



• .'The constiniction we have Just described is a special case of the concept,- 
enveloj;^ of a fsunily of curves .^^ . Let a family of "cuiyv-e's be given such that 
eaci^^^ra^ie of a paramete^ ^ (x' defines 

a ciiTve ='r(t,a) . * '•'The> eny:elppe - * ^ 

Y = q(a) of tlje fMnlly^-is the locus" 
of the limit of intersections of the 
ct^es U = f Ct>,a) ■ and V = r(t,p). 
as p jappr caches a, . ^ The preceding . 
discussion demonstrates that the evolute 
is the envelope of the' normal lines. 
The' reason for the name "envelope" or^ 
"outer wrapper" is easily ^ appreciated . 
from Figure ll-'6h which shows a curve 
and its evolute,.* Ve shall consider the 
envelope of a general family of sti^aight 
lines in a. later e^^an^ile. 
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In order -to examine "the rela-tion be-tween a curve T = 7(s) and i-fcs 
evolu-te ^ = "^s) , we express' t^he evolu-te in -the form Y = p ( a)-, where . a is 
arclength for -the evolu"te, and. we. deno^te -the -tangent and -normal ,on "the evolu-te 
by "f and '"v , respectively. Kow, we diff eren'tia-te -wi-th respect to s in 
(13) to. obtain with the aid- of (H) * . , ■ [ 



1 dK: ^ 



Consequen-tly, "the normal to "the curve is -the -tangen-t -to "the. evolu-te when 

~ *■ '* d ^ ■ * 

is nega-tive, and is -the negative of -fcha-t l^angen-t when 



(15) 

'Sj[^ce 

\ 

V 



a = 



dY 



ds 



> we havt; from (14) 



sgn n. . 



ds 



d£ 
ds 

is posi-tiVe; thus. 



dcr 

ds 



d 1 
ds 



= fe^^^^en ^1^) = -Car 7^ 



hence, if has ■ constant sign in an interval, we obtain 

(16) cr = - - sgn^ + c , 



where 



is cons-bant on -the in-tervnl. 



The formula, for a exhibi-ts "bwo kinds of singulari-ty* When ^/c = 0\, 

infinite" radius of ciorvature, the corresponding point^^n th^ evolute Is 

A.' '' ' d^ ' * 

undefined. Thus a straight line has no. e volute* When — — ^" = O • the evolute 

■ ;■ ds , . 

is again singular. For example the evolute of a circle is its center, a 
point, not a <:urve^ More ty^eally, the condition ^-r — = O corresponds to an 
extreraum of the curvature. -We shall se^ l^elow that this corresponds to a 
cusp for the evolute . V ^ ^ \ ^ .[ 

The inverse, problem, given ^a curve, to find sfe involute, also has its 
uses>- Xet * Y — p^OaX . be the given currve and assume X = ?^s) is an involute. 
We- ^^^^e that the correspondence between and a given by Equation' (16) 

>-one. Then, from (l3):and (I5), . 




hence, rrom (l6), 
(17a) 



1 = T (c -,a>|| , 
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vhere ' -c is constant. Consequer^tly,' ir -Y =*p(cx) iias an Involute, the ' 

invol«5te can be parametrized by . ' . • 

" ■ . ^ * ' . : ' ■ ■ ■ 

■'(iTb)./ S .=.-5(.cr> + (c - ff)p\(c) . . : 

On the other hand, for each ^constant -c ^ (l7b) defines a cxirve onambiguously . 
It is a siiiple exercise to verify that Y -^-^Cjr) is, in fact, the*evolute ^or 
each such curve (Exercises . 11-6, . No. 15) • We see then, that a given curve has^ " 
infinitely many different involutes corresponding to' different -choices of the " 
constant c ; i#e»,. different initial points for* the measurement of cr • 

Example ll-6g > Envelopes of straight lines and the Clairaut . differential 

■ ^ ■ * 

equation. . *' • 

Consider the family of straight lines . ^ 

" (18) ' • ■ - y = mx + f(m) . • ' 

where each member of the family is defined by ^' its slope m • Since ^ 
. the members of this family^ satisfy the differential equation . 

(19) . ■ , y = -S*^(S) , - -, 

vhich is known as^he Clairaut Equation. Now we' may ask whether the family 
of straight lin^ comprises all the solutions of (19) - /^If "we could find a.' 
new- 'curve which h^ the members of the family (l8). as its -tangents, then at 
each point of "Hie curve it would have the ^ same -slope.^as the line in the family 
which passes through that point; then the new curve also must /satisfy the 
Clairaut Equation. We shall show that the, envelope of the family V,of ^straight 
lines .(provided one exists) is Just such a curve." . I' 

Let y = m^ ^ ^^^n) ^ fixed line of the family and *let '---.y ='mx f(m) 

be any other line*. The point of intersection of the two lines 'is given by 

fCm) - ^PC^Iq) ' ' ' 

m^x fCmrL) - mx + f(m) or x'= •. : 'Coiisequently the limit 

point of intersection as. m approaches ^^ ni-., --is gi^^ by x = -f'Cm) . Thus, 
a point ^>y) on the envelope of the family .satisfies the equation's 

Jx = -f '(m) 

(y = -mf '(m) f(m) *, .. 

which may be taken as the parametric representation of the" envelope* In any 
interval where the function f * . is strongly monotone we may use x as the 
parameter. " 'Thus, if "* \x is -it he inverse of -f* f then m = p^Cx) and 
y = xtJL.(x)- + f(ja(x))^. On differentiation with respect to' x , we obtain • . 

. ^ 733 ^ ^ ■ • ■ ^ ■ ■■ / ■ 




11-6, - " , . , 

Heplacing m.(x) by ^ in the expression for y ve see that the envelope 
■satisfies the Clairaut Equation (19^1. • ' ■ ' 

? ... ■ . ■ ■ . ' ♦ , » 

Example ll-6h » Cusps, of "blie eydiuiie^nd involute.. 

Le-t X = r(s) be tlae given. cTxrve, and^ in "the notation we laave been 
:,enrploy^ingj let Y = p ( 'c) 'be its - evo'lute . . 'Xt^ can' be ptoved that an isolatred 
extremum -of the curvature for. the given curve corresponds , to a- cusp, of . the 
evolute. We prove the result xinder. a slightly more restrictive condition. *. 
Consider a point ^ ^Cs^) where . Vc J: o' (the center of curvature is . 

defined)^ ^ = 0 (^e curvatxire is s\^tionary at s^) ^ and ^— ^ ^ O (the 

' - • ■ \ ' . ■ ds 

cuLTvatiire at s^ is an extremum) . In Yi5) we then observe that . ' ■ 



: ■ d^ 'r/ ■\dK^ 

: ^sn r^ - ssn[<is s^) 

' - ds. 

for, any s in some neighborhood: of - s^ TCprdof of'' 3Iheorem 3-5a) ; ' hence 
lim ^ = -lim "r so that the tangent ^to thevevolute'- reverses direction 

at s^ 

The involute of T p(cr) given by (l7b) has the tangent / "t given, by 

t = — = — — = — f - a) — ' " ' 

^ . ■ ds . ds da ds da : , - 

= - a)rv , 



wh^re T is the curvature of Y = ^(cr) . Assuming ^ ^ O ^ we -see -that the 
cusps of the involute occur when o^st one of ' factors ( c • a or r ' changes 
sign; i.e., if a = c or. Y is; a^i inflection point, but not if both 
conditions .hold simultaneously. 




Example ll-6l ^. • The - involute-, circled 

9 ^ ^ In Example H-6c. we ob-tained the- 
parsune'tric represen-ba-tion of -bhe circle 
5 ^ (rl. cos ^^-R sin ^ Ifvve choose 
c = O in Egua-bion (ITb) ve oh-tain the 
parametric . representation of the . 
involixte^'* _ * - 

X = R cos 1- + s sin ^ 

y "=^R sin 1"^-' s'cos ^ . 

V. , . i . . . . 

'The; involute is a spiral with two arms 
'. which meet in a cusp, at s = O • 

( iv) Curvature as the ^ characterization of a^ plane curve .* For 
curve X = r(s) i. where s is arclength, - there, is a unique cirrvu 
k : s » ^ Conversely given any contirjuoois fxmction k ^ -:;here 
exactly one geometrical curv^ with curvature given a function of 
by K = k(s) ; this is the - result 'we now prove. 

If there exists a curve X = rft) with the curvature function 

J ■ - K 

r mhst satisfy the differential equations 
^ ' . ?^(s) = t 

d t 



I: 



Figure ll-6i 



a given 
•e^ f unctior 
exists 
arclength 

K then 



.C^OaX' 
C20b)' 



620c) ' ' 

and the algebraic- conditions 
(20d) ^ '-^ . ' . ' 

and 
(20e) 



ds 

dS 
-da- 



m = 1 



t X n = 1^ 



where N is the upwardly directed. normal to the plane- 



V 
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condition such as C20d) "is ess^nl^ial for uniqueness; for- withoul: it, 
±t ?(t) were a solutipil^of (20a,b>c) then \?(t) vould also be a solution.- 
s any- constant scalar. Cojidition ' < 20d ) makes it explicit that the 



vhere ■ X 

n ■ 

•P^3.m€ter. s is arclen^h': The condition that IT_ is upwardly directed is 
also a^uniou^iie.ss cpndirion,; it f ixes. S -is- the left-pointing normal, - ^e >. 
could also fix n' as the' right-pointing 

-noraai, .but if ■ we did so, ve.wo^ld . ' . 
characterize not' the same cxirve' as for * - 

mirror Image? (Figure ll-6j).. .We, shall 
veiyLfy "this observatioii' in tlie/coixrse ; 
. or-the "proo:f . ■ ' > 




. . . , Graven ^ ■ ' ±n:(20B) , n:iie ^ujiction 
r- ■-is determined direQ-tly by in-begra-tion. 
TiTus the problem is. reduced to that of- - / 
rinding . the solutions oT: ( 20b) -and (20c). 
First, we express the, conditions ' (20d) by 
writing ' t . xn the foim . V : ' 

' ■; t ■■= (^oos 6 y sin Q) ^ . - 




Pifeure ll*6j 



w&ere 9 is a ftinction of s ^ ^ Then (20b) talces the form 



(21) 



1 de ^ V " ' C 

n = — -r— t-sxn St , cos 0) 
^ as I 



^here we must assume K^^ o) . Consequently, from (20c:), 
. d 



= ^di" Jf-^^^ ^ ^ ^os B) . - (— ) (cos e , sin 0) 



= -x:(cos e , sin e) * 



Talce the dot product with t to obtain (|^) = \^ ; whence. 

. ds ^ 



(22) 



1^ = ± 
ds 



It follows from (21) that n . is a unit/normal vector, Kote that there- is- 
nothing in Equations (20a-d) whf,ch fixes the sign in (22) . - However we now 
have n = (-sin B , cos ©) and to make n- a left-pointing normal we. must 
choose the plus- sign- Integrating, ' we obtain . - . 



(23) 



© = 0 + a. , where 0 = I k(o-)da , 

Jo 
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and ^a.^ 1^ any constairb* * We "theil iiave^ at once^ ■ ; : - , : • 

• . * .; (cos(0 + a) , sin(0 + a)) 

■ Al-fehough ve have assuined ikC s)' . O for all s (2^4-) Is a solution' of \ ^■ 
• Equations (20b,c) for^ny. continuous function k : s ^ #^..As, often pcciirs 
.o in.-the solution of differential equations, the formal res^p^t^ is .vald^d undei^ 
Conditions more general than- those which vere inrposed to *flnd it'*^ 

. . V From the expression for ."t" in (24) ye obtain the -solutio^ of (20a) hy 
straightforward -integration. Thus, for u : s — + a = 9 we- have - . 



•X =^x>, + I cos u^a)' 5a 



J-: 



G: 



y = y + I sin u(cr) da . 



It is a simple exercise to verj^i^y^that r(s) = (x,y)^ is a solution of the 
Equations (20a-C') which satisfies trhe conditions: (20d,e) • Obser^^e also, that" 
if we . had replaced " 9 by its negative (to correspond with a righ^ -pointing 
■ normal) in (23)-, the solution woi^d liave been ,the reflecti^on of- X = r(s) 
in the line y = y^ in agreement with, our earlier assert ion - 

There are three, different parameters Ct ^ ^-y^ in the solution (25). 
In what sense, then, can such a solution- be unique? ' A change in the^parame^ter 
a amounts to a rotation of the curve,' and changes .in x-^ ' and y to a V" " 
tz'anslation (see Exer-cxses 11-6, No • 17(a)). Consequently, different choices 
of parame^^ars in /25) merely yield, the' same geqmetrica Incurve in different 
locations in the plane. Conversely, given a parametric representation of a 
• curve which satisfies (20)> all^epresentations obtained, by rotations and 
translations applied to the. given one a3:*e solutions of (20), (Exercises 11-6, 
No. 17(b)). . ' \ ^ 

The question remains, are all solutions of .(2b) members of the family 
(25)? To" answej^:, this question-, we fix the parameters a , x^ , y^ by. 
"imposing conditions which ' specify a point /on -the curve- and the tangent at 
that point initially; e.g., / . 




(26) 

•Ve/ now- prove that' if the vej^tor functions r and . p. ' satisfy (2'0) together 
*with the "initial conditions (26), that 'r^p" 1- The implication is that there 
r' is' exactly one geometricaT'^cui^e defined by the curvature function k . 
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Let tiie "tangents for ? and p ,be .denotedT ty t ' and , the normals 
"by "n and ^ , respectively. Since the initial tangents' are equal, >" JJJP 
.itu follows that also - ^ '~ v • How consider the difrer^n^e vectors/ 



5 = ?(s).--$rs),^ . 

V = t - t • ■ 



■these vectors sa-tisfy-' the differential equations 

• - - • . • 

(27a) - , - . . . # = V ■ 

... ds '. > 4 



together with the initial conditions ^ ' ' ' ' ■ : 

(27d) - ij^=r^=^^ = ^ . . ■ . . ... ■ 

By a slight variant of the argument used to prove the uniqtieness of sin ^ and ^ 
cos- as defined by a differential equation (Theorem 8-5h) , we. show that 
V ^ W t= O for all s . TaXe the dot product with V in '(STb) , with W in . 
(27c), and add to obtain . 

ds ds 2 ds ^ ^ 

It follows that is constant, and from the second and third initial . - 

conditions in (27d) that the constant is O • Consequently, V = W = "o . 
From (27a) we conclude next that U is constant and from the first initial ■ 
condition, that U = O' ; hence - r(s) - "pCs) and the curves coincide at every 
point. ' - ' ' o ■ " 
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SxercLs.e s 1 3r^6 . 
-1. .Veriry that 1:iie f*cVLlovlns curves are siirole. 
■ . . (a) The graph of a continuous function, 

"(b)- A .circle* . . ; 
(c) A card ibid, (Exercises 2±-^.Ho. 6(d)") - ' 
Aid) - The Gomu spiral. (Exercises 11-5, Ho. ^(c)) 



Obtain a. parametric •representation for the ■bo;indary of the standard 

■ ■ - ■ - . ' * ■ ^ - ■■ ' ^ 

region- under the grapii .of f oriented in the positive sense indicated 

■in Figure. ll-6c'* ^ ' ■ " " 

. Shov hov the expression foor the signed area of. a standard region : (l)-, 
. iiaken - in. the dire^ction . of increasing* t." , changes ' if the orientation' 
, is. negative* * ; ' . ' ' 

In the derivation of (l) it was supposed that tlie part ^ of the ■ boundary 
whicli is" the. graph of the given, function " corresponds to. -a subinteirval 
of the domain of parasietrization. "Show for any- arc of a simple closed 
curve, how .to modify the parametrization so that the arc corresponds 
to a sut interval of the domain* ' 



Find the area . "* ' . - 

(a) under one arch of 'the cycloid (Exercises 11-5^- 2To, 6«^b)). 

(b) of the interior of the'cardiod (Exercises 11-5, 6(d))-. ' 

Sketch the cury e\, given in^ polar coordinates by p = a cc^s^S - b , 
a > b > 0 , for ' O <'9 < 2:Tr • Use (5) or an equivalent If ormula to 
conrpute the l-^'^rek.'' **The result is not the' area- in, the usual sense- 
Check the" derivation of (5) to see. what the formula' actiially gives, 
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7. For the following ciittcb^ vjiat is the ""area" as computed' "by (5)? 
(a) . - .. . ' . (cV " • 



J 





-4 



U) 




Generalize as f*ar as you caii. * ' 

8. Ob-tain "the expression Tor -the CTirya-tiire ^or a crurve given in polar' 
coordinates by p = ^ 

9* Find the curvature at eacti point of ;the roHoving curves -^iven in.- 

cartesian, polar or parametric representation as the ^notation suggests" 



Ca) 
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2 2 
a b 

(c) = s ^ 

(d) the cycioid (Exercises 11-5,. No. 6Cb))--' ' 

(e) . \ the' Comu spiral. (Exercises 11-5,, No,^ 6(c)>)''. 

(f) ^ the card io id (Exercises 11-5, No. -6(d) ) . 

fx = a cos 6 / . 

y — a sin • ,5 . ■ . ■ • . 



xd. 
11. 



■^Sho-w^that the evoiute- " a cycloid-l^ercises 'li-?. No." 6(d) ) is . 'a- cycloid 
Obtain a" cartesian represeiitation for the?evolute of an ellipse and- — 



sketch -t^he curve. 



FRir 



^ " >■ ■ . 

12* The involutes of a curve* O given by 5 - p(o) can be dravn" by "the ^ . 

following simple mechanical construct: ion. "Imagine an inextensible thread " 
wrapped 'tightly around the curve .on the side"* opposite the center of" 
ciiTvature. Cut" the thread at a = c '(compare Equation (17)) and unwrap 
the thread from the curve -while keeping it taut* The condition of 
•. tajJLtness requlrres that the unwrapped thread is-. pulled 6ut . straight ^. ' 
and remains' tangent to . ■* Under- these conditions show that the two ' 
- ' ' ends of the thread at the- cut describe the involute of G^'.^ 

13» The curve p = ce ^ in polar fgrm, h^s - the property that the- position 
. 1^ 



vector of a point on tf?e . c\irve\nis5jtes an -angle w-ith the- tangent :to the 
. curve at the point-^ which is the same f or ^all points* *' ^ ' •" ■ - 

■ ^ (a) Verify this property. • ■ ■ ^ . . ' \ ^ '' ' 

. ^(b) Show also .that the. evolute of the equo^angular ' .spiraX" 'is again "the ' 
/ ■ equiangular . si>iral. - • ' ' - 

Ik^ What is the envelop^of the s^traight line solutions of the differential 
equation ^ * " ; ' 



15. ^Show that the evolute of the involute of a cx:rve (Zy is" (2^ itself. 

16. When does an 'involute of the evolute of a curve coincide with ? 
If the original curve has no cusps then what information does . 
Example- ll-6h give about the involutes, of the evolute? 

IT* In the text it was asserted that the solutions- (25) of the system, of 
. differential equatio'ns (20) are all parametric representations- of the 
■*same geometrical curve. Prove 

\ (a) any member of the family (25) can be obtained from any particular 
solution by rotation, and translation; 

■ ' ( b) given' a solution of (20), any " t^3-i^sformation.- of the ^solution "by ' ' 
. translation -and rotation also is a' solution. ... 
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The catenary- (from Latin, . catenarius », chain) is the curve ass^jmed by a 

weighty chain on Tlexible cable of uniforni density when it is htmg 

bet-weed two support points • This is: the shape -of the cable between the 

towers a suspension^ bridge before the deck ih laid. The curvature 

function, for the catenary is k : s'— k = - — L_ , Obtain the ecuation 

' ^ ' 1 s^ — V 

of a -catenary -and sketch the _curve, ' " 

Le't . OT-- • ?(s) represent a curve 'in -three-diniensiohal snace* For a suace 

' * ' d t 

curve it- "is" still true ^ that -7-^ is perpendicular to the tangent' 
^^o.- ds - -- 

, ^ \A 

t. = ?»(s), y and ve define the principal normal as -the unit vector 

in the direction of • The curvat-ure is now defined by., k = I — [ so 

" as . • j ds I 

that .Equation (±0) is- still satisfied. 

(&.) Obtain ^n expression for., the curvature of a space' curye^ in terms ^ ^ 
" of .any parameter, not necessarily arclength.. " 

<b)^ What is the cuxvature of a helix (Exercises 11-5, No. 6(f)) at any 
■ poipt? - * V , 

(;c) , Investigate . whether ■ Equation- ( 11) must hold for a space curve. . 
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Miscellaneous Sjiercises 



/ 



1. (a) ' Shov -that the field of 'complex numbers is a vector space over the * 

real niimbers. , 

(•9) Show th-at the set of positive real numbers^ , is a vector 

. \. space- over the field "of all real* nxombers .where vector addition 

is defined as 'ordinar;>' m-ultipli ration of real numbers (for P^^ " ' 
■ * ^2 ^ "^'^^ vector siim is 'P2P2^ scalar niultiplication is * 

defined as exponentiation (for a scalar ^a- « 6^ and a vector p c C5^ , 
the "produ(?t" .of a with d is -td^) i ■ ♦ - ^ . . 

2. (a) Draw the segment's from the right angled verte!?c of a right , triangle 

tro -the -l:risection point^s of the hj'-potenuse . Prove, that the sum of C 
. the squares of -the segments is proportional to the square of. the 
! * • h^^'potenuse and find the constant of proportionality* ^ ' ' ^ 

(b) : What ±s the constant of proportionality for the s-um of the squares 



of the s^egm&nts to ^the points .of section of the hypotenuse -into n 
equal parts? ' " ■ 

Given that"*the sides of a triangle have, lengths a ^ b ,^ c , find^the.. 
lengths of the medians. . ■ . y . 

(a) Prove tr^t the cross "Droduct is not associative- 

(b) Under what conditions is the associative law for the cross prpduct* 
vectors satisfied? ' ■ . ■ 



-The epicycloid of ri cusps is the curve traced out by a point-of ^ circle 

- of ■ radius ^a as .it rolls in ■ ' \. . ■ ' -'^^ ' - . 

y. i-^ontact -^^ith and outside' a fixed 

. circle >"ith r^iiis ' na"^'(see figure) --^ 
The hypocyclo^ of n ' cus^pi^ 

. (n > 5) is the curve -^ra^ced out ^ X ^ ■ _ ^"i^r^ilSTi^T'^-^S 
if the moving circle rolls -on the ^ 
- . .inside of "t.he' ^Tixed' circle^ ■ 

• " \ ■ * - *^ • . ' ^ 

(a) Ob-cain parametric equations 

for the ■ epicycloid and the' 

* hypocycloid • 

-(c) .Prove that the eni-cyoliJid and-^ hypo cycloid of -n - ciiens ar& sim"Dle" 

^ . ■ .-^ - ^ » ■ '■ ■' ^ * • -f^^ ' " ^ ' * ' 

' - • ' - . - closed vcirrves , ' " ' .. ^ . ^ . . ■ - .''*;- 

■ • (c.) '"Determine the. 'areas • enclos^ed -.by the ejSiaycloid- a n^'^'h^rbo cycloid of" 

■ ' • ' ' - • ' ' ■ o * - ■■ . • ' r ' * 

. n ' cus'os . ■ . • , ; ^ • . . # ■■■ . ' 9 . ^ .■ 

Em , ' - • :- .„ 




Consider a -trans fonnat ion of the plane in which the scales along the. . 
coordinates" axes are change^ independently: ' ' ^ 

where I = ax , T = fcy . " show that' if . x is the curvature and 9. ,--the 
angle of inclination of a curve , at- a point then -he transformed cxmce, ' 
at the correspondiaag p'oint, has the c-urvature > • - 

ab' 



(a^ cos^,© + sin^ e)^/^ 



■De^sermine the radius of curvature of the evolute at j in terms 'of the:' 
radius of curvature of . ■ / 

Find the envelope of the family 'of -straight lines given by each crlterior 
(a)- The product of the x- and-y-iff^ercepts is constant. 

■(b) The sum of the x- and. y-intercepts is constant c , where c > 0 • 

Obtain a paranetric representation of the folium of Descartes given in 
Exercises 5-T> ' Number I3 . .. Repeat that exercise in terms of the " new 
representation/ 

(a) ^ Prove the following generalization of the Law of^/t^Meah. Let .C> 

be a plane curve given by X = r(u) on • [a.b] . if r is con- " 
tlnuous on the closeci interval [a,b] , if - -r^^ exists on the open 
interval (a/o) and is nowhere null^, and if r(a) ^ rio) , then ■ 
^ there exists a -tangent = r ' (u^) / [ r ' (u^) for' some u^ in ^ 

the open int^erval whi^ch is parallel to the- chord Joining the end- 

■points of." the curve. 

„ ■ _ ■ . ■ • - ' ^ 

(b) Express the Generalized Law of the Mean in terms ■ of . a coordinate 
representati'on of . 

(c) 'Prove^.pr disprove "the Generall^a^d Law of the Mean for curves in ^ 

Ca.) in. Exercises ^lJ.-6,.\Nimber I3 we gSve definitions for the principle 
normal i? and " curvature < for a space, curve rCs) . The 

dn * 
vector — .is perpendicular, to n but .it need not be' parallel to 

t . JWe- introduce the binormal vector* b = t x n - Recall' that 

CO' • ■ # = - " ■ ' 

: ds ' . ' ■ 

- and prove that there exists a scalar r ■ iuch' that •■ - . - 



(lii) 1^ = -Tft .■ . ■ ' ' 

The -scalar t is • called -bhe torsion. . of the. curve. Equations ti) , 
Cii)/ (iii) which generalize Formulas (lo) and (li) of Section 11-6 
are the Frenet-Serret equations ror t;he curve, 

^We h^ve seen that if the . curve is plane then = 0". - Prove, 
conversely*, that if t- = O , then • the curve is plane.. ,(Hint: . Show 
for given functions x^=-k(3) , t ' = £(s) that the solutions ? of^ 
the .Frenet-Serret eq-aations subject to the initial conditions 

(i^), " rCo) = , ?'C0) = t^ 

is unique. )4 . ■ - ^ " : ' 



... ' .. 'Chapter 12: * . - ' 

■ ' ■ • ■ ' MECHANI-CS • 

^ ^ . . . 

■* ■ 

Mectianics has been, and 5till is^, one of the continuing sources of new 
ideas for mathtematics in general and -calculus in particular, 'in fact^ parts 
or-tHe calculusV^re created in order tV solve- some of the raechaifical problems 
we consider.* Such^cientists as^ ITewton* Leibniz Huyghens\ the Bernoulli ^ . 
^brothers;, and Euler .made fundamental contributions to both fields. 

To a certain extent, the concepts and terminology of mechanics have 
entered the .language, so that^ven without science courses you would be 
familiar with such ideas as mas«s, force, acceleration, energy, and work. . The' 
common meanings of these words need, to be modified to agree with scientific 
uses* , If we wish to present . the foundations of mechanics carefully it is 
dangerous to buil'd too heavily' on intuition since in, part intuition^ is not con- 
sistent with mechanics as /^e know it, and in part the subject has been built - 
into our intuition by T^Sguage and experience. ^^On the- other hand, a histojricai 
approach is n®t entirely successfur" since mos^Ji^f-^us do not know the' extensive 
body 'Of olde?^^ieni|lf ic knowledge, from' T^Si.y;h modern -mech developed 
Here, many of the cd ^cepts ^ of^ jg^|j[g^c^ as -they originated - 

historically, i i fi 1 1 iiii i1 ^Ti i^^wM^'WBKri- a logical structure.. ^ - ■ 




A t35pical problem in mec^SKis' ouestions how objects *move urlder given 
conditions, or when objects can.. b«i ^t^ rest" with respect to .ea oh • o titer Funda^ 
mental in^ these question? are the "a^-camptions tha-E; "objects move or^ are at r^st , 
in something - physical spaca r and that it is possible to establish a measure- 
ment of tin;e for Vhi,ch^."bSore,'' "npw^" .an^- "later" become' quantitative state- 
ments .'.."W^le the ear^^workers J.h.>mechanics^were quite aware of 'these ques- 

tions^ they w^re^^ot^^gr-eatly af f ected ■ by them. Snace waS described by EucliSTs 

J *^ ^ " / ' ^ ' • 

synthetic ^eome-Dma. and later/ l^jf "Sescartes' analytic geometry -with the oi^dlnary 
\y * - v-:. , ^•^ - . . ^ ^ ' ^T"" ' a ' * ■ 

ngtion of distance •^^^TJie- cohcept.-of ^time was. idealized as a quantity that = 
. • "^^ - * ' ^ ■ ^ *' / . - ■ 

ctDtiid ^ be" measured as. one measures distance along a line.* These assumptions 

c 'A t * * J . . * 

are not quite correct.^ It is important to 'appreciate the meaning: of "correct" 

in '^ihi'fe context. A mathematical ^atement is "^cor^ect"* if . it is. obtained from 

axioms "andf^efinit ions ^by the application of vg^en rules of dediiction. We. 




speak of a physical idea as bein^ "correct" if i-b is a .fruitful vay of thinking 
of phenomena that enables us to organize our information and predicts (or 'at' 
least does not conflict with) nev results. It is common^ then, that older 

- 'ideas are supplanted by newer ones as unexplained phenomena force us to inves- 
-tigate more deeply* When ve say that euclidean geometry is, not a correct des- 
cription of ph^^sical space, we mean that -we know of -ohenomena that are difficult 
to describe in euclidean tenns and, further, that we have other geometrical sys- 
tems^ which permit a simple description of thes^ phenomena as well as others 
which are. more .familiar. . Thus in more .advanced works we are .willing to sacri- * 
flee our familiar euclid^ean space in order to achieve 'eleganceranS unity in 
describing the physical world. While 'we readily admit the _ limitations of 
mechianics" a^ we now describe it, its^great success lies in its simplicity and 
its ability- to . give a fairly accurate description of sys:tems ranging in size 
from many molecules to t^restrial ob^^cts to the_ solar, system to stars ,^ and 
often to galaxies. ^ * ' 

.In full awareness of its limitations ^ we adopt a description of physical 
space for the development of mechanics in terms of euclidean geometry- Points/ 
in spacer-Will be represented by position vectors X ; and it is assumed that 
we can measure lengths which corres^iond to" euclidean distance |x[ Implicit 
in 'these assumptions is the assertion that there is no' distinguished origin or 
orientation of coordinate axes,, so, that no pnysical observation can be depen- 
dent on" the choice of a -coordinate frame. We also assume that we know how to 
measurej time t and that we may describe the- motion' of a" system in tiife by 

giving vector, functions r : t X that desc^^be .'the position of 'the- parti-' 

cles of the system in a ^iv.en space of vectors f ixea in time. Kone of these - 

.assimptions is obvious or trivial, ■ even, though all .are extremely natjiral to us. 

' - . , " ' . *- ' ' . 

If you consider how you would, verify the preceding statements, you will see that 
' • ■ • • ■ ■' . . ■ ; ■ " 

- tb.ey 'cannot be separated from the "remainder -of our assumptions -in' mechanics, but- 

that the subject must be verifi^ed as a whole. A proper justification is an 

exceed in^y sophisticated matter. This* descriptive part of nfechanics is kine- ^ 

.Statics. In kinematics we seek, as complete a description of the path X = r(t) 
. * , - ' . - * • * - ■ 

of a .-particle" as possi Die. . Thus, kinematics is essentially the -theory of 

,The idea,, of a ^pa^rticle is an abstraction which' also needs clarification, 
may -think of a particle -a^S^-'bit' of matter with dimensions-'so sma'll with 
'respect to ^ the system of ^ interest that it may be treated -as though^t is located ' 
at a point.' ' Thus," even so; extended an^' object as the, earth may be treated as a 
. particle if we are -concerned onijr, with its "aitaual revolution about the sun, but 
not when we arie concerned with Its daily rotation on its a'xia: . (However, even 
the latter motion' can be treated lik§ a particle .motion -in a p:heoretical space 
'of suitably many - dimensions / so that the 'concept takes on- a ' diff-erent m'^ning 
. ^rpm a more advanced viewpoint-') For us, the essential Dro-Derties of -a. -narti r 
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curves. ^introduced in 'Sectiotis U-5 There' is certainly more to 

; mecTianics than kinematics, since we "should like to be able to say when a 
given. motion occurs.. Dynamics is the part of mechanics' that tells us what 
motion -occurs in a given physical situation." 

^ ' We all harve aii idea of what it means to say- that nothing is acting on or 
affecting an object. What happens to a bodf in jiotion, or at ;rest for that ^ 
matter, if nothing acts on it? Quite consistently with ottr experience cn the 
earth ai^ with intuition Aristotle asserted that if . an object in motion on or 
. near the earth is not acted Can, then lt..will come to xest. Galileo, by the 
j^tudy^of motion on an Inclined . planej obtained the law of inertia:' in an ideal 
'Situation an object ^^^ith nothing acting _ upon It woid^ move in a straight line 
with, constant velocity. Thus Galileo might say that if you roll a ball on the 
ground and -it comes to rest, then something, the ground, produces a "force,"- 
whicH^cts on the ball to bring it ^o reet. The great achievement Of this' and 
. oth^r ^Realizations is, that they provide a basis fgr quantitative predictions • 
of motion, as was not possible in the earlier physics. We adopt Galileo's 
assumption in a' tentative- form and we shall sharpeno it considerably later. 
Thus, we say that an object -onder the influence of no. other forces moves with 
constanl^ velocity or remains at rest* ' ■ . • 

The effect of. one object on another,' a force, should at least correspond 
to our primiti-^^^snotions of push and pull/ As-a result of Galileo's assumption 
■we may, say that a force produces a ch^ge in the velocity of object or a 
force produces an acceleration of -an object. We shall encounter- many different 
■kinds of forces later. Some of them are Just pushes and pulls and we may apply' 
•them to one object or another. Others are more' complicated^ and d^end on both 
the object producing the force and the .iobject experiencing it. - and the force 
may even depend on^the motion of the object experiencing it'/' In spite of the 
many complexities associated with thfe construct, . force, it.enables^s to 
organize^ large areas of our ^ experience. There is more to' be said About force; 
at this point we say only^h^ a force ''is. that which prodiSces an' acceleration 
and' it should inclilde our "iSroiitive idea of a pus^ or pull.' ' 

Our ideas of motion *with. and ^without fo-rces deserve a shairper look. We 
have Assumed that accelerations are produced by forces. 'When we "say that an' 
object is* accelerating, we. can only mean it is accelerating as measured in a 
;given coordinate frame. We.^might take a coord ir^te frame attached to the sun, 
or the earth, a moving aiiplanej or a 'rotating' phonograph recor-d, or what 
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you^will. The acceleration , of a s±ven object vill^ be different- in each of ■ . 
these systems^ and hence- we shotilS have to say "that there ar.e different forces' 
acting- on /he object in different coordinate systems/ At the /S aide time we 



might be misled by our intuitive feeling about -^a force*as" a push or pull into 
the i"^a that a force is^a physical entity irldependfent of coordinate sys^m. 
- But ^-e" have just obse"rved that accelerations measured in different moving 
systems may- not be the same. . ^ 

At this point, ve define an inertial coordinai?^ system "as one in which 
. objects, under the influence of-iio forces move with constant velocity. Our 
-procedure is circular since""^e. have already required a .force to be -something 
that produces a change in veloci^. Consider ;.a body accele?-ating in an *' 
inertial frame. Take another frame which moves with the body. Wixh respect- to 
\ the moving frame the body is at rest- Nonetheless the body is experiencing t-he 
Ns^prce which made it move the inertial frame. This makes sense only if we 
have a pre-established; notion of force. Our ideas of forces arose from - 
terrestrial observations and observations of the solar -system. There is a 
natural coordinate system that we- can use to describe, such motions. We accept 
the assertions that the sun and planets move but on the basis of simple obser- 
S'^ations we-«i^y say that* the stars are .approximately at rest with respect to . 
each, other.- We know that the stars are in rel- tive motion^ but most observa-- 
tions»over moderate periods of time show no sudh motion. ■ Thus, all of classical 
mechanics refers to coordinate systems fixed with respect to the stars. » Logi- 
cally, what we are doing is using our observations in the specialjcoo'rdinate 
system of "fixed" stars to definej/what we accept as forces, i.e.J, as quantities 
that produce accelerations. We can then enlarge the cfass. of coordinate sys-- 
tem^^we use to those in which an object under the influence of none of. our -knowi 
forces ^moves wijtla- -uniform velocity.-' Thus^ we may take the law of inertia- 
stated above, Newton's I'irst Law, as our first law "of mecnanics ; an object 
under the influence, of no force moves with constsmt velocity or remains at rest 

Of course- everv time we discover a rfew force we mu.st check thalT^x fits into 
IS . ^ . « . , ' 

. ^"^^his comeptual framework, ' 



The p2rbblem here is not the- same as we encoi:intered in our discussilon of^^ 
vectors where we obtained resiilts independent of the orientation of coordinate 
axes. There, we considered different coordinate frames with arbitrary origins 
.and orientatii/^ns^ but .fixed in relation to ^jach other; here the origin and 
.orientation qf coordinate- frames may change relative to each other in time. 
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Though ve may prefer to think of- force as an^ntity riot dependent on th^. ' 
oordinate system tl^ii.s Is not possible. . We cannqt discuss motion and force 
ndependently of coordinate" systems. The unsatisfactory nature ot this restric 
ion motivates a reformulation of physics without force's in a manner-^hich does 
ot distinguish, special coordinate ' systems artificially. This vas accomplished 
y Einstein -in , his theory of relativity. ' . ' ' 

We have -raised ver^y- fundamental questions concerning the physical meaning 
P the concepts -in classical mecha.'.ics, but we do not give these questions an 
atlrely satisfactory resolution. We have only- indicated the^origin and the 
ianing of the concepts we use. ^ '■' 

We now seelfe^^j^uantitative relation between forces and acceleration, 
-thout being too precise about the exact form of the relation between forces 
Id accelerations-^; let us consider , the results of some simple experimen- % 

•cm our description of space, we know that acceleration, a.= , is a 

dt 

jcoor. A push or pull , also has a magnitude and a direction; thus it is 
:asonable to suppose that- force, too, is a vector. Further, "for the s'imple ' 
rces that we know or can control, force, and acceleration have the same 
rection. Finally, if we can apply separately tijai forces f and f to 
Object, then we may verify that the resultant acceleration when both forces 

* . " ■ / 

e applied Is the vector sum of the two separate accelerations'. Thus we are 
d to guess that the force vector and acceleration vector are proportional^ 
ere the proportionality factor is no-W necessarily constant , 

To learn about the proportionality factor between force and acceleration 
t us consider" fvLTtUer experiments. S^^posewe take a se't <9f n equivalent' 
id cuoes. The feeler at ion produced""^" applying a force to one of them is 

time^ the acceleration ^produced by applying the same force to n of them 
Sidly bound together. Thus, the proportionality factor appears to be a 
isure of the amount of matter present. We caisL the amount of matter present ^; 

an- object the mas^ of the object and^we measiirk the mass by measuring the 

ielerat ion produced by a standard force on the object/ Within the realm of 

Lrelativi^ic mechanics we assume th-at -the mass of aia^object is fixed. In* 

; preliminary form we tJllte ITewton's Second Law as ^ 

^^^^ \ ^ 

^ ^ d^X 
r = ma = m — ^ ^ 

at , ; 

re m is the mass of the object in guestiorft,,^^F the vector sum of the 
ces applied, to the object;, and a = r^Ct) its acceleration^" 



Once ve'have state^d' -^l^i®' -^ic^^^' msy'""?-®^''^ '^^^oy/ ^°^^^^'^fXy than before ' . 
-toe logical' structure of ^ji^'^^^fti^' We ^^^"^^^^^^"^ ^.f^ to measure '■ 

space and - time so that" fiay of ^bouj^' ^'^^^ ■^"'^ton' '^'^^ initiaiiy if 

- "the iner-tial coord inat^'^^-^^teH' ^ fi^®*^ ^^^^"^ -^d ^^vtori Vs Second 

Law to. measure mass ^iv/ d^-^erci/ ^^^Oti. pr"^'^'^^^'^ . ^ii an'^o-bject / 

. a standsLrd force. We ■.aa^''^'^^^ ^ ■ i^V' neW qui-- ; ^H. coordina-fcf 

system by^Sing Newton's ^^'^^^ etj. ^gaJ^ , '^^''^ ^'^^^"^^fatibn, • au^ 

heiice force produced. P^'^^ 'seet^ 'iirc^^'^' lTewton»s Second 

• Law seems to be a def inlt^^'r^. ^ j.s ^^4>ce:' ^ '^^^'^i^ivi^'^ P^-"^ o^- ^^^g p^ocedui-e 
is the assTiJ^ption that a ^Q}'^^ ^^^^-^^ ^ilti^y* have de^^^T 

^rmlped a for de from ( l) w^ Hth ^ ^t ""'^^^ ^"bjects, -adc3 i't 

^ to other ^:etces applied ^°^/^"er ^tid ^^"^ vs-^^'^ ^^^^^ts. liewtop's 

Second Law can be used ^ it^Via:^ ^^"^ in V^^^^^ ^ive'. f . an'^ 

solve for r , but this '^^'^ , ^tJiy ^ ^ ^ha2> 

At t^uLs po-int our »s Is ^""^ adequate. ^he 

. important concept of momQ-,*"^ -jj. '^^\-el.o'9^^ ^ sad^ ^^^^ the others 

previousOy discussed and i^.^^^-toxe-^^ ^^^^nd ^^*THs of momentum. 

The momentum or an object^ ^ ^^.^q^.J^ijbP-"^^'^^ ^^^^ jje.P^^^^V - ^ is ^ne _ 
produ'ct of the mass time^^^l^^ ^ ^^^1°'=^*^' 5 = fo'^ " ^*Ct) . The iinpor- 

^ tance of momentum is ill^^^r^^V ^ tue '^^^^^'^^''"^ oj- ^ ''"''^^^^-tion lav: 

sum of the momenta of a zy^^^ "^^Oec*^ ^ ^^Stap-*^ P^^'^^^^cj the objec-ts ' 

experience only forces e:^^^"^^'^ ^-J^^h^t ^^^^^^^ the ^y^^^' ']r^±s law i^j 

in fact, more fundamental Jie^°^ ^ ^^"^s aia^ ^^ici the mos't 

advanced theories of phys^^i^^* ^ ^^V-fceiy''^ ^"^ ^ei*^^^^ ^^^^ ^ statemeJi* 

about the physical prope^^^e^ ^"^^^ie, '^"^^ Xm?:^^^^"^^"^ "^"^ discuss s-uCh 

questions. In the more '^a.'^^^'^^^lrt^^^'^^tul&'^^'^^^.-j^^^^^'er 1^-^^^ >^ocity corres- 

pond to our usual ideas , 

momen-bum -btiat is conserv^^/ of ^^^^ ^3 iTeV*^^ ^ ^^^iid L^'^-^ rea<3s 

' (2) . ' ; . ' ^ = 1? -- • 

■ Jf we'wish to discuss the l<^°"^^Jt^^ ^ocK^^^ ^^^iti^'^ ""^'^^^^ ^vhich^^*^^ 

mass of the -"object" is Ciiia**^''" ^^''''^-tin^^''^^^ ^^^Qtea from'^'the 

• rocket) / then (2) is-'a mo^^ fc^ri^ ■ .^^^c?^^ tl:^^ (a). 

/-We'may obtain Newton ^'^^^(3 ^^^'^ fr^^' ^^'^^me^'^ °^ "^^s^rvatiOn of . 
_^mentum toother with th^ (cCJp^^^^ iJev*'^^ ■ °^'^^^^^d conservation 

V& momentum fi-om, the thi^^ la^^ I t '^''''^^^J^rits ^^"^ ti^e first e^cert 

as -force on the secofc^i?' =^ ^ the ^ -^ei-t ^ °^ "'^^^ 

first. Then 
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2' 
dt 



dp 



21 



1 
dt 



•^^ce^'.'P^I is a constant we. find on' adding the two equations 

^12;'t ^^2i: ~. ^> f oris one , object exerts -on a second is the ne, 
the. forc^the ^cond -exerts on the first. ' In s-unmiary we take "as lTewtoij*s 
in em inertia! .coordinate system. 




ive 



of 
laws 



1. an object under the iiiflu^ce 
velocity; 



no forces move'^jf^ith constant 



, 2. if F is the vector sum of the forces applied to a body and- 5' 
is its ■monientuin, then 

" " :. ■ . 

3- -the force one objec-t exerts on' a second is the negative* of the 
force the second exerts on the first. 

We examine the implications of these lavs in* the remainder "of the- chapter - 



\ 

J 
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' r- ■ Exertsis-es 12-1 \ . •' . 

Consider 'an ixieirbial coar;i(^nate sys-beui^^ -thai: is^ a system in which" 
Nevton's laws^ hold.* Let rCrt;) be -the path of a particle in tlje- 
given system and take nev ccx^rdinates for which tlte particle path - 
becomes B(t) ■ = r(t-) '+ tv wher'eV is a constant -vector, . Describe 
what the change of coordinates means. - Show tiiat> Newton * s laws still- 
hold ' provided forces are the same in. both. -systems . This resiilt Is 

the Galilean Principle of Relativity- , ^ . ■ ■' - \ '- 

'** - . ^ * ■ • ~ 

Let r(t) be the particle path rin iner^ial system ^-s^iri Part ("a) - 

Consider a. j^w^-system- in which the' §ii^h 'of - "the partixSSre 1$ . given by^^ 

■p(t) ' =" rCt) 4- ^(t) ./ show that tihe;.laws of . moii^n ' in -th^ ""new " 

coordinate system are: -JTewton*-^ .laws ' .provided we a inertial 

force -. mq"Ct) to- the to^al of the fo^es acting- on each particle 

'J [ 

in the system. , . ' 

What is the force exoerienced by an astronaut of mass ek;" if^the 
sole external force exerted upon, him is the gravitation^ attraction 
mg of -*the , earth and his rpcket is accelerating upward ^with. 
acceleration equal to 6g ? ' 





• \ 



\ 




/ 




^-2, SLeineh-ta±7A- Me chani cal Prbbleas « ' . - 

In ti^ip ^section ve exaniine a" few elementary problems which we can' solve, 
.irectly vith-.the-us-e of Newton '^Syi^ws^and a few ^simplifying assucrptions . 
'hes-e" 'problems -are ' interesting, fc^ themselves and ■ also prdvide a basis f 6r- the 
eneral techniques of • solution we H^velop in later. secti*ons, '^1.^ \ ' 



r': Hy- - Motion , of a projelilcile . We, start wit's the motion, of objects - near' tl^e 

arth'S':Surface iznder the influence of the earth's sgravitatidnal fbrce. Co- 

rdinates fixed to the ^surface . of the. earth are not inertial because of the 

ari;h*s rotation about its a:xis and its" revolution around the stjui as ^well - 

he sun's own motion relative to the fixed stars.. Nonetheless, . for the problems 

f motion near the -earth's surface the corrections arising from the earth's' 

Dtion f«7e. usually insignificant and' we may ignore them* Only f or J.arge scale 

Dtions liice that of a long range projectile- is it necessary to account for 

le earth's njotion^ - As a useful simplification, then, ve assume that coordi- ^ 

ites fixed to a point on the surface of the earth are inertial foi^^ motions ' ^ 

iar that points Another useful idealization, 'Galileo's, is that the gravi- 

itional acceleration of any object is directed toward the center of the 'eaxtK 

- ■ C 
id -has a constant magnitude independent, - _^ 

' the. object. According to Newton's^* 

jcond Law, then, the earth exerts a ' 

>rce .fs^&g on a body of mass m , where 

as dir^ted toward the center of the 

jrth and i^^constam: in magnitude. We 

nsider 'motionVand displacements so 

all with respecxS<rthe size of the 

rth tha^ we may simpl^iSj^^iirther .and 

ke the direction of g. to be fixed ' * 

so. 5or a firs'^t look at mechanics we ^ 12-2a 

ed not worry about the net effect of these simplifications. It is sufficient 
r the' pr.es ent to know that there are errors, that they are relatively small, 
d that the errors may be estimated or a less, crude models be used if. the 
oblem' warrants it. 

Under the foregoing assumptions, a^r a particle moving solely under the 
fluence of the earth's gravity, the path. of the motion X = rCt) satisfies 




rton's Second Law, ■ m " ^ = mg., where 



g -is cons-tant. Consequently, 
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(See Example ll-5d,and Exercises' "II-5, .No.' 8), vhere. "is the velocity and 

t = O . The motion therefore occurs in a 



the position of the object ^at 
plane through the point* -X^ and parallel to the vectors, v 



0 



and . g 



nov 



choose-'a cordih'ate frame withL origin at - , -z-axis vertical and ori 



. downward, and'*iJ-axis in the plane oX the potion, so that - (,0,( 
^ 5 = isl > and "v^ = (V_ ,0,v-,^) . (.See Exercises 12-2, No. 1.) 

* "U . . - UX .UZ : ' . • 

."coordinate frame, the path <(l) has the representation X" = (x^y',2) , where 




(2) 



' X = V 



Ox 



y ^ 0 



If Ve "eliminate , t by putting t = 



■ in, the fomrala for z ., we see that 



'Ox • ■ J . . 

the path of the pa-rticle- is a parabola* Moreover, the horizontal conrponent oif 

the velocity, the component parallel ^o the surface of the earth, is constants 
Now we ac-lve the same Drob'lem -iiy another method, a mathod whicTi is ^ ' 



seemin^y more cumbersome but which i^more -generally u^e: 
solve the differential , equation 



"We vish "to 




m 

If mg were ■ a ' given f unction of time then we could solve, (3.) explicity by two 
successive integrations, as before- For majiy significant problems the forcing 
term does not depend on time, but on position alone. . For'' such problems we 
a.dopt^ a dif i'erent approach- Both methods "can be il^-ustrated by the, given 
problesi in which the forcing term -mg is constaiit and, hence, gaff*' be con- 
sidered. as -either ^a function of time or a function of position. . 

Note" that ' . ' ^ ^ 



so that by taking the dot product "with X' .in (3)^ ' 



. - . ^ mX'* • XV = .mg**-X» 

and then integrating once, we ootain 



, -/wi. - ■ ■ - " . ^ ■ ^ ^- ■ ' '\ 

In -this way-we h^ve obtained a first' ordi^ equation^nd achieved some-simpli- 
fication,- but, (5) is only one scalar condition on the three confponents of' 
and- it nust be supplemented, with two 'other, conditions to define ^, . From the 
•differential equation {3) itself we see that th'e components of the accelera- 
s^tion perpendicular; to' g , is zero, hence the components of velocity pe.rpendi- 
yculat'to g. .are constant. .Tblus-(5) can be "reduced to, an. equation '.for ' z 
alone: . ■• ■ • ' '^Si " 



Tiie- quantity f:'ni(^) - mgz /^toch is constant,, is called an integral of the 
motion. Sometimes an Vini^Sgral: of the -motion together with othe^ inf oiniiation 
on tiie trajec'tory^^f an object will enable us to obtain a complete description 
of the motion. We leave to Exercises - 12-2/ Nuiiiber 2^ . to show that (6) yields 
.the saae solution, (l). _ ' ^ 

'12 ' ' ' ■ * 

r ThQ quantity ^mv ^ in (6), v'nere v =;|x»[ ^ is called the ^ki^iic ^ 

ener^ of the particle, and ^ in this particular case the quantity -m^i (or 

-mgz plus any' constant) is called 't>he potential energy . Equation (6) teHs'^ 

us that^the kinetic -energy mv^ = + yt^ ^t^) ^ ^mz'^ + const. 

depends on position alone and not on time or -the course of the preceding 

motion. When the total energy^ kinetic plus 'potential in this case, is con- 

-start for a given motion, energy, is said to be conserved " We shall return to 

these important concepts, in Section 12-3. 

In the foregoing solution ve have assumed that the earth's ^gravity' is the 
only ac;bing force. The equations- and* tlaeir * solution^ more truly desc:ribe 
motions near the surface of the moon, for on earth we cannot always disregard 
Hi^. action of air in retarding the motion* For^ moderate velocities a simple 
fend experimentally acceptable assumption about %he force of retardation is 
that it is , proportional to; the velocity and directed oppositely, ^ ' ' 



.^^ret = ' ^- ^ ^ > 0) 



where we ^haye written the cohstam: of proportionality in the form mk only 



O ' ■ " -.757 




to simplify the equations of aotioh* * From- Newton' s Second Lav we obtain the 
equation of mo1:ion 

CT) . . ■ 



dt = - , 



where, v = 



• Jve will solve for v and then, obtain' ■ X . As we observed in" Section 
(p. 603)^ the solution of a linear equation such as (7-) may be written 
as .ar^y specific solution of the nonhomogeneous equation plus the general solu- 
tion of the reduced equation^ Since* is a' particular solution of (?■),• we • 
-set . . . , 




wheVe-' u .sai^sfie''s thje reduced ec^ai 



whose solution we knov to be u ==\g 



Thus 





ana on in-fcegr^oion from 0 to "t , we obtain 

" .1 - e 



(8)-, 



X=tf (: 



We see. for an obj'ect under the influence of .gravity and atmospheric^ 

friction that there is^ aji asi^Tnptotic velocity ^ indepencfeht of the initial . 
conditions. The -asynpotjic horizontal -displa cement is t!ie ..horizontal component' 

■ '^o ■ ■ . - . " . ■ ■ • "i . ... 

of -r^ and thus depends only on the i^orizontal coinponent of the initial^ 
velocity. ■ ; , ' 



. (ii) Oscillatory motion In trie solution of 'proJec*^le problems we 
solved a problem^ with constant force mg^, and noted that if the force is a 
function of. time cJnly then the solution Newton''s- equations, of .motion merely^ 
consists of^ direct integrations, * F6r the interesting prob)lem^ of mechanics 
the force is a function^of position* _ ^. .. . 



The constant mJc should not depend on- the mass nr , 'but only on the 
Shane of the body and tlie smoothness of its surface;/ 



.srWe now study, a number such problems vhich serve' as* mddels or osciiLla- 
tor^r' *and vibf-ational phenomena throughout physics and engineering. We begin * 
with the, simplest case. ^ . ■ . " ' - - 



//////> 




0 



Imagine a ^ sprint ^attached at one end to an immovable point of support and 
at the other to a paAiicle of jiass m. ' 
compared to which xhelmass of the spring 
i£ negligble* The sr>tlnQ is said to be 
» in equilibrium 'iLf l^*is at rest and no 
net force is acting upon it, Le^ the • • 
spring's axis be the x-axis and locate 
"the origin at the free end of the spring 
■ in equilibrium. If the string is stretched - 
or compressea sy moving tne particle along ■ ^ \ . 

the x-ax±s^ then it. is found that the force ' ' ^- ' 
acts t(5^-restore the sjpring to equilibrium and that.it is proportional to the 
displaceiii^t from equilibrium.. To a fair degreejj^f ^cciiracy, many systems 
bphave like ideal springs," provided Vnat they are not stretched too far; we 
shall see later vh:y- this is so* In any case, Hooke' s liaw states^ thaC\he 
restoring force-on a spring-mtfunted particle displaced from its equilibrium • 
position 0 to X = (x^0,0) is . ' ' 



(9) 



F = -kX 



From Newton's Second Law, the equstion of motion is"^- 



Clo) 



d^X . ■ , ^ ' 
m - -kX . 

-dt - 



We 'consider^ only motion, along the x-axis^ (however, see Exercises l2-2, 'IJo. -5)," 
so ,th^t.(lO) becomes ' ' ^ 



(11) 



^2 

G X ^ k ' 
^dt^ ^ 




(k > 0) • . 



We ^"Snmed lately ^ see, (Section 10-8, Formula 12a), that t^he solution of this 
equation is a linear combination of sines .and cosines: 



Cl2) • ••■ 
where x. 



,x = x^ cos v — 



is the initial dis-olacement'- and 



■/ - t V - / - ^in^ / — t , 
m O K - m ^ 



th^ motion is Derxodic of neriod ' 2jr 

-.^ ■ ' k 
obtained an integral of (ll): ^ 



v^ is the- initial ^scelocitvT 'fflUs^ 
ITote that we could -also have 



(13) 



, 1 J7^^V 

- 2 ^^dt^ 



k 2 

2 ^ = c 



j * f rom which -we coxaIcI get the, solution (12), (Exercises 12-2^ No. 6). Energy^ is 

77 X the -Ddtential '^ner»crv- ' / 



coi»served if-we_call 5=- the_ pdt.entia"! energy • 



"A meclr^anlcal system obeying 
harmonic oscillator. 




qtiatiqn of the Form (U) is called a 



a force acts to increase the displacement Trom equilibri\im-it is 
called a disturbing force* We leave as an exercise the solution of (ll) •vhen 
the force is a linear distxirbing force (k < O) rather than a restoring forc$ 
(Exercises 12-2, No. 7) • . V " 

We reconsider the spring pt-oblem made .realistic by the addition of the 

dx 

linear fractional force -mr — . With linear friction. Newton's Second Law 
yields ^ - - 



(1^) 



2 * 

d X . dx _ k ^ 
r — X = 0 , 

di: m ' 

dtr 



(r > 0) • 



From Section id-S(i-) "^e recall the form- of ^he solution, of (l^^): 

for r^ < if - , ' ' V- 

m ^ - ^ 

(15) ^ X = e^f"^[x^ cos bt + ^ + ax^ sin bt]' , 



where a = > 0 and 

for r- >-ii ^ , 



7^ 2 

/k r 

m 4 



(if) ■ 



-orb 



2- < , 



O a'nd 3 



/"2 — T 



' Thus , ■ if < I; - 

. ' ^ ■ m 



' where a = § + J^E^~i. > 

— • 

the motion is a damped oscillation, and if r^ > — - then after 'the fiixst 

m J ' 

maximum displacement is reached the motion damps out monotonically . A cycle 
of the damped oscillation (15)- is defined as the part off the -motion, between 
•two successive maxima (or minima), the frequency as the number of cycles per 
unit time. The frequency is constant/and equal to ~ , The constant b is 
cB^ei the circular frequency of the system. Since b is a decreasir^ func- 
tion of r , friction reduces the frequency of oscillation. 
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Jot many applications it^is .iniportant to know what happens to a danrped ' \- 
osciHatof C15) when it is driven, by an external force • A television set or 
radix) contains- many danrped oscillators and the signal received and, later, the 
amplified signal act as external, forces, .An automobile in motion is another 
such system (the oscillators had 'better ^e damped, that's what shock absorbers 
are for J and- the -driving forces ^e exerted by the hot gases in the cylinders 
.and the irregularities of the road. For most such systems ve are primarily 
interested in the response to' periodic driving forces- ^ 

We impose the periodic driving force F cos ci>t and. ask what are the - 
anrplitude and frequency of the response. We wish then to stiidy the solution 
of ' . " • - . 

"2 

(17) ^ L[x] =1-1 + r 1^ + X = F coso>t . 

, , 2 at m ■ . , • 

do . • 

Since we know the general solution of the reduced equation^ we heed only obtain 
any gaarticular solution of' (17)- To get a particular solution of (l?) ^e could 
use the Green's function technique of Section 10-8(ii)y (see Exercises 12-2^ 
No. 19)^ but in this case the work is simplified by the observation that 
F cos cd>t is itself the solution of a homogeneous lineal differential equation, 
with constant coeffici Alts, namely (D h-«i> )z = 0 . It follows that any 
solution X of., (it) is also a solution of ML[x] = 0 where - M - D + ci) - ^ 
Since M- and L commute, it follows that if x^ satisfies ^the equation 
M[x^] := O and . x^ the equation lCx^] = 0 then any linear* cpmbinatio?L. 
a^^^^ agXg s^isfies the equat-ion ML[a^x^ + ^2^2 = ^ - (This is the saine 
argument we Msed to derive Equation (8) of Section lp-8Ci*)--) This result 
suggests that we attempt a solution. of (IT) of the form • • 

(18) . / ^ " x-j_ = A cos ^t - 0) , 

We need not consider, the term ^2^2 since that is include'd ih the general 
solution of 'the reduced ''equation" for (1T)« Entering (18) in (IT) we obtain 



A[(^ cos(a)t ^ jO: " ra>sin(a)t A[(^ -'a>^)cos JZJ + rce^sin ^] coscj>t 



■ ' k 2 ^ 

-I- A[(— - a) .)sin 0 - r cucos 0]sinc^t 

' ' = F cos ctft - 

Consequently (18) is a solution if the coefficients of cos oOt and sinoi>t 
in this equation satisfy ^ . " ^ 
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A[(— - a) )cos + ra>sin 0] =^»F 
~ a^)s±n ^ - ra)cos 0 -.=: o 



Prom the seftond of -these eqiia-fcioris ve 'obta in 



and enter this result ipi the first .equation and' simplify to. obtain' 

a9b) / A = ' ^ . i-/ ' . ■ ' j< 

Thus we'^i^obtain the particular, solution of (1?)' in the Form' (l8) , 

^ The general solution may now be written as, the* sum of the general .'solu- " 
-tioh (15) for the reduced equation and the particular solutioix^-^-iST: 

(20) X = A cos (att: - 0) ".-^ Ge cos -(bt"- t) 

where -A^ and are fixed by (19) and- C and ^are fixed < by 'the inV.;|iial 

conditions^ However, we see thAt the general^ solution decays away sp'ta&t ; 

^(^8) is. the asymptotic state which the solution approeches,' na matter, ybdt 

initial conditions are imposed. We conclude that the V natural" fgeg^fencyl ^ 

oscillation given by b^""iilEikes only a transient ■ contributi'bn*t<^ the frequency . 

of the system, and that after a while the system oscillates wittTliT'clrenlar * 

frequency which differs insignificantly from the^ driving frequency ay • At the 

same^time^^j^re is a "phase" lag t in the "oscillation < of th'e system; that is^ 

"tile ''peai:^"6^^he respojise lag behind the pealcs 'of n^he driving^ force by the tinbe 

'^^0^*0 phase lag and the amplitude do' dep^d on the natural, frequency of 

the system as we see upon replacing.' r and ^ by the frequency ^ ■ 

• . * 

decay constant a , through r .-2a , — = a + b- . to obtain - > 

2ac«; 



A = . , tan 0 = ^ 

/, 2 ^ ^2 ^2\2 ^ 1 2 .2 ' a'^^ + b^ -UT' 

/(a + b " u> ) + iia JM> ^ w 

Altliough the air5>litude F.* of the driving force m$y not *be^ large we see 
that it istpossihle for the amplitude A of the response to become eixtremely 
large for certain driving frequencies, particularly if the damping is slight 
(r sm all ) and, the spring is Veak (k small). This phenomenon Is known as 
resonance. In order to .describe this phenomenon* conveniently we set £2 = 

■■ - m ^ 



and c =^ in (19b) where cO^ = 



m 



system (li) , and replace* A by 

2 



Is the natural frequency of the undan^ed ' , 



(22) 



/(I fi^jS ^ ^2 



rNov ve plot a as. d fiinction of J2 for several given values of ,c , 
(J'igure 12-3c) ' - ' . ^ 




Figure 12- 2c 



For c > V2 there. is 



no maximum for "any positive driving frequency^ but the 
'least upper bound 1 is approached as Q approaches .O', For c < y!^ , 
there: is a unique maximum of. ^ a corresponding toi the resonant amplitude , 



A = 



(23) 



a = 



and this occurs at the resonant frequency ^ given by 
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For c <^ the maximum, increases without bound as the damping parameter c 
. approaches zero; at the same time the frequency,, corresponding to the maximum 
r approaches the natural frequency of the undamped svg rf^qm , The curves Qf 
Figure 12-3C describe the tuning characteristics of elements in a, radio or 
television receiver, and they also exp;L'a"in why a mechanical system vibrates 
intensely, near the na.tural frequency and feebly elsewhere, % 

(iii) Motion of. a^ charged particle ^ In addition^ to mechanical forces ^ 
such as Joshes and' pftlls and gravitational forces, classical physics is con-. 
. cerned with the forces of electricity and magnetism. A giver; particle has a" 
charge q which . is a measure 'Df its responsiveness to electrical and magnetic 
influences. At each point X of §pace and mbment in tim!e : t there is an 
electric vector E ^^(X;t) and a magnetic vector B =(BCX,t) . 'The ^^mctions 
^ and (8 aye called, respectively, the electric and magnetic/f ields. The 
/ electromagnetic force on the particle of c'hange q called the Lorehtz force, 

(25) \ ^^^^ • F = q(E + V xlS) ^ ' . } 

where .v is the velocity of the particle. Accepting these as unexplained ' 
terms and unproven results '(for us) from pliysics, we may yet investigate the 
motion of a charged particle in 'a given electromagnetic field* under the force- 
law (25). ^ , ^ ' \ 

The analysis of the trajectories of charged particles in -'electric and ^ 
magnetic fields is essential ih the physics of elementary particles (quantum . 

\ electrodynamics): It is vital inl the study of the interaction of. the "solaf^ 
.wind" of charged particles emittelj frfem the *sun with the magnetic field of the 
e&rth and such of its effects as /electrical storms,- the aurora, .and the Van 
Allen radiation belts . There are very few explicit sblution"^ of the different " 

* tial equations of particle motion in an electirom^fenetic :^3feld and much of our 
qualitative xmder standing of such motions comes from the s^^lest' explici-ttLy 
solvable case for which E and B are constant^ in time and space- " , . ' 

We consider the case of constant electromagnetic field in detail.* 
Entering the Lorentz force in Newton's Second Law, we obtain tfie eqoiation of 
motion"' 

. ' ' * ^^^^ 

(26) ' - ^' . :a^ = q(E + ^xB) . / . ' 



We assume S ^ 5 , otherwise the problem is analytically the same. as- (3) • .sIlxl 
the force does not^ depend upon time we are encou2rag6d to look f or an energy 



integral; we take the dot product vlth in (2_6), integrate, ■ and find - " 

" ■* ■ * * 
(27) , . . - ' . . |niv^ =:qE.!Sr+ k ' . 

where J v = |^| and k is constant.. Consequently.^ if there, is ■ no electric* 
field Lthe kinetic energy is constant. (Thi^ .conclusioti^hqlds even if "bhe field 
is not constant.) Eqtiation (27) is riot sufficient informatTion to permit the 
solution of C26); it is one] scalar condition and we need three scalar condi- 
tiong to detenaine the three components of X . We obtain another useful 
condition by taking the dot product with "S in (j 



(28a) 



^ • B) = q(E • b\ . 



dt 



This equation s-^tes that the component of the acceleration in the direction of 

;"S . is constant and equal to' — 3_ (e ^B) . Let the subscript B indicate the 

mlBl 

component of any vector in the direction of ^ , as in Exercises 11-4, Number 
3« 'We integrate ip K28a) %o obtain the comporfent of the motion in the direc-' 
tion of *B , namelAT^ 



C28b) 



O^B ^ 



where ""-i^^Q and Vq --are- the initial" position and velocity vectors • 

Finally, we mu^st determine the • component of the motion perpendicular to 
B * For V = V - ^ , the component of velocity perpend icular ^ to B^, we 
havei tji% linear first order equation 



(29) 



It. wotild be possible to solve (29) by introducing coordinates immediately 
(Exercises 12-2^ No, 19.) but we shall continue with an invariant approach. To 
solve (29) we need only objiain the general solution of the reduced equation 



(30)* 



du 



_^ - q(u X B) = 0 

•Where u - B = O , and add to u any particular solution of (29) - Observe in 

(30)^ on taking the dot^ product with u that u =i' \ -^^u^) = 0 • Conse- 

* at 2 at 

, quently, Juf \ is constant* x Since u has constant length, its orientation 



/ 



This m.e-bhod''of counting conditions is an imprecise if convenient rule 
of thumb. In more Qon^lex ^ituatibps the count may not "be obvious. 
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is given, by the angle 9 through vhich the direction of iS has tiirned in the 
course of the motion from its initial direction * If we consider *the 

motion as projected on a plane perpendicular to B it is geometrically evident 
from (30)*that if • q > 0* the sense of rotation as seen from the half space, 
into vhich B points^ is clockvise ^(Exercises 12-2, No. 15).* Now note that 
the Formulas (l) and (9) of Section 11--^ for the dot,, and cross products for the 
two vectors u and remains valid if the angle 9 is any angle (not 

necessarily restricted to the interval O < ©""< jr) measured positively in the 
counterclockwise sense of rotation from u to u^ as viewed from the half 
space -into which; B points (Exercises 12-2, No, l6) • Since* lu| = |u^j we 
have on taking the cross product with ti^^ .in (30), 

^ m ^ f( It. 1^ Sin e) = rniu^i^ cos S ^ ^ 

' _ ^ ^. ^ = 'QC'^q • u)§ = -qlu^f^ cos e B 

where we have used Formula (l6) of Section l^-k for the triple cross product. 
^. .We cfbnyiude that - ■ 

' ' it ^ ' 

thus the rotation rate co = ~ is a constant, a> -3^ |b| • and it i^ negative 

• ■ . . - do m 

for' q > 0 as asserted ahove. To complete the solution of tjie reduced' equa- 
tion we use a = oit • and write u' in the 

Next we seek a particular solution of the nonhomogeneous equation (29). ^ 
Observe that ^ commutes with the operator L : ^ m ^ v^ + q(B x v"^) 
in (29) and, directly generalizing the approach to the soilution of (17), we 

seek a particular solution of (29) for which = 0 , namely a constant 

yector^ A constant solution of (29) nnist satisfy the condition 

^ . * 1?^ X B = . , . 

Since ,B,-E^'} imust therefore he a righ\-handed triple of mutually per- 



pendicular vectors (assuming O), so also is {E?,B,v^) . Therefore we 



may set; > 

'^^ = k(p^ X B) = k(E X B) . 

5*roni this 'and the preceding equation it follows that k = 1 = 1/[bI ^ and we 
obtain the partioulal" solution of (29) 



(32) • " ^ = 



_£ ^ S X B 

5* ' 



Prom (31) and (32) we see that the component of the velocity perpendicu- 

lar to B is." the sum of the constant "drift" 77 and a vector of constant 

• ^ - lB|2 

length which rotates at, a constant rate with circular frequency a> = ^ jS] . 

We leave to Exercises 12-2, Nmnher 20 the proof that the motion perpendicular 

to B is given as the sum of a uniform straight line motion and a uniform 

circular motion* If E*B = 0 the entire- motion can be expressed as the sum 

of a uniform straight line motion and a uniform circular motion; the path of 

the particle in such a motion is called a trochoid. As a further exercise we 

leave the proof that if E = 0 the path of the particle is a helix (Exer- 

cises 12-2, No. 21). ' 

(iv) Motion of a^ rocket * For .the final problem of this section we con- 
sider a motion in which the mass of the "particle" changes in time. Such prob- 
lems tend to be complex like the case of the falling raindrop/ which may lose 
water by evaporat^n and gain it by ^iccretion and'' condensation. Here we con- 
sider the motion of a rocket propelled by ^he ejecti on matter and under the 
influence oi* no external force. • 

Let M be .the mass of the rocket ^ including fuel^ m, tljfe mass of fuel 
ejected since the^ beginning of the motion, v the velocity of the rocket in an 
inert ial ^rame, and^ v^ the velocity of the ejected matter in a frame fixed 
Vith respect to the rocket. Thus, in the inertial frame, the velocity of the 
ejected matter is v + v^ . The .force acting on the rocket iS the reaction 
force of the escaping matter. This is calculated from the "general form bf ^• 
Newton's Second Law, Equation 1(2) of Section 12-1, as th^ negative the rate 
of ckange of m£>mentum of the ejected matter. The change of momeri?ffum \x of 
ejected matter in the time interval [t,t + At] ■ is due entirely/to the material 
ejected in that interval; hence,, it is - * 

^ r ■ ' 

Defined in Exercisps 11-5, No. 6Cf ) . 
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Vhere 11m ? = ^ . (This requires the continuity of |§ and C v + ^ ).) 

Conseguentiy, the reaction force f = - on the rocket 

(33) . . |S . - ^ ' 

We;-aspuine that th^ proi>ellent undergoes chemical, not nuclear/ reactions 
so that the total mass of the system consisting .of rocket and ejected matter 
^remains xronstant: . . 

M + m = , ^ ^ 

' 4 

We see, then, that 

dt dt * ./ 

FroA Newton's Second Law ve have for the motion of the ^rocket 

dt dt e 

In ord^r to solve this equation we must have some hypothesis atout the rate oj^ 
fuel -trSnsumpt ion a^ the exhaust velocity . (usually that both are constant), but 
special solutions are left tcj-^he exercises. - ^ - \ . 

_ Finally, observe that tiifrair-nihe surface of the earth we must add gjt^vita-. ^ 
tipnal force so that the equation of motion becomes, wil^h air resisjfeitnce 
neglected, 

C36) .- ; . . '"ii'fv^-^ . / ■ ■ 

In C35) -we c&inot consider g to be constant unless the range of the.irocket 
is sufficiently restricted^^ 



At this point we leave it to you to solye^^me of the problems of - rocket 
p motion (Exercises 12-2, Niimbers ^3 and 2h) • -i - 

/ ■ , 



. ■ - ^ J 



12-2 

. jbcerclees 12*2 

Show hov to choose a fimdamental set Ct^J^lc) " for the derivation of (2) 
with the additional stipul^tioji that ^Q^j^^ • 

Show that Equsrtion (6) yields the solution (l) of Eqiiation (3). 

(a) Show^hat in the limit' of smaliCai^ resistance (k approaches zero) 
that A}e solution C8) of (7) approaches the solution, (ij of (3) • 

(b) Sho^ a particle upward; will it return to ground faster if encoun- 

tei^^^ir resistance or no? 

\ , . 

For velocities higher than those for which the derivation of (8) is valid, 

but *lower than the speed of soxind, it is found experimentally that the 

retarding forc,e of the atmosphere is proportional to the square of the 

velocity, 

^'ret = -^ivjv . 

(a) Determine the motion of : a particle which moves in a vertical line 
-under the influence only of gravity and air friction. 

(b) Re-examine question 3(b) for this form of air resistance* 

(a) Solve the equation of motion (lO) for a particle moving under the 
influence of a linear restoring force without restricting the motion 
to ote dimension. 

(b) 'Show in this case that -the path of the particle is an ellipse. 

Find the Solution (12) of Equation (H) t^rom the first integral of the. 
Motion (13) • . ' - , y _ 

Sorlve Equation (ll) when the force kx^^^s a disturbing force (k < o) 
rather than a restoring force- ^ 'I ^ 

Use the Green's function tec^ique of Section lO-Slljpli) to obtain a 
particular solution of. .Equation (l?) . \ 

(a) .Find the general solution of (1?) when ^ ^ \he case coiTres- 

pondlng to the nonoscillacory danrped solutioji (I6) of the reduced, 
equation. 



(b) Find the general solution of (l?) when • r = r — " , the • s-o-called- 

m 
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10. (a) Which Is wearer to the natural frequency of the undamped sj^stem 
^ (r = 0) governed by (170, the natxaral frequency or the re's onant 

frequency of the damped system? 

(b) The "width" of the tuning- curve* A = fC<u) given by (19b) is n useful 
concept in broadcasting/' If T"recelver tuned to~a "station broad- 
casting at a given frequency has a 'sharply peaked tuning curve where 
will be no significant intearf erence from stations broadcasting at 
nearby frequencies. A convenient .measure of the width Is 



+ 

Ct) 

r 



_^ where <t} anc -Ij,^ a^-e respectively the frequencies below and above 

O). -where the amplitude falls to .value , where v > 1 . Express 

this measure in terms of the constants of the system (17) . Obtain 
an approximate representation for small c . 

X. Obtain Formula (19b) with the aid of (l9a) to complete* the work indicated 
' in the text. 



2^. What happens when you attempt. *o get a first integrnl of (llj.) by the 

dx 
dt 



method of multiplying by v = |^ ? Consider the variation in time of 



the energy E = + ? is energy conserved? 

$. Obtain the .general solution for -(l?) when the applied frequency is equal 
to the 'resonant frequency for r = 0 . 

Observe for the undamped spring the- :;he displacement x is an extreraum 
when the velocity v = 0 and that the velocity v is an extremum when 
X a: 0 . Which of 'these statements is the more su^rising?"- 

.J In the text it is asserted as "geometrically evident" from (30) that if 
q > 0 the rotation of the direction of u is in the negative (clockwise) 
sense with respect to B . If it is not evident to you, make It so. 

. For the derivation of (3I), let ^ be any angle measiired positively in ' 
the counterclockwise sense of rotation from the direction u^ to the 
direction of u as seen from the half space into which B points. Show 
that^ <fi may be taken as the angle in the definitions of dot product ' 
Uq • u and cross product x u (l) and (9) of Section 11-lt. 



0 
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17. Verify ,Eqxiat ion (32) by obtaining the resiilt k *= \ - given in the 

' preceding text. * 

-l8. In the 'te:>^t ve .have merely solved (29) Tor the component .or *the velocity 
of the motion perpendicular to_\B ' . Obtain the corresponding component 
or 'the displacement vector and give the 'complete solution of' (26). 

19. Solve (29) by introducing an appropriate coordinate frame. 

20. Show that the component of particle mot^n perpendicular to the magnetic 
field B is the sum of a uniform straight line motion and a uniform 
circiilar motion. 

21» Show^that the motion of a |particle,in a cdTistant e2,ectromagnetic fi%]^dl^.* 
where _ E = 0 is a helix ( ig^o^re degenerate cases). 

r - - ■ ■ 

22. Discuss the motion of a particle under the influence of bo.Jth a constant 

electromagnetic field and a constant gravitational field. 

t ' ' 

23* (a) Solve" the equation of rocket motion (35) in one dimension under the 

' dl^ 

assumption that the rate of fuel consumption - and exhaust 

speed V = | v are ^constant . ^ 

(b) For some purposes it is importajit that' th^ acceleration not exceed 
some definite bound, for exanrple, to limit the stress on . an astro- 
naut. . Suppose the. acceler:ation is set at this hound; replace the 
assunrption in Part (a) by the assumption that the acceleration' and 
' V are constant and determine the way in which fuel should be 

consumed to achieve this result. 

2U. (a) Solve Equation (36) for the vertical ascent of a rocket in the 

gravitational field near the surface of the eairth (g constant) . 

(b) Consider thg motion of Part'* (a) for a rocket at rest on the ground * 
when t = 0 . Find the ^relation between the fuel consumed to. the 
velocity v . Estimate the fuel required* to reach a given velocity 
assuming that 'it is by far the larger part of the initial mass • 

(c) Determine the f\iel consumption as a fiinction of time utfaer the same 
assxinptions as Part ('b) of Ifumber" 23. - 
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' 12-3^. ■ ' XJoiis-feraln-ts . " Use of Energy Conseirva-blon > ^ - . ^ * { 

In'Sectiorl 12-2 we examined problefiis of motion foA whicSh all the forces 



^ were stated explicl-bly. ' Many'raechanical" problems have *'geom^tricaip"side con- 
ditions ^on -the patlf of e pa^ticlie^,. for .example, ♦ that tjhei^otion must follow 



. a given' cTxrve- or lie on- a given jsurface. Such conditiog^afre calle'd^ con- 



straints > A const^teiint generally implies the existence'-of a force of^cdti- ^ . - 

stra4:at which.^erves to ''kefep the paarbicle on^ its cu:gye ror vsurfacie • Since the 

" — , . *■ 

velocit:y; of the particle miist^be tangent to ^tt;ej. curve or surface, the i;orces 

Of cons^^raint must act to prohil5it motion perpendicular to the cxirye or surface 

and" can be d.e-Derniihed accordingly. Tmis the nqrmal forces on the object are*/ 

,^the given constraints ^ * 



ilot specif i-ed but may be found from,^ 

r 



{1} Motidn on an ^inclined plane > One of the simplest problems with-con- 
•straints is to de1?$rmi^ tiie motion of a particle -ojx an inclined plane under 
the influence of a' constant gravitational force. This problem was studied 
extensively by medieval scholars,- Later, Galileo based i^any- of ^ his conclusions 
alSout mecbanics upon res^ats obtained vith ^nclined planes . Consider a par- 
ticle of mass m on a plane inclined to the- hprizontaifr at the- angle 6 , yJ^ere 
O < O < (Figure 12-3a) . We' introduce a coordiifete system with z-axis along 




Figure 12-5a 

the intersection of the incline with a horizontal plane, y-axis^perpendicular , 
to the incline and direcj?ed upward, and y-axis upward 'along the iricline^ In ■ 
this coordinate system the downward force of gravity is given by 
-mg •= C-mg sin 6 ^ -mg cos 6,0) If no other forces a'ct, a particle Initially 
at rest on the plane would fall straight down through the surface. If the 
particle is constrained to -move on the incline,^ the pl^e muBt exert a force 
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trO keep it -there* In --the given coordina-te sys-tera, let' (T ^N,T ) be .the;" force 

exearted by the plane on the particle;- Thiis T. ^ (T ^0,T ) '±s the cocrponent 

of Yorce tangential to the plane and IT* is the normal component. From T^ewton' 
Second Law we obtain the dif f eiiential equations of the motion 

. - / 

(la) * nx — 5" = -mg sin ^ + T- 



(It) 



dt^ 

mr — ^ = -mg coa 
dt 




dt'^ 

and the Equations (l.) are supplemented by the - constraint 

' (2a) ' ' -y = 0 , ' for all t . * 

^he constraint (2a) imiediately determines the normal force exerted by the 
plane; namely, ^ . 

(2b) V ■ . ^ N = mg cos e - 

•' ■ - *■ » ■* 

The tangential force T and the constraint are unrelated. In general, the 

tangential - force is* a frictional resistance and is given a^ an explicit func- 

,tion 'Of the normal forc^ and velocity. Without friction (T. = O) a particle 

initially a^ rest slides down the incline with the con,stant a'cftieleration*' 

g sin 0 . , 'J^. , • , , 

This section is devoted primarily to .motion without friction, but we shall 

consider friction for motion on an inclined plane to,, show liow it may be handled 

A plausible ^assumption, which is.- suppjsirted by expef*iment if the velocity is not 

too large, is "that the f rictior&l resistance is proportional to the force H 

which holds the^bo'dy against tHe plane.. If p. is. the constant of propor- 

tionality (the so-called ■ coefficient of friction), the friction force is then 

* . ■■ • 

(3) ' - y T. = -^JLI^ 



since fraction acts to oppose- the motion- For simplicity we confine our 

attention to motion along the x-axis . (The- formulation of the more general 
*^ . * * 

problem which includes a z-c6mponent of veldcity is 'left to Exercises-: 12 -3^ 
No. 1.) In that case. 



T' -pN ^gn -M-cag cos B sgn v , 




^ ... - ^ * \ ■ . • - 

where v = ^ and J:h^ equation of mption ^becomes 

♦ = -g(sin e ^ p cos e ^gn ^) 

^ There *re^ two ^principal cases :to consider: (aO if tan .> jj..^ 'thfen a particae- 
^ ^ i » *^ • » . /» 

with an initial downvard velocity will:' continue down the inclinei.wi-bh ef^ con- ■ 

^ ' • , : . '^0. .- v, *. • • ? ■ • 

stant acceleration of ma^gnitude sin 9 - \s cos 9 ; if the initial p^-^jtfelN^city is' 
• * " ^ V . *^ ' ' % ' * * ' . . , * ^ • 

upward thete will be a retardation pf jnagnitude sin. 8^ --h cos €l^\".'until .the-^ -r-' 

■ ' ' . \' ^ ■ ^ ^ ' ' ' 

particle comes to rest, v - O ^ then the particle will mqiy^^e 'downw^d w^-^-the 

*" ' ■ , - . ' \ ' *^ ■ ' - « ^ ' ^ . * ^ *» . . . 

•absolute acceleratioii. s\n 0 - u"cos ,e -:■ (b)* if ^'/taa e;i<: jl^ -.then' tiie^^:particle 

."Will slov down -until it .comes to rest,, wittt. a retardation' of*'. niagnit;ijiae^>^ 

(J. cos 0 - sin 9 -if the initial "velocity is. downward ^ " cos 6,.*+ sl-nn^S if 

upward. f _ . f. . • • 

.The preceding results are reasonably consistent with ^>u^:^ ^ I". - ^-"^ 

• experience of sliding, objects ., For ax^^object at rest, howe-^ej^ "the. ^ ' 
egu^€ion of motion is unrealistic'. If tan ;e < the parti clfe^ -win > 
remain at rest; and- iiot^ accelerate /dpwnirard- as the equation indicates 
The effect of frictipn "f or a body at rest is .to exactly \opitose an ' ^. j^. 0 

- applied force until it exceeds the critical value ^\iN y after' that,* - 

* Equation (3) is 4ippli cable . Even this ^mo<^ifi cation is not overly -'x ' 
^ realistic • The angle Q ^ at which a stationary object begins' to " c*^*' '-^ . 

slide is somewhat greater than 'one would predict from the coeffdiiileni:^ 1 
; of sliding friction.; This fact is* handled - by introducing a coeffi- 
\ cient of static friction 'p.^ = tarf > \x with the property that ait^'- 

• . J" object a resjt will not be set into motion unl^fef the. tangential force ' ' « 
exceeds ^^|n| * Once the object is set into motion the frictional 

resistance is '^given by the coefficient of sliding, friction. With this 
condition, ve see thai^ there are two possible courses for an initially 

* upward mo-tion with tan e > - If ^Iso tan B > u. *then the course ■ 

s ■ \, 

of the motion iis as described above, but if tan -Q < \x then when the 

;' ^ ^ * S 

object comes to rest a[t the highest point of its ascent the object 
sticks to the plane and , th^ motion stops *. 

It shoul(^ be understood that- even with the introduction of static 
friction our mac^el is only an approximate idealization of actual 
' frictional motions • 




. Consider now the somewhart more complicated motion of a particle which 
slides o,ri i:he incline of a f rictionle'ss wedge' which is itself free to slide 



IK 
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vithou-t: fric-bion on a fixed horizon-tal plane (Figure 12-3b) . We ^^.sh to 
describe the motion* of both particle and wedge. For. this ptirpose we- take a V 
*f ixed coordinate frame with x-axis horizontal and perpend iciilar to the edge of 



(x,y) 



h9 •" 



5^ 



X 



! figure J-2-3b 

. ■ ^ f ' ' ' 

thp wedge and y-axis ^verticle J* We assiime that the initial velocities have no 

component perpendicular to the xy -plane so that .the same is true of the entire 

subsequent motion. (See. Exercises l$-3. No. 3»J Let the mass of the wedge, be 

M and the position of the wedge be given by the location ^ of its edge on 

the horizontal plane. To the pagticle, assign the mass m and position (x,y) 

The constr^^int in this problem is • ' 



y = (x * ^ ) '-ban 9' . 



Without friction, the force exerted on the particle- by the wedge has no tan- 
gential component and can be written * in the form UC-sin 9 , cos 9) where 
IT > 0 .^^ By Uewton^'s Third Law, the particle exerts the opposite force 
UCsin 6 , -cos s) . on the wedge. Newton^s Second Law then yi^elds for the ^ 
particle • ^ 



(5a) 



m — p = -KT sm 9 
dt 



and for the' wedge 
(6) V 



■ • d y 

m — 5- =■ -mg + -N cos 9 , 
dt " 



m ^ |, = IT sin 6 
dt 
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We differentia-fce twic^ in (k)' and use the result to eliminate ^ from 

- / ' ^ dtr' 

Equation (5^) • 'Then ve use (5) and (6) to eliminate — and N ^aind otDtkd 



a differen-fciai equation for x alone: 



/7\ : - - d- X :_^^ 7tfi^^in 0 cos 0 

. dt^ MV.,m sih © 



V - 



Thus, the particle moves to ^the left with a ^constant acceleration • For"' the 
motion or the wedge we have ■ - . • f 



d I _ me sin 9 cos 6 

P ~ ' 2 ' 

dt - M + m sin ©. 



,4 

l.ence, as the particle moves ^ to the lert^ the wedge moves, to the right. We n 
not obtain a. differential eqxiation for y: , hut so.lveNC?) and (8) fpr ,x " an 
g y and then obtain y • from (4) . ' ^ 

There are some other aspects of the motion 'which deserve attention, ^r 
C5a) £nd (6) we have' ^ , ^ if$ * ^ * " 

. - - • d X ^ , - d I . 

-V - ' - - — 2 M — |- = O ; - . 

dt • dt ^ 



whence. 



We see -then that -the x-cpmponent of the momentum of the. system paorticle plus 
wedge is constant. Note also that if the system is initially at rest th!^ 
k = O ■ and mx + M| is c ons tent ..i^ the motion. Th^e is; no external force 
acting in the .x-direction and th^*^ind of result we have just obtained is 
typical of mechanical systems without external and frictional forces. 

V- ■ ' ' . ^ ' 

• (ii) Energy and, .xfcs a j>pll cations . A -fcechnigue we have -used several -tit 
obtain a fir^st integral, a constant of the nu^tion. Beginning with 
Newton' s Second 

- . V • 

(9) '. - - ni F ' . 

. ■ • ^ . dt ■ . . ■ 

*■ - dX' ' ■ •*r 

we took the dot product tfith , . and obtained .. ^ 



* . r . ■ ■ ■ .1 ? • ' 

./m^ ■ . ' • d mv .d 1 ^dX dXx * dX " ^ • 

/ \ .dt — . = ^dt 2°^^dt-dt^ "^'dt'. - • 

••• " "Id^i " '■ ~ ' ' • ' -> • '> ' - 

wiiere y = jat"- * tp-"^^^* if we found a functiori V '^ X -fc — ^ V(X,t-) s-uc& 

that for X = ?Ct) . . ■ • * N 

" - ^vC?.(t),t) ^-tjr/Xt) ■ . - • . 

we in"begra-bed -bo obi^aln .V 

. ■ ' • f * ^ ■■ . , • . . 

- ■ ■■■ ^ 

Al-bhoiigh -bhese s"beps ap{>ear -bt> be no"bliin§ more -than formal maniptil^ions , a 

• rdsult of "bhe Font (12) occiirs so frequen-bly "tixal: (l2)>aild ge'neraliza-bions of 

■ (12*) haye ishe s-ba-bus of a basic- physical .principle, 'tiha-b energy -is conserved 

* -I 

. (rL*e., -cons1:an"b) . I-b is no"b oior purpose here -bo appropria-tely qualify and 
e^^lain "bhe general significance of -this consel-vation. Le-t.iti; be sufficien'b 
; for nov -bo show .-tha-b "bhe energy * cons erva.-b ion principle (12) can be" very useful 
in- mechanical problems'" where it; is shown ."bo be valid. 

We have already giY^n ^ name -bo -bhe -berm^ - 5- mv in (l2), "bhe 'kinetic 
enexigy ^ Set; T(t) = ^'mv an<2' put:^. (lO) ^in thes^forra \ 



(13) ^^(^2^ --T(1:^) = F • V dt 



- -rCt^) = J 5'. F • V d 



The integral I dt.^ is called- the^ work j^one on the object from time \ 

* 't^ to time tg If the integral is ".positive, the effect o^the work done 
is .tp increase -the "kinetic energy *and hence the speed .pf th^-motion; the ideas 
of work and energy do *then Jiave .some" relation to the comm.on meaning of these 
terms • If a. .function -V satisfyiilg Cll) exists, ^hen V(X^t) is ca1.it.ed the 
;^otent1 an energy* ; the work done is then - - 

. ■ VCr(t^),t^) - V(r(-t^) ,1^^) . . 

» ■ * ^ ' ' ■ 

"" SO that (12) takes the form . " ' • - 1 . . 

^ / - - T(tg)> V(?(t2),.t2) =^T(t^) + V(r(t^),t^) . 

•Thus if the potential energy decreases, the kSnetic energy increases by -^he 
- s&me amoxmt. ' ■ 
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Let us cons'ider the effect of fprd%s of constraint on the energy* Let us 
suppose ve have - a sy^te?! with- a constraint andean external force ' F which is;' 
^derivable from a potential functi^on V by (11).^ Further, ve Suppose ' the sys- 
tem tQ bef frictipniess so that the force exerted by the curve or * surface eft the 
particle; consists entirely of the normal force of constraint N Kewton's 
Second Law yields . ' . " ' 



Since = — - is a tangen't vecl^Qjrx' to^ the curve or^ surface at X , we have • 

^.W • V , It follows that the fprce of constraint dpes no work and the energy 

conservation, equation (12) is the sam^ as tfeat for the unconstrained system* ■ 
For^i^ny motions under constraint we shall be able to obtain a complete descrip 
tion of the motion .from (12) alone, ' . 

The first problem we traat b;^ applying th^^^sjiergy principle is that of 
the motion of a/ pendulum, CCTisider a bob of mass^ m supported against gravity 
by a straight rigid -rod of lifegligible weight- which is attached to a fixed pivot 
about which it may freely rotate in -a verfcLcal plane (Figure 12-3c) , We 
choose a • zi / 



I 




y ' ^ Figure 12-3c 

-'^ordinate frame in the plane of motion so that the z-s^is is directed verti- 
cally upward and-^he x-axis to the right. -Let G be -the angle the rod makes 
with* the vertical* If £ is the length of the rod, the coordinates of the bob 
are given by (x/2)''= ('£ sin e , cos 0). * We assume that the/ system is 

'frietionless so that the only force exerted by . the rod is*tlie force 'of con- 
straint ^ which is directed normally to Jbhe path of the particle. Since if 

; is perpendicular to the path it can be given in the form 

^ - if ■ ■ ^ 

N = (.-X sin 9 , \ cos 0)' • From TTewtoi2^*s Second Law- we obtain the 'equations of - 
-motion ' . % ' 

778 . • - • . .' , 
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(15a) . m = .sin 0 



<1.5b) • . ■ . / -' m = -mg + X cos e 



subject to tHe constraint 



2^2 ^2 



I"b may not be imme diately obvious how to use the constraint to eliminate the 
.^^jrmal force, X from (ip)' (see Exercises 12-3", 7>* We shall proceed by 

.calculating the energy integral ' instead • (We could use the result (l2) 
directly, but^choose\o derive ^t again in this special case.) In (l5a) ve 



mult'iply by 1^ , iir by , and add to get 



11= dl<^ = ^ f ^ 11 = ^--^ e) = ^ Sin e If , . 

in this equation and find ^ . 

o ■ . ■ ' -* 

dO * ■ ^ . 

whence, for co = ^ , the so-called angular velocity, n - 

" • ^ ^ } 
(16) ^ ..O)^ -.^0^ = ^cos 0 - cos 

which is .in the Form (l4). ■ . / ^ 

We cannot , solve (16) explicitly for 0 in terms o5 elementary functions 
but we can easily describe the general character of the -motion. We do need 
-IIewton*^s laws to obtain^onfe essential property of ^the motion; namely,^ whaU - - 
happens at a stationary point , a point where cu^ = 0 , if such a point 

exists. UnXess> = njr , gravity has a non-zero component, directed tangentUally 
to the path;' there is- a^ net force on. the particle, the pendulum is. accelerating 
and 0 must change! If 0^ = rur 'corresponds to a stationary point the system 
is in equilibrium, at rest with no net. force acting; later, we shall discuss 
equilibrium states . in • general . ♦ . ' ^ .-^ 

The simplest case, tha^ of no stationary'^ points, occurs when the^^iioftstant . ' 
of integrati^ , |- a_ = iy^^ a cos 0^' is exiffi-cientlj-^ large, a >'l . We 

then have - • . \ * - . ' • 




12-3 ' , . * . - \ ^ 

v(l7X . . 6)^ = ^ (a + cps 

l^tiice ^the.'^ang^ a> = — is never zero in tHis *case, © is. -a 

^"trongly " monotone runc-tion of, t > Tit^^, given enough initial speed, the 
course of ^ the motion is^ sequence *br complete rotations of the pendulum 
.around its pivot/ If Ve fix the initial conditions so tbat © = O and CO > 0 
.at t = 0 ^ ve obtain f.rom^'Cl?)' 

(18) * t = ^ ' ^ 



2g J 



0 -/a + cos lir 



The motion is periodic vi-th period 



(19) . I d^lr 



. 2g J ^ 



■/a + cos ^ 



the time it takes the pendul um to make one complete turn on its pivot* . 

Next suppose |a| < 1 and again' take the initial conditions 0 = 0, 
<o >^0 at t = 0 . . Since a> > 0^ initially, the angular velocity remains 
positive until the stationary point . . ' 

= arccos (-a; 

is reached at some time t^ . iDuring this interval the motion is still 
described by (l8) . At 9^ the acceleration is directed back down along-the 
path, a) changes sign and 9 decreases ^until the next stationary point i^ 
reached* this time interval the motion is 'then given by 



(20a) • t - t„ = - ^ ^ • • — 



^ r 

'0 - ' 2g J 



9q Vcos ^ - cos 8q 



the next stationa-ry^^pparrrtT is reached at 9^ = -arccos C-a) = -9^ when 

t = 3"^^ and then the motion is reversed again- The motion is periodic, the 

period being 

(20b) 



^. Vcos - cos 0^ 

The funation t — ^ 6 behaves much like the cosine. f\mction/6f the same period 
Like cos, the complete function can be described by^-^he firs;!^- quarter cycle 
as defined by (l8) for < ^ < 0 - ^ ^ ^. . ^ . 
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. ^ We may easily seeVthat, for small oscilla-Cions, a^ cosine function-is in* 
fact a good approximate^ to the solution. ^ Differentiate in (l6) to obtain 

C d« ^ d0 d^G -2g , ^ d9 
S^i' XT = 2 — — ^ = sin e — ^ ■ 

. dt dt ,,2 £ dt ^ - 

dt V 

* c 

whence, * . * - . 

^ ■> 

(21) . ^ 1^ . ^ sln e . . 

. >. ■ ., . 

For small aii5)lifLLdes we knov that .,'sin 0- Is a very good approximation to B 
in fact, if |el.< €. <^ , we 3aave from Example 7-5b 



(•22) |a - ^in ©I < 4- . - ° . ■ 

We then seek an approximation of the nonlinear equation (21) by a . solution 
the lineajf" eqiaation 

dt'^ ^ ' 

■which is Sae equation of a harmonic oscillator (see Section 12-2(ii)). 
EqTiation (23) has the Solution 



J 



(2Ua) ^ 0 = A /| cos (t /i +^0) , 

i . ■ ^ 

Under the initial conditions 9 = ^Qfy <W ^ O at' t ='o , ve obtain 



(2i^b) 9 '= iS^.cos t 

.Thus .the approximate solution with amplitude 6^ has the period 2jr i/^ . 

*From^ (22) with € = 0^ we can obtain an estimate of ' the difference between 
the exact and- the approximate solutions and the difference in their periods- 
(Exercises 12-3^ No. 9) . ' * ^ 



(iii) Motio^ of a paxticle constrained to move - on curve ! Consf^^ the 
frictionless motion of a par1;;icle constrained to' move on a curve - X = ^(s) 
-tfhere ^ s is arglength along ;^he .curve and the external force is given by a . 
' potential V(3C) which does not depend upon time. From the equation of energy 
conservation (12) - v . ■ - 



or. Since 



ds 



= 1 , 



- 2 . — 2 
2^dV T a'-ds dt-" 



= k VC5(s)) 



(25) 



|(||) =K-U(S) 



f or- U : s ^VCq(s)) . In particular, vhen V is a (^onstant. function, the 

net external force is zero, ani from (25)' the particle moves with''"cpnstant 

s"Deed — along the curvk^^ result which. nicely supplements. Nevt on' s First 

* dt 
Law. 




Example 12-3 * The cycloidal pendulum \ 

AlthoTogh the motion of a pendulum is approximately sinusoidal for small 
aii5)litudes with a period independent of amplitude, there is actually a depen- 
dence of period upon amplitude which conrtot be neglected for large amplitudes 
(see Exercises 12-3, No. lO) . In order to build an accurate clock based on t 
motion of a pendulum is thferefore necessary ei-£fier to accurately control the 
energy imparted to the penaulum and so control the amplitude, or, somehow, tc 



modify a pendulum so-.that the period is independent of theVM/plitude. Huyghe 



foiind an extremely clever solution of the second kind, the 

*^ • 

Consider a particle moving, frictionlessly on the cycloici 




1 dal penduluir 



j'x = a({Zf - sin 0) 
I z = -a(l - cos 0) 



(0 < 0 < 2jr) 



under the influence of gravity, with coordinates chosen as for the pendulum 
(Figure 12-3ci). Thus^ the external . 
force has only a'z-component, = -mg > 
and it is derivable from the external 
potential V(X) =^ mgz . With 0 as 
the parameter instead of arclength, 
the energy equation (25) becomes. 




Figure 12- 3d 



*Huyghens, C, Dutch mathematician an'd physicist, l629-l695- 
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(26) ' • |^||> ^ll^ = a me(l - cos jf) + K. 

* . ■ * 

In this equation put 



-4 



2 2 2 - 

= ^d^^ ^ ^d^^ = i+a sin I . , 

(conrpare the solution or Exercises 11-5^ No* 6(b) )j to get, with a new constant, 
(27) ' st.^-^^^ \ 

To .keep. the motion within the interval 0 < 23r > we take/ 0^< k < 1 . 'We 

may -thoji draw "the same soirt of conclusions as for tiie oscilla-fcion of a pendulum. 
The motion consists— of an oscillation between the turning points 

= 2 arcs in v5c and {^^ = 2jr - . With the. initial condition <P = f)^ ^ 

^ = 0 at t=0 T#e obtain from (27) for the times before xs reached, 

r-r f0 . sin |- Tlr ■ 

f ' sin 5- Mr 

rO -/cos 2 2 ^ 



whence , 



t = 2 / | [| - arcsin(^!lf4-V 
S \cos i-iZf^/ 



iJe enter 0 = 0 in this equation to obtain the quarter period, and> ^o obtain 
ror the full period, - , 

(28) ■ ' T = Ifjr /i . ■ ^ . , 

Dbserve that the period of the oscillation is independent of the amplitude 
Siven by 0^ . . ' ^ 
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As we have seen.t?^ere is a grea^ deal we can learn about a curvilinear 
motion which satisfies conservation of energy even when we cannot integrate 
(25)./ The methods we have applied are special but may be used whenever the 
potential function' U is known, \consider the graph V = U(s) . and draw the- 
line k (Figure l2-3e). In the figure, the graph of U lies below the 

line on3^ when a<. s<bor c<s. 




Figure .12-3e 
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For a given total energy k , motion can ^only take place in one of the intera-al 



c < s 



Furthermore, as u(s) increases ^ tl^g speed 



dfe 
dt 
a 



a < s < b or 

decreases* A 'l^article slows down as it approaches any of the points 
or c , and, it will reach such a point. at zero speed. We know from the defini- 
tion of potential function (H) that ^ ^ ^ ^ ^/^-/_^^^ d 



on muitiplying by 



C29) 



dt 
ds 



tha-t 



ds 



hence 



If the speed vanishes at a point where U'(s) ^ 0 then the net f^ce on the 
.particle, the tangential -component of F , does not vanish; consequently the 
particle is accelerated along the curve in the direction of decreasing poten- 
tial. Physicists call a troiogh in the graph of U like that on the interval 
[a,b] a "potential well" and think of it as a trap for low energy particles. 

To be precise .we say there is a potential well on an interval [a,b] 
where UCa) = uCb) =-k , provided derivatives U»(a) and .U'Cb) are non-zero 
and tj(a) <k for s in- the open interval (a,b) 'We leave it as an 
exercise to ^show that a particle' in the potential well, beginning from Kest.. 
at a , takes a finite time to go from a to b and an equal time to come " . 
back (Exercises 12-3, Wo. ll) The motion is periodic, 'and under the ;;;initial 
condition s = a 
improper integral 
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ds 

^ ^ = 0 , the first half -cycle of the motion is given by the 



and -the period is 

(31) T = — . 

J a vtr(aj - U((J) 

We- leave it as a frirther exercise to show that if U(a) = k coi^responds 
to a maximum of the potential, vith UUa) = 0 and U"(a). < O , then it takes 
infinite time for a particle of total energy k to move from a neighboring 
point s to a • In ot^iiex words, the improper integral does not converge.' 

Finally there are unboimded 'motions like those which occur for s > c . 
A particle with totaj. energy k prbceeding to the left from e , for instance, 
will reach the 'point c , turn around,* and move out to the right boundlessly^ 

If U has a mi nimum at - s^ we may under simple Conditions approximate* ■\ 

. U in a neighborhood of Sq- by a quadratic polynomial which has the sane value 

and first two -deriTrntives at as yBT , (This generalizes the tangent ^ 

appTOximation 'Of Section .5-7- Such approximations- will be studied in detail 

, in Chapter 13 under the Heading of Tajilor's Theorem) • ' Let ^s^ = O afid take 

as the- approximating polynomial W(s) - a + ps where a = UCO) and 

^tr"(0) • We suppose - P > 0 so that the im'Ti iTmi Tn for both U and -W at 

s = 0 is a strong one. A particle 'in the potential well of W(s) satisfies 

2 ' - - ■ ^ 

the differential equation -r^ + — s^= o' and thus behaves .like a simple • 
-.^^ Q o m 

harmonic b^^Jllator, Insofar as the approximation to^ U by W is applicable, 
^he motion of a particle restricted to a sia^iciently small neighborhood of 
the miTHrftum is approximately that of a simple harmonic oscillatoCr. Mathe- 
matically the validity of the approximation of U by W is justified by 
proving continuous dependence of the solution of ,t,{25) oh the given function ' 
U • We do not pursue the question of continuous'^ d^g^dence here I - We only 
vish to indicate why an enormous variety of mechanicaT^sistems behave like 
simple harmonic oscillators in the neighborhood of their' equibria.- 

. From the graph of the potential we can also immediately, see whether a 
particle in* equilibrium, that is, at rest with no net ronce acting upon it. 



will remain- near equilibi^ium ^if disturbed slightly. Consider the potential 
"of Figure 12 -3f. Since eqiiilibria can occur only at point;s vhere the, net- 
force . , * 




vanishes, • they can occur only' where — = 0 , in this cfeise at s = a , b , c^ . 
A perturbation of a particle' at rest at one of these points consists 'of a 
flight change in its position or velocity which resiilts in a slight ' chaiige in 

■ its energy Clearly a perturbation of a particle at rest at either a' --6r c 
results in an eventual large displacement from the point in guest ion-. Such 
an equilibrium is called unstable in the sense ^ that aiQr perturbation, no matter" 

'^howysmall,^ will initiate a motjf.on which talcjes the particle 'far from' itis original 

^equilibrium.- A particle in equilibrium at b , on the other hand, will stay. 

'ne&r the. bottom of its potential .well, if. it is disttjrbed slightly; such an. 

.'equilibrium Is called stable Thus- a strong local mffeimum -"cbiresponds to' a 

•>\ 'J ■ " . " ' 

stabi.e equilibrium, • a." strong local maximum to an tins table one. 

"* ' ' ' . . ^ . ^ 

It. should tec. emphasized that a stable equilibrium need not be "very"*. 

stable. For the two parts of Figure 12-3g ve see that even though an equili- 
brium is a strong local minimum, or even an absolute minimum, to boot, a ^ 
"small" disturbance may push the particle far -from equilibrium. However, "it 
remains t2me that there is a minimum "increment ^ of energy, ' though it may be 
"small" which is required for such a gross' displacement.^ 





V(s) 
I 



s 

. Figure 12- 3g " - 

Stabili'fcy questions in particle mechanics and other fields are usually 
among the most' subtle, and diTficult ^problems 'encountered^ in the. applications- 
With t^he continuing ref inem.ent of our science and technology t^e;, issue of 
stabili1?y has become a central issue in several areas. For examine yi in the 
study of servomechanisms, system^ which can respond to their ovn afitions^ 
uncontrolled instabilities are to be avoided since they can produce extreme 
destructive oscillations akin to re'spnances. The current effort to control 
the 'hy^ogen fusion 'reaction resorljs to magnetic fields to confine and stably 
contain the reaction; both the theory and practice of achieving stability in 
this area taxes' ouf present day resources to the^ir limits . . . - 



Exercises 12^^ " ' 

- Ob-fcain the' Newtonian equations of motion for a particle moving* on an 

inclined plane 'subject to gravity .and fi^ictional -forces of the Form (3). 
, Do not assxune the z-cotaponent of velocitj^S^zero as in the text. 

Obtain the con5)lete equations of motion for the system consisting' of a * 
particle constrained to move on a frictionless wedge which slides' on a 
horizontal plane. Verify, that the motion is two-dimensional if the 
initial velocity id perpendiciilar to the edge of the wedge'. ^ 

What is the normal force N exerted by the particle on. the frictionless 
wedge? ;j - ' ' I 

Consider the motion -of a particle, sliding without friction on a wedge 
when the wedge slides with the coefficient of friction ^ against the 
];iorizontal plane. . * - 

" 'v • , ^ - ft - ■ 

(a) Obtain the equations of ifbtion corresponding to (?) and (8) under 

- 'the assumption th^t- ^>0 . (Hint:,^ Consider the . equation of 

motion for the y-conrponent of position for the wedge so that the 

normal force exerted by 'the 'plane on the wedge may be taken into 

accoimt. ' ' ■ ^ . ^ ' 

• ■ < 

(b) ^^ Give- that the system is initially 'at/rest,^ under what conditions* ' 

^ill the wedge be set into motion? K Ignore the difference between 
static and sliding friction) . f ^ ' \ ' _ 

' ( c) Determine, the order by size of the normal forces ^xerted by the ■ 
particle sliding f rictionlessly on a wedge for* the three cases, 
stationary wedge, wedge sliding f rictionlessly on the horizontal * 
plane, wedge sliding with friction. / • • * > 

Obtain the energy conservation principle for the system consisting of 
the particle sliding on a frictionless wedge. Equations (5) - (6) . 
(Hint: Take as the kinetic energy of the system the sum of the kinetic 
energies for^ particle and wedge.) / 

What is the magnitude of th^ force of . constraint for the pendulum? 

The text states that it is not immediately obvious how to use the con- 
straint to eliminate the constraint force ^ ^rpm the equations of motion 
(l5a,- b). Show how to do it. • . - ' ^ ^ - 

Describe "^e motion of the pendulum when 5 = or. is" a .-stationary point, 
that is, /when a = 1- in (I8) . * ■ " - 
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^ 9. Estimate the diTference. between the error of approximation to the 

amplitude of the -exact solution (SOa). of the pendulvm problem by tha^t ^ 
of the approximate solution (24a)« 

10* • (a) Sh5w*that the period of 'the pendulum as given by (20) is an 
increasing function of . > 

11. -^'Shov for a particle oscillating in a potential well that the motion is ^ 

^periodic. Sho^ Turther that the time to traverse the well from one side 
, to the other is- equal to the time to come back, * 

12. ^Lej: -s = C3 correspond to a maximum of the potential U with ls(o) ^ ]z 
. .■^'(0) =^0 , and U'^CO)' < 0 > where U" is continuous in a neighborhood 

^ oft O Show that a particle in the neighborhood with totals energy k 
and velocity directed toward 0 takes infinite time- to reach,: 0^. . 

13- -Consider a particle of mass m which slides frictionlessly on a vertical 
circular hoop, where the hoop itself is spinning 'about its vertical - 
•diameter with constant angtilar speed CO . Describe the motion. (Hint: . 
Use the energy conservation law in the Form (25) where s is arclength 
on the hoop) . 

^ • ■ .' . - . - 

Lit. Consider a particle moving on a curve X = r(s) ' subject to the conserva- 
/tion law (25) with a potential of the form 

^ = A + Bs^ + sV(s) 

where B >, O aaii^the derivative F* -exists and is bounded- Take 

' 2 ' 

. W(s) = A + Bs V as an approximation "to U(s) near s = 0 ,. Let^ the 
arclength for the motion under the pot enirial L% be- given by' s = 0(t) ^ 
_ under the ppteiytial ^ W , by a = ^(^) . Show for small amplitude 
oscillations" that . a arid s are close together for the half -cycle 
■ beginning with' the initial states 0(O) = ^(o) = a > 0 ^ 0'(O) =; ^lr»(o) = 0 



12-^. Angular Momeirtum and Central Forces . ^ 

^ "The mathematical effect of a '"constraint is tQ reduce the number of inde- 
pendent ppsition coordinates in the solution of a mechanical problem. P©r 
exfeimple, by consi^^raining the motiorT .of-a particle to a curve in* Section 12-3^. 
we reduce*d the number qjP essential position coordinates to one, arclength* 
along the curve, which "could then be us^d as a parameter to give the position 
of 'the " point . Sometimes the constraints were tacit rather than e^qplicit, as 
in^ those .siniple cases where we assumed, jaot proved, .the motion to be confined 

^to a point or line parallel to an extemai force. . In all these cases, ^he . 

. ef f ect\iia^ to ^reduce the solution of the equations of motion to a one- 
dimensional problem, the soj^ution of a differeatifel equation for one pos^ion 
coordinate. In this section we treat other problems reducible to one dimen- 
sional motion.'' . ' * \ 



(i) Central force fields- . We treat first central force fields in which 
the. force on a particle, at a point X is^collinear with the Josit^on vector* 
pc' . In particular we consider special central forces Qf the form F ^ 9f(p)X 
where p = |x| Thus in some coordinate system the magnitude of the force at 
X depends on3^ on -the distance' to X from 0 and is parallel to the ray OX 
'In this situation Newton's Second Law yields 

U) ni^= 0(p)X . ' ■ ^„ 

■ . • *r • ^ ^ ' 

^ ■ ■ * ' ' . . ■ ^ ' ^ ■■ 

If .we take the cross product with X ; in (l) we pttain .a..;resiilt "Khich' does not 
.involve the f pre e explo^tly: . ' ^ ' ^ , . • 

(2) . ' ,s .• ,: - 

dt , ^- , 

Prom this we obtain an integjral of the motion, \ • 

(3) rr^ X @ = nti^ 

at ... 

where K i*s a constant vector., (cjompare Example ll-5c) . The angular momentum 

""^ dX ■ "* ^ ■ " 

mX.?< . ±s another basic meciianical concept* Equation (3) asserts . that in ^a 

central- force field, angular momentum is cons^^ed. -.^ - .. 

,.The cpnstiint vector K in* "(3) is determined by the initial position and 
velocity* If we, take the dot product", in (3) with ^ we' obtain . ■ ■ 

X . K = 0 • ■• 



so -fchat .the entire trajjectory lies in the plane-through the "origin, and perpen- 
dicular t , i? , -that is^ ,the plane containing the line * OX^' and parallel to 
the vector V^-- vhe^^e .is 'the initial position, and, Vq , the initikl 

velocity, of the vector. With this knowledge the 'original three dimensional 
problem 'has - been reduced to two dimensions.* If it * shoiild 'happen that K = O ; 

.trajectory lies on a straight line and the problem* is further reduced to 
one dimension; the^proof is left to Exei^^ises 12-14., Number 1. We shall assiime- 
K 5^ O henceforth 



Consider the^ area in the plane of motior\ swept over* by the segmeirt^ ".^ 
during the time interval from ^ fi=*^^. — \,^\ -^z.^J^^^ ^ — G — 

ind: 



to t^ (Figure^.l2-<i^^a) . ^With a prime 
Licating the derivative with -respeciy 
to t we wjpite 



i = I k • (X X X 



• where 1c = 



1 



1 

K 

.1^1 



and A. is the area 




Figure 12-J+a 



given by the integ2?al .(7) of Section 
11^6. (iTote that the straight segments 
OX^ and OX^ contaribute zero to the 
integral aroiind the closed curve since 
the tangent and position yector are , collinear along these segments.) Equation 
(h) states the principle of conservation of moment-um in the form of one pf 
'Kepler's law^ (the so-called second law) ; . the position yector to a particle - 
from p the drigin of a central force field sweeps out ecfual area^ in equal t.imes- 
•Kepler discSovered this "law for .planetary <motions about -the sun; - \ ^ 

*i ^ ' ■ ' ^ ' ' ' T • ■ 

It seems -a' pity, to; toss off in a line one of the three laws of pl^etarjr 
motion which cost> Kejiler more tfian twp decades of arduous ■ computation and ' ' 
manipulation ctf the data Qf planetajry .-motion, ^et such is the ^ppwer oS the . ' 
caic^ilus applied' to Newton's laws (iTewton inherited? the first two "o^^irfSies^ 
from Gaiiieo). Consider, however, -fehat the earlier -work of Kepler, Galileo ,^5^ 
and others was necessary to the development of* mechanics :in •Newton's hands;- ^ 
Ifewtbn i"s supposed to have said, "Xf I. have seen, a little farther than others 
it is because, I have stood on the shoulders of giants-"* Oddly, although he 
obtained hi-s results by the, calculus, Newton, in. his great Mathematicetl 
Principles of Natioral Philosophy presented his work igeometrically to make it 
acceptable to his con'temporaries • " . ' 



Kepler, J*, German 1571- l630, . • , \ ' 

Phiiosophiae Natiiralis Principia Mathematica (1687) . 

' ■ " . r 791 12S 



■ ■ - ■ ■' I 

■ * . ■ ■ • . 

It Is convenient to rewrite Kepler' s law (h) in polar coordinates ♦within 
. tlie plane- of the trajectory. If the polar * coordinates of the particle are . p 
and e , then 5^= (p cos G , p sin 6 , O) and X x X« =; (O,0^pf©») * • With 
i^his, (3) can be .written, in the f9rm 

(5) .' "~ ' P^e. ='|| = K-: , ■ . 

where K =. (0,0,K> • ^ Since K > O by (3) and {^^) , 0 is a strongly increasing, 
fxanction of t ; Thus the sense^of rotation of . OX about the origin is 
cons-fcant* ■ ^ . ^ . 

' " ' ■* . ■ , ^ ■ 

Until now we have used only the property that the" force at X . is directed 

• eilpng the line , OX through the origin. The preceding resxilts are valid ieven 

if .the dependence .0(p) on radial distance in (l) is replaced by a more general 

kind 'of dependence 0(1?, t). on both position and time. Uow we make use of the 

explicit form of the force given in (l) to obtain, an energy conserva^tion law. 

We show that a force of the type appearing in (l): is derivable^ from a potential. 

From the identity 




dt dt» * p 

(see Exercises. 11-5 J Ti^o^he,), and the relation F =^(p)X , it follows that 

SO 'that the force *is the time derivative* of 'a potential V(p) ; namely, ^ 

' 9 ■ ■ ■ " ■ 

where-- ■ ■ *■ . . ■ . ■ - . ■. ■ . ■ ' .. 

/ X ■ • ^ p ■ . 

(6) ... V(p) = - | 5^(r)r,dr ; 

Tixe energy conservation .law (12) of Section 12-3 states tha^ . . 



where the total energy' ^ E is constanjb. . In terms of ^the^ pole5r representation 
of ^ X this equation becomes . . r 

' .'" ' ' .. ' |[p'^ •+ pV?] + v(p) =E / ■ 
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'Prom this equation we may eliminate 0^ by (5) "to obtain 

(7) . ' |p'2 + v(p) « E . " 

vThls is the equation of a one*dlmensional motion with the potential Vj[p) + — ^ 

. , .\ 2p A 

for which we may use the graphical techniques of Sectiog^ 12-3.' 

When we are inteirested mainly in the trajectory, Jhot the time d^pftndence ** 
of the motion, we may use G as the parameter Instead of t . Since- 6 is a ^ 
strongly monotone function of t , the two parameters are equivalent,^ thus we 
are spared the conjplicatlons of the pendulum problem attributable to the 
stationaiy points where the motion reverses direction. From (5) and (7) we 
find • ' - 

(8) I ^||)^ + V(p) * ^ = E . 



2p' 



{ii) ' Inverse square forces . Planetary motion . Kepler stated two other 
laws 'of planetfiory motion • Kepler's First Law states that the orbit of a planet 
is an' ellipse with the sun at one focus. Newton postulated that the sun exerted 
a central force, on. the planets and .f oxmd that this law o£ Kepler's . ictplied that 
the magnitude 6f the force of attraction of the. sun is proportional to the 
"inverse • square of the distance between the planet and the sun. Prom this 
conclusion to proceed on j^o the universal law of giravitation is a lesser^ step. 
The historical evidence indicates ithat Newton ha^ thought out basic ideas of 
the c€l1cu1us and mechanics together with the universal law of . gravitation in 
^his ^arly twenties*.. . . ^.v^.v ■ ^ • > - .. * " • ^ , ' , 



We shall not follow- Newton in obtaining the inverse square .force from ". ' 
Kepler's liaw. Insteajd^ we shall assume the inverse square law and veiTLfy l^hat 
the trajectories given by Kepler/ s First Law occur under its influence (but 
see 'Miscellaneous Exercises, No. S). Specifically, we assume the central ftorce 

(9a) . — .F = - -I- = - JC ' ^ - ^ 

with proportionality constant ' a , and show- that any ellipse with focus at the 
origin is among, the possible trajectories under this law. In general. Equations. 

(7)^and (8) can be-^^ised to find. the. trajectories .for €iny central force law. We- 



AC 



The word "inverse:'* is to be "taien in the sense, of reciprocal- 




' shall leave as an exarcise the problera.^g^BteM|tpg . the ^trajectories under an 
■inverse square law from either (?) or' 2)^. , Here, we 

use special tricks, particularly appropriate to Jhte inverse squa:re law, for 
obtaining these trajectories. ^ . \- " ^* ■ 

* Prom Neyton's Second Law,,"/ / / 

(9h) V^" ^ • m5?' = - -^X . ^ 

we have on taking the cross product' with K , • - 

^ ^ >^ ^ K X X . - • . ^ 

Pfom (5) we have K = (0,0,p 9^) = p e»k and we rewrite the preceding equation 
in' the form " ^ - . - . , • 

(10)- ... ' ^ X 5cO = -ae^ B_>L^ ^ 

<^ - Now we write the right side of '(lO)' as ar time derivative; From ^ 

/ . ■ - = ^:g<c6s e , sin e , O) 

dt p ' . ' 

. . ve obtain (lO) in the form * / * # 

whence .. ■ ^- -. .-t . - . ' • ' . •■■ - . ■ 

'(11) , • - ' mK X X» = -a - - B . "■ ^' " 

P 

^ Since X and K ^ ^« are parallel -fco -the plane of the trajectory, we conclude 
that so also is the constant vector B . Choose coordinates in the plane so' 
that 5 = (3,0,0) "with, p > O * Take the dot product with X in (ll) and use 

* . . - 

(K X S«) 'X = (X X X») = -K^ - 

\ . ^ ■ \. . - ■ ' ■ ■■ 

■• . -Csee .Exerclsfes\ ll-i4-, -ITo^^ l^Kto-get" -■ ■ ' ] ■ " ■ * - 

» r 
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Equation (12)-: is the polar representation of a coiilc section which has a focus 



at the origin and x-axis as an axis of symmetry. The trajectory is an ellipse 

2 2 2 2 ^ *P' P- 

a > e - , a parabola if QC = & and a hyperbola if a < 3 , 



if 



T|jfe 'general character dt the trajectory can be determined at any instant 
by the distance from^ the origin and the speed.' To verify this observation, put 
(11) in the form 



1^ 



to obtain 



P 



2am 
P 



X • (K X + m^lK X 5C» 



whence, 
(13) 



where v — Ix*^ • It follows that the trajectory is- an ellipse parabola or 

_2 Permit 



hyperbola according to whether 



V 



is negative, zero, or positive • 



The escape velocity is the smallest speed necesseary for an unbounded tra- 

2a 



Jectory^ a parabola or hyperbola. Thus the escape velocity is v ^ ,,pro- * 
vided a>0 , that is, projjided the cent]^l force F 'given by (^a) is an"-. 
attraction* If the force is a repxilsion, a < O yyonjy hyp^bolic orbits exist. 

We study the elliptic trajectory in detail- With > O , this case occurs 
for a > p. • Since the focus lies 6n^ the maJLor axis of symmetry the orbijt has- 
.the general appearance Of 'Figure 12 -4b 
where . O , the .center of the field of 
force is at ona focus of the ellipse, 
the other foctLS is indicated by 0* , 
and the center- of the ellipse by C • 
The semi -major axis of the ellipse is 



given by (12) as a'= 

Pq is the value^of p at 



where 




© = . 0 , and 



7t 



at e - TZ 



thus 



Figure J^-h'b 




a = 



2 

mk a 
2 2 



We may eliminate p -from' (13) by means of (l4) to obtain the equation 



12-h ' 

which gives the speed at an^ point of the ellipse in terms of pos^ition on the' 
ellipse and .the constants m a i Ot . Next ve prove Kepler's Third Law, the 
square of the period is proportional to the cube- of the semiaxis^f the tjrbit. ' 
From Equation (k) , the period t is proportional to the area of the closed 
ortit, , . ^ ' ^ 

*^ 

^ " K ' - . 

■where "b is the semi -minor- axis of the ellipse which is given, vith the help 
of ilk) hy 

(see Exercises 12-1;, ijo* 3). We then find for the peric^^., ' ^ . 

If the sun were fixed and exerted the -sole force on the planets, an inverse 
square attraction, then Kepler's laws would constitute a complete. description of 
planetary motion. Luckily for iieplej-, the data of his time werd not so precise 
as. to ^reveal the s-light discrepancies from his^iaws^ Given * Kepler 's law^, 
Iffewtpn framed his. law of^ gravitation: given two particles >rith mass^ ' 
and ' . and positions, jt^ and . respectively, the. force exerted -l^y the 

object \of- 'mass . ra^- *'a3 "the- obj^t of mass^. m^ ^ isi ■ . / " - ' 



(17) " . . .. 



A 



where G is a constajat of the universe. In this it is assumed, even though 
the masses of the sun and planets are npt . located a^:. points, that these bodies 
caai be -tJ^eated as particles. By means of an' integratibnTt is possible to show 
jfpr a sphei-e whose density is a function of radius alonejferhat its gravitational 
attraction on an object outside its • surface, is ljhe^*»fTrrte as that of a particle 
with the mass of the sphere, and located^ at its \enter* Such /integrations can 
be performed very simply with techniques for inte^ra^EIngfuncitions%f several 
variables which are developed a little later in the calculus. It appears that 
Newton delJEyed- twent^ years until he coiald satisfy himself of ^he validity of 



^ Good enough to serve for the physics of more than two and one "h^it* 
centuries hetween ITewton and "Einstein. ' . . ^^^^s^^ 
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•fctiis proposition t)efore he' annoiinced the law of gravitation. ^(it is, in 
fact, not hard to show for. any shape for distances from the body which are 
large in con5)arison to itrs size, that the' depa'rtiires from the- inverse sqaare ' 
law of attraction are negligible. But remember that Newton, in order to prove 
Such results, had to develop the necessary calculus first.) \ 

In tfie inertial frame of the fixed^ stars, the equations o^ motion of the 
sun^^with mass indicated by and position by and a pl'anet with mass 

ni^ and position .X^ are, by (17) > 

and * ' . • ' 

(18.) ■ .- 



Upon adding the two equations (l8) we obtain an equation 'exhibiting conservation 

- ■. . . ' . . 

of momentum, " ^ 

.(19)1^ ^ , -^iiLlX^ + m^^l) = 0 . . 

^ m + 

The poin-fc C-'= — * — >— is called the cep-fcer of mass -of the system. From 

m^ + - -* — \ — 

(^9)* = ^ > tjhus the center of mass has zero acceleration. To obtain the 
eqiiation of motion in terms -^f the position vector X = ^2'"''^ of the planet' 
■with refepejct to the ^ij^^ divide in (iSa)- by m^' 'iji (l8b) 'by m^ and subtract 
■to find : S 
' ' ' * ' i \ 

(20) 15" = 

where b = Ixf' , as before. This equation has precisely the same 3rorm as (9b) ' 
with CL - G(M m)m and all our earlier results hold with this "value. Con- 
seq;uently,^ in a* coordinate frame fixed with respect to the sun Kepler^ s' first 
laws .still hold; the orbit o^a planet is an ellipse with- the sun at a focus, 
the vector X* ^s^eps out equal areas in equal times, and the period t of the 
motion is given by ' "\ " 

y ' , , 

^ '^Cajori, F. in Sir. Isaac Mevton, ppi 127-190 (History of Science Society, 
Balitmore, 1928). ^ , ■ : 



3/2 

(21) > ^ 



Since, in^ is Wch greater than .nig for all the planets, the approximation- 
. a « GVfm is quite good . However, for a massive planet like Jupiter, for which - 
» •OOl the difference from tl^e accxirate- period (21)' is easily detectible* 

The pi^oblem we have solved treates ,two bodies in isolation. " The general 
problem of f iiiding the traJ'Qctories of three gravitating bodies is already far 
• deeper*. The be^ ve have^been abl^ to do is to find computational methods, for 
approximating the solution in particular cases and even that may be very com-, 
plex. For the general n-body system we ^y expect the problem to^ be even less 
:tractable. For the solar system, however, the effect of any other planet on 
' the orbit of a given planet about: the sun can be^ considered as a, small pertur- 
bat ion of the basic two-body motion.- In this way practical approximate solu- 
tions of the equations of motion for the planetary system are 'obtained. There 
are other interesting and difficult questions which one may naturally ask, the - 
most in5>ortant bein& the question of stability of the solar system. Can the - 
mutual interaations between t^e plsLne-|s grossly affect ^h^ orbit of. any ^ one x>t - 
them? Reassuringly, for the ^ideal particle picture we have been using, Laplace* 
In 1773 ^showed -that no great disruption of the -solar system can occur through- 
intemal_interactions, ' a magnificant achievements- ^ • ^ ^ ' V ^ 

In their efforts- to solve the problem of celestial mechanics, mathema- 
ticians from Newton's day. to Gauss created* the calculus Aid powerful methods of 
aiialysis which are useful for much else. In our times mathematics stimulates 
itself as nrucb. as it has been stimulated by its ^plications. A mathematician 
today ^ can pursue his cai^er without knowledge of ai^ one of the significant 
applications of mathematics* Still, like the ..mythicjal giant Antaeus, mathe- 
matics ;.gains sjtrength by contact ^with the mother Earcth and is made Vigorous by 
, meeting the* problems imposed by other htmian concerns . 

(lii) The sphearical pendxilum . Complete conservation of angular mom6nt\am ^ 
implies. that the force'. is a central force (Miscellaneoizs Exercises, No. 2Ca)). 
However, there are spme problems with npncentral forces . for which some .components 
of the angular mOTientum remain constamt in the motion. . We conclude with another 
example in which such partiaJL conservation of angular inomentum is -used to reduce 




*Laplace, P. S;, FrSiicb, 17^9 ^ l827.. 
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- . ■ - • 

-the problem to one dimension. We cons id ef" a pendulum "but allow the bob to . 

move on a sphere instead of' constraining the motion to a circle iij a vertical 

plane. We have the same eqiiation of 'motipil''^ before, namely ' 

(22) " mX" » mg - \? * , " 

vhere X is subject to the constraint = i and the constraint" force 

is directed toward the su^ort the pendiolum.- The energy integral is 

(23.) . ■ i ". ™S • X = mk . 

This is an equation in the three components of . The "constraint permits us: ■ 
• to eliminate one component . In' order to eliminate another component and i»educe 
tlie problem, to one dimension we need another condition which dpes -not involve ^ 
-the unknown factor \ * We elimina'te X from (22) by taking, the cross product 
with X y and find the derivative of the angular moment\am ' ^ 

. (2^) . m ~(X X X^) = mX X g . 

Thus angular momentum is nq^: conserved. Note, h6wever, 'that the ^component of 
the derivative in. the, direction of g is zero.. Therefore we have conserva- . 
tion of the component of angular momentum ^parallel -to . g ; namely, 

(25) ' , (X X.XOI =n4i , ' • • " '• 

'where p. ifi constant. ' . ^- ^ 

We choose a coordinate frame which simplifies the elimination of . two ■ j^' 
^coordinates from Equations (23) and (25) and ^. the constraint condition*. The""'' 
z-axis is taken vertically upx^ard ^o that^ "S" = (p,0^-g). We use polar coordi- 
nates r , 0 with X ^r cos © , y = r sin 9 The constrainst ^ 

j^j := X + y ^ .£ can- then be written in the form 

. • * ' ■ *.p 

(26) . r^ + = £^ . . - ' .. " 
From (25)-, we find , ^ 

(27) ■ -■ - 

and from (23), * , _ *^ 

•(28) • |fr'^ + r^e»^-+ z»^j + gz = k. 




ErIc : : ■ • ,i36 



If u = 0 the prohlem reduc^sLito the circular penduliim treated in Section 
12-3 as you may verify (ibcercises^li:^^, Hp. 6). We assxme hereafter' that ' 
u/O . (Front. (27) it then folloi^that 9 - is. a strongly monotone firaction 
^of t .) With (27) we elimina-te 0' 'trom. (28) and with (29) we' eliminate r 
to %htajLn the^onordEifferential- equation for^ z , ' ' . ■' 



^+ 2gz = 



2k 



or 



(29) 



'J2 . 2(gz - k)(/ - z^) 

2 ~ ~ ~2" * 




Equation (29) corresponds to a one-dimensio.nal motion with th^ "potential" 
2(SZ - z ■) „^^^ ^^^^„ _ ^ 

We analyze the motion qiialitatively, as in Section 12-3, tiy studying the 
ential ^s a function of - z . The potential function has thr^e real roots 
_ i , z = p . We distinguish three ^cases- -<-i . -^<^<^ ^nd 

k / * - ^ . ^ '\ ^ 

^ <^ , (Figure 12-4c) . , . ^ ' \ . 




g . 




Figure 12-i*-c- 



2. 



Sinoe^ the "total ene^gy'^ - is negative -apd since the constraint in^lies 

- " i ' 

.|z|'< i , the .condition that the "potential energy" not exceed the "total 

/ ^^ ^^ \ 

energy" can "be satisfied only if | > -i and if ^^^^H- . does not fall below 

ti^ minimum of the "potential", in ■ 'If . these conditions hold, the; ■ 

z-conrponent of the motion is.-^periodic and/ z ■ ranges between a minimum value 
and a. maximum, value z^ A half cycle of the oscillation is given by. 



"1 
(30), 

and the' period t by 



i 



idC 



^1 y2(k - gO(/ -.?^) - \? > 



800 
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Dyarizig one^ period 6 increases by the amoun-t 

'dt =2 1 ~. dz . 



■ j; = ■ J.; s 



Unless . is a ra-tionaX multiple of « •■the mo"tibn of "the pendulxm will not 

be periodic. In Figure 12 -^d we shov hov "the or"bi-t appears on surface of tlie 
sphere. > ' - - 



■J 




Figure 12 -^d 



The . ftmction. ± . ^ t . given ^by C30) is called an .ellipi::ic: integral and', ■ 
. cannot be expressed jas^ an elementary fanct.ion^.. Tbe ^Invejj^s^^ function t " ' ± ■ 
is caXlecf an elliptKr, function. - The elj-iptic . integrals aire so nampd'^becaTise , 
the integral for the arclength of an ellipse is a member of the class.- These 
functions appear in - many applications. ' . \^ * ' 



We have seien through a succession of problems of increasing Complexity how 
is possible "to simplify the problem of specifying the motion of a system by 
use ot constants of the motion (conservation lavs) and constraints.. With a _. 
sufficient number of such condition's we frequently can reduce the problem to 
one dimension. The techrfiques .we have xised for the solution of 'these' problems' 
will be . found useful in .many others. ? 



/ 
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* - ' """^ ^ ■ Exercises 12 -if - ' \ ■ ■ ^ . . 

^;^ow tiiaV if- ^ ^ 15 in .(2) then the trajectory is a . straight.^ line, What^ 

-^lif ormation cairi' yoK obtain from (7) in this case? 

" ' ■ * ' . ■ . . . ■ •■ 

•Use C?) or (8) to .integrate the equations or motion for an inverse square 
V force, (Hint: 'Replace . p by R = — ' 

Verify that the semi -minor .axis b of the ellipse (12) " is . given by.' 

b = - • - ■ ' ' ■ ■ : .>■'. • •'- 

%j va - & ■ , .: 

' ' * C ' \ . ^ . ■ ■ ■ ; 

At- vhat height will a satellite of the- earth. have the same period as, the -. 
period of rotation of the, earth- about its axis?. A synchronous ' satellite 
would be placed at this height* . For the acceleration^ of graviiy the 
surface of the earth take g-= 980 and for, the -radius or the ^arth, 

^ : ' S ' sec . 

What is^the escape, velocity if rom ■yie'^eaiijh's surface 

Consider a sa'tellite in a circvilar orbit ajbout the dearth. Its retro- 
rockets are fired ■ brief ly so that its .speed is .reg^uced but : its- direction ■ - 
of motion an^- .position are . chSLrigefti negligibly • , Suppose the . change of' 
speedvis .Just enough-' -fo bring /the satellite to thef earth Vs. surface. V 
Without air ^resistance, what mu&t the change "in -speed be and how^'long .. 
.does .it- take , the :SateliiijB 'to/ reach -the' earth -^after the. retrorockets^are.' 
f ired?- ■ \ ^'^ T:* ' -• * V ' ' ^ ' '^^ ^ - * ^ * ^ ' " ' " • ' ' 



Prove, if • = 0 in (27) .the motion of the spherical pendultam reduces to^ 
that., of the circular . pehdiilum. of Section 12-3. 

Under what conditions is the maximum value- equal to the m^n-fTmyr] 

• ' * . 

value, z- of z for the motion of a spherical. pendulum?- Discuss the' 

. ■ . ■ "•'...», 

motion in. this case. 

■ . ' ' ' *^ . . 

What is the motion of the -pendulum when z = O ? • (Hint: .Equation (29) 
is hot convenient for the study of this motion) . ' . . - - 

Determine the magnitude of the force ot constrainl^^ XJC in (22) . - 



Miscellaneous Exercises 



Show "btia-b an object thrown wl-fch an upward component into a resisting 
atmosphere must come down to the sgime level at a speed less tha^p^ilts 
Initial speed . 

Ca) Prove If the angular momentum of particles Is- conserved ^then the " 
• force is a centrd.1 force^;. ■ . ' 

(b) . Prove tiiat a particle obeying Kepler's first two laws* fs subject to 

an inverse square force* ' 

* .\ ■ • . , ^ . 

Show how the electric and magnetic field vectors E and B of Section 
12-2(lll) must^.be modified, to iaccount for the motion o? a charged - j;. 
"particle in a coordinate!' franie which moves in translation with Respect " 
to the inert iai f rante with constant velocity u . 

The path of an object attracted by a central force is a ' circle and' the ; 
center of . force is- on, the circle- Show, that the force -l^w-^ is an-'-^j^^ 

f if th -poj^er law, • ? =^^^^ and show that ^he speed is proportional to 

Ca) iet the patJTbf' a particle be given by* X = ?^('s) where . s *.is. 

arclrehgth* ••Define" the tangent t -^and principal normal n . by ^ -t.- • 
^ ■ d t ■ 



t = r'Cs-')? ■ anti ;5~-=i ^ -wher.e the^ sign of the curva'&are " * /C- " is 

^ds 
dt 

dt 



nonnegatlveV("as. in Exercises 11-6', 'No. 19)- Let v is*'^ and 

" dv ' ' • ^ ■ ■ ' ■ ■ . *' 

. Ctf ■= — ^be respectively, the speed, and* a cceleratidn along the curve* 



Show that the force- on' the particle is F = rocrb 4- m/Cv . n. . -.^ 

(b) Use .the result of Part (a) to. derive the inverse fifth power law' in .' 
iifumber if.. , ■ ■ . ' - 

Consider a rocket , which is to lift a pay load of mass M.^ / Determine 

the amount of fuel relative to payload necessary to le^each eso^e velocity 

in one minute from the earth given an exhaust velocity v x 10^ 

' sec 

and a constant rate of fuel consumption. ITeglect air resistance. 



■ Chap-ber 13 
HnMERICAL" ANALYSIS 



The. .preafcion of analysis -ras intiinately aissociat^ed vii;h . i-fcs applica-tions 
■ and greaii- iaa"biferaa1;icians Kewlion, Eulei*,' Gauss, gave much or "their -thought "bo 
. oTrtaining numerical solu-tions ,iio applied prpblfems. As analysis grew,, inathe-v 
ma-ticians "became increasingly . concerned with general, prohlems .ar^ther than 
specific problems and their' numerical solution. As an exanrple of a typi<:ai 
pattern. -for a modern .theorem i a analysis. -consider Theorem 6-3^*-/ on' the exis- . 
tence; of'the integral/ofv a "bouaded fimct ion. over Jan interval* .The theorem 
.refers to upper ■ and lower estimates -for, the I:^tegral- . . If for every poUitive^ 
€' there exist' upper and- lower Asums which lie, within the toleranc^* . e of each 
cither .then the, integaraJ. exists . This, is the. pattern: . if 'the solution of a 
^ prbhlem. can 'be estimat'ed then the' soiuti-on .exists ^'. ^ The prolilem - is- considered 
■"^olved" if tit is shoTO that such estltnation! is> Vpossi'ble" To; know that, 
estimation is theoreticeilly possible is not enough. . ■ In 'order to yield xiseahle. 
numerical, resxilta the method of estimation .must he practicalJle. "by means, at- pur! 
command; furthermore, it shooald he economical and cost u*^ tio 'more in time and' 
money than the. solution is worth. 

. .In recent years, with the' advent of high speed .^electronic ■ computation, ■ . 
the field of numerical analysis has interested mathematicians again- .Their — 
iirterest is not" so much in specif ic^^pmputatip in tlie . construction", of . 

effective geneijil schemes of .computation^ - Whether*, a given , scheme is ^ effective 
de'pends upon the instruments of .. computation at hand. Although such practical 
considerations have, shaped the growth of . numerical analysis there already is, 
a "body of elegant theorems, in this area sufficient to* capture the pu2^si> • • . 
mathematicaJL imagination- - • 

In order "to focus our thoughts, let 'us cojosider the prohlem of oh^aining 
accurately to a^given numher of decimal places the. period of a pendulum moving 
with .the angular amplitude ^ . "^-From Section' 12-^3, Equation .(20b) we have for '.^ 
the. period v 



With, slight modification, a result of Rlemann, lo54*- i 



Suppose the. f ac-torf'-2y -g- .*P "be knovn to aiiy desired accxiracy and look only 
at . the- integral. . Since the : integrand is monotone we oxight to l>e ahle to lose 
upper and'lpwer Riemann^sums to Estimate* the integral.- The integral, is. impro- 
P^^' ^i^e integrand; has an- Tmbounded discontinuity, at the. tipper end of inte- 
gration — "but this is not a serious difficulty^' We can ohtain a continuous 
integrand by an appropriate substitution. For this puipose* we set 
cos i|r^= (1 • u)^(l.+ 2u)^^ and, obtain 

Jo VLl - g(uXJLl + g(u)J ViU^ \ 

< ■ . . ■■ . : ■ ■ ■ .■ 



J o 



du' 



VC3 - 2u)Ll + s(u)J(l + 2u)" , 

.. !nie integrand nowhere zeiro. Uow -the; wbrt of compu-tation begins. , We; must; ■ 
find -the intei-Vals in which "the integrand is. monotone if we' aire to lise the .• 

■ estlinates. by upper and -lowe as in Section 6-3 ( ii) . In -this case the - 

. ^' single, extrennm, a miiiinium, ' in the interior . of the interval of 

• integration*^ iThezeroVof the derivatives correspond to this extremum is to ■ 

■ be located, more usually^ approximated with a certain ■.error- Now we can deter- 

• mine the. minimum yalue of the .function, again app:^imately, and fix' the. number 
of partition points^ needed in each of "'the two integrals, of monotonicity to V . 

. . .Srleld the desijred. -accur acy. - JJext' we may calcxilate t he valiaes "of the Ar^■t.^ ^;r^y^^^ 



■;^t each of. the partition points, again to a de^E^e of approximation. Finally . 
th^ Niemann- s^ ..are - calculatedV' perhaps with, fu^ "by 
. rounding off to an appropriate number of decimal, places . • Thus even in this ■ 

relatively strai^t*fo27ward example we see. that a realistic problem may require 
^ a. careful analysis of every arithmetical operation performed on the way ^to a 
• numerical solution. ' . ■ ' 

• ' ." ■ ' ■ ' ' .■ • .-...• 

. .The problem is not always one -ofj|irectly transforming a theoreticaa , 
solution of a problem into a nimierical solutioia as in' the preceding example... 
Sometimes the theoretical solution cannot be translated into practical, methods 



■ * - . 

- To .get rid of the singularity at .\|r- = f we insert the ..factor ■ (l '.- u)^ 

To avoid a singularity at the origin we make- •.g*-Cb) = O by ' inserting the 
factor 1 + 2u . . ' 



.. ■ . ■-. ■ , , . . • ■ ■ ■• 13-1 

.and , new schemes musl: he devised-- . Pmrbhermore, error analysis is not ^ways 
■ practicabie. Often computa-fcionai schemes are used yithput any other justifi-; 
cation except "that they seem to vorlc most or the time- Scientific . and tech-- 
nological '.progress wiiL not vait for sound error estimates- B^pirical methods 
•have taken us. a long way-. Still it Is important to do what analysis ' we can- 
'Naive , empirical methods can be wasteful and time constiming; they are. also Imown 
•.sometimes to give incorzrect resxiits unexpectedly - - . 

The literature of numerical analysis, or even, that part of it accessible " 
to us with tools . of elementary calculiis , is -far too large for us to cover in 
the scope of a siiagle chapter, or single volume, for that matter. Here we 
confine ourselves to a few basic methods: iteration schemes- for finding the " ' 
zeros of a function, approximation to a function < in a neighborhood of a point >' 
numerical integration, and numerical solution of differential equations - 



Ebcercises I3.-I 

1. Ca) / Obtain a method for computing the square root of ' a positive ^yumber 
"to within .any prescribed tolerance / e . Obtain estiiaates to deter- 
■ niine ,at what stage the process^may be brought to an end* 

- ^(^\ \Use the, given method to obtain -/f aceurate to 5 significant 
figures, ' ■ ' ; ' - 

2- The idea of . using Riemann sums to .approximate- the ^integral I ' given by 
Equation (1) has. led us into formal complications* In such an approxi- 



-mation, the inte^:a.nd is approximated by piecewise .constant functions. 
Use a little more ingenuity . in .approximating .the integrand and obtain, 
upper and lower estimates for I . 'CHipt: note that 

j '■ ■ ■ — •= I and use estimates for cos and sin 

J X . Vcos J o - -/sin ^ - , - / ' 

obtained from Example 7-5(b) - ). 
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13-2 ♦ ♦ Iteration > 
Ci) Iterative 



on. • 



estimating a zero of - a function 



^ An Iterative scheme of approxlmatiori uses "an estimate of 'a nuBiber to 
olDtain a tetter one, the better estimate to - ohtain ja still better pne^ atod sc 
on* For example, consider- the , problem of obtaining an approximation to -/j 
(Exercise's 13-1, No. l) . We taiow. that a^ = 3 . is an upper estimate, for • - 
It follows that = ^' is a lower estimate-^ This suggests that we trjr the 

average of -the two in order . to improve the .estimate: 



With - 3' 'we have 



8 

.a^^ = ^ . Since 



2 1 
= 7 + 2 and a^ = 7 + = we see 



Ahat a^ represents a considerable improvement over the estimate a^ 



The 



same "scheme can be repeated indefinitely: given* an estimate a^ for -/f a 
better J estimate a-. is obtained by the recursion formula * 



(1) 



■ 8 

Tn particular, for .^j^ ~ 3" ^ "^^ obtain 



127 2 - ^ 

^2 " = T + 



us' see how good the improvement in the error is , 



2. ' : ?3o^ • 

If a^. = /f + then 



Let 



t - 



■ 1 








+ e, + — ^ ^ 


- VY 





6 



Since Vf > ^ , and- 



2(vT + e^) 



> 0 



we have 



O < 



^+1 



4^- 
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-n 



Conse/juently if is . accurate to n decimal places, that is,* e^ '< =^ — , 



then ej^^-^. < 



-2n 



10 



^-2n-'l 



2Q - ^ — , 2 " ^k-HL accurate to more than twice ^he 

number of decimal places - C3--early,' the scheme (l) *is. a veiy effective way of 
improving estimates for . ' ' / ' ' * V \ 

808 ■. 



X 



. .., .x-benftion schemes 'are -used .-to. approxiina"te -a solu-tlon of an . egviation of 

-.(a)' • • '•. . / f(3c). = o\, 

■ 3^ ■■ ■ ./■•■ .. ^ : ■ ' ■ 

.'2 * 7" - " • 

' Thi i s ^ tlie. equal; ion '-x - 7 = Oj^ can be solved approximalsely wi-tliin any given 

tolerance. t)y. ■(l) ; . . The method^^^is to recast (2) in the form 
and to lis e the iteration, scheme 

^.9^ / "^-^^ • ; ■ 

to approximate the desired, solution of (-2) ^nr? (3) . The estimate a, is 

. ■ , ■ ■ / ■ ■ ■ ■ . - . * , p k 

cff-ll ed the Ic-th iterant of the scheme* For the example r. : x x - T. ve 

• have used . 0 X ^x +^ ^) . There are many possihle vays to ohtain an ■ 

. equation of. the Form (3/) which is equivalent to (2) - ^ The prohlem . is to" ohtain 

• an iteration scheme which works, that is, one for. which the. approximation is 

impiToved at each step.^ Moreover we^ want the improvement to he substantial so- 

that it is "worth the effort' of conrputation* 

, If a is a solution of (2), that is f (a)* = O .,-:then a is also a 
solution of ' * ■ ' . . \' 

^(5) ■■ . -X = SZ{(x) = X + g(x)f(x) ' 



where g is woif jtKmfi-t.±ori defined- at a . We seek.'ia choice of "the fimc-fcion 
-SO -tha-fc *-tiie. i-teration scheme * ' V 



(6) 



converges Jffl) a , name3^> so that. « 



Furtlisrmpre, . since the only kind of condition we can iig nj^Hy impoae on the 
♦ initial featimate a^ is that it he within sdtae .neighhorhood^ of: a_, we should 

like (7) to held, independently of the -choice of initial estimate, . within a 
' neighhorhood of a' . 

■/■•■ ■■ a : V. . ■ ■■ ■ : ■ ' ■ 

■ How, let us supp<^e ' ■ . / . ' ■. 

and^ asfc izcuier what clr'cianstances the; estimate Sj^^^. Siven "by (4) is a hetter- 
-estimate of a than a^. . Set e^^ = a^ — a . The criterion for improvement 

f ■ ■ '■ ' ^ 1 ' ■ "• • • • '•■ •' 

in the . estimate 'is I^-^-^ < 1 , or - • ' 



13-2 



^+1 








1 









JzJ(aj^) - 0(a) 



- a 



•Gecxrie-trically -this cadLiseriort is -bhatjthe s-beepness (or absolii1:e slope) of -the 
chorti -bo iaae* graph y = ^(x) "between tlie poin-bs (a', 0(a)) and ^ ^(a^)) 

is less than 1- • This means that ^^^^^^^^ lies in either the right or 
left .q^Ladrant "bOTJinded "by • the lines of slope ±1 through the point 
(a ,0(aO) = (a^a) > the unshaded region in Figiire 13'-^. - 




Figure 13 -2a. 



If a lies within a neighborhood of a such that the graph ' y = iZJ(x) lies 
within this region for all points of the neighborhood thein (B) is satisfied 



not only, by • " a. 



but also, "by all succeeding iterants- lif^ 



tiahie we observe'' that the graph lies within the region for all 

' ' 0(x) - gy(a) 



■X - a • 
< 1 on 



0 is dif f eren- 
X ' in- some 
< 1 for all X 'in 
an immediate con- 



neighborhood . I ibf ' a if, and only if, 

I • ,?or this'Uf :is s-tffficient that 10\(x) I ^^ ^ , 

sequence of the ]Law of the- Mean i Finally, note if - the steepness • of the graph 
.is bounded below 1 . on I-,. - 

(9) ■ [ \ < M < 1 , 

then, for a^ « T , - * . ^ 
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13-2 



- <Mle ! , ^ 

te-l = |a --a! = liZf(a_) - 0(a)l 

• ■ and>' in gene;ral,' ■ 

^iis 1;lie i"berai;±on scheme converges aild "tiie eirror "bofund approaches ze2rd*"*gSji.- 
metrlcftmy> ■ . ^ ■ ^ 

With (io) in mind It is clearly in our interest to choose a runction £ 
in (5) "to make M as smalX as we conveniently can. First let tis jseje what can 
be done with a constant, ftmction g : x -> c . We can require that (a) = O , 
: smd if f .♦is continuoiisly different iahie this wili mean tjjat M can he held 
V within any desired vtolei^ce hy restriction, to a sufficiently small neighbor- 
hood of a * From ^(x) x + cf(x) . this yields 0»<a)' =wl + cf«Ca) , or 
•1 * . " • 

' ^ ^ " f^TaT * Since we do not know a exactly (otherwise we^ would ^ot he 

looking fo3? an apparpxlmation to ■ a ) , we .gaieraily do not know' f '(a) 'exactly, 

^and ^in fact any 'reasonable approximation, to - m ay .do f or - . c " . . T l m& " ^ 

. ior ' the. solution of (2) we areMed to the iteration js'cheme : ^ 



Example 13-2a ,. I|et us calcuJ^gf the real zero .of f : -x x"^ + x - 1 . 

■ is; increasing and th^ zero is 



Since f*(x^. ^ 3x +1 > O', the function f ; is .increasing ■ and th^ 



xtnique* Since ^ fCO) - -1 and fCl) =1 we take; a. = ^ and approximate 
.f *(a). in (11) 'by f (g^- = • Thus we-^ploy the itejration scheme. - 
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•bo obtain with, = 0-5 , ^'(0.5) * "« -.ST? 

. a^^ = ^ = 0^7 ... , f(0.7) = .043 , 



; - ' ag |^^» 0.67 ... , fCo.67) =.-.03 \ 

az3d so on. * 

Sometimes a seeaoriiigly sliglij; m^if ica-tion :wilX resul-t in a great iiirprmre 
TOnts In : an iteration^ scheme, ^ometim^s.an alfeeTpralc device vill reduce theV 

amouda't of coniputation necessary* The following example iHustrates both* 

■ ■ V » •• . . < ■ 

Example 13 -Sh . .Consider the equation " * . . , " 

. - ' * 2 *=l - 10 

1 +a-X + X +- X"* -I* . . + X ,5= 12* , " * . 



flfThgre is a solution between x = 1. and x .= 2- and -ve ngjy expect it to "be 
much closer to: 1 . We sum the geometrical progress iQ^ to recast the equatio; 
in the form - 

. 11 . , - 
Cl2a) ^ . " =12 ^ ^ 



or 



(12h) ■ ■ ■ , :v : ..f (x) .= ^ 122^.:-^ 12- = 0 ./ 
JScxa ±£ ^ is the 'desired solution,- f(a) = 0 , we. have 



' • . ,12. ; ■ • - ■ 

' -a. ■' ^ • , . . . • > . 

. . = ~Cl2a -11) « 12 . . ■ ' • ' 

or - ■ , - . - - ■■ ■ " . " ■ ■ ' ■ . ■ 

(13) ■ - ' • : f'Ca) .= 'llCia:- ^) --12 . ' \ 

Since a is 'close to 1 ye may suppose that f^(a) ^ f '(l) = -rl^ . Wi^ti 
f.*(a) replaced "hy -1^. Jn^ ( 11) this yields the iteration scheme:'^- - ^ . 

: ' .'• :• • =a3^^ - lla^4-;il ^ - - ; - 



Now ve \ise « 1 ' as our first approximation .to^ a we obteiii . JL .V 
• .Tlie Recessive iterants are. all eqxiai^to 1 and the selieiae is not useful- for 
solving the origdLnsfl problem. Whe2f^^ >ave ve _heen careless? « . : 

1X1 multiplying by x - 1 to 'obtain Cl2b) .we introduced the extraneoiis 
solution X « 1 which is close to the solution we are seeking. Moreover, 

' f*(3c> j= at X = "^^y^ -which also is close to 1 ; so the 'approximation to 

f «7ar "^^ far from the truth. ' If we so-e -to benefit froM, our clever algebra 

.and xise (12) we shall evidentlj/hav^ to begin with a better initial estimate 
• for ' a .. . ' I J 



To obiiain ah initial estimate for ' a , set x = 14- u" in (laa);* 

= 12. ■ . 



(1 ■+ u)^ - 1 



'u- 



■ Now use the binomial theorem and divide hy u to obtain. ■ 

11' + 55u +_l65u^ '+ .7. ■ = 12 i ' ■ .. ' - ,, 
-Since we expect u . to be close to zero we expect higher powers of u to be ' 
: small compared with u and we ignore powers higher, than the first , to 'obtain" 
for an ^Jiit'lal approximation ' \. « ' 

. . ^ ' ■ ^ 11 x+ ,55Uq =' 12 ■., j;. :.■ ■ ^ ■-^ . 

■ ' ' . ■ . " • ' . ' ■ . . ' ■ ' • ^ 

- ^6 ^ % -'■* * -taiie a^ = 1.02 .. Wow' we ihsert this 

.,^ue ; Ingt'^d' of . a in. ( 13 ) to^ obtain ' ' f ' ( a) 'a ly 4 m , , (NoiJe tha-f ■ there ; -is ■ 
-noT>oiiit-to-caTT7^33g^m£^ decimal; pIac^~iHiti:^^ With^his estimaf e^'-'^ • " 
rerplacing -f'(a) in (ll). we obtain the iteration scheme. . j. . . .- 

" ■ ■' '11 ' • ■ ^ ■ 

To calculate we use a log table or the LL scale on a slide rule 

and obtain successively the iterants a^ = 1.02 , .=1.0175 , = 1.0172 
In two iterations we reach the limits of slide rule. accuracy. ' ' 

. . . • • . _ - . » ' » 

- In lihis case we hay.e seen. how a proper initial estimate may be crucial, 
for the convergence or an iteration scheme.- For many cases to obtain a 
suitable first estimate is haljC the battle." 

■ ^- ■ ■ ■■ ■ - - ■ ■ ■ ■ • 

The most commonly used scheme for which the fiinction g or (5) is not 
constant is ITewton's Method , In. Ifewton^s Method g(x) '=* - — • thus 



i 



c . s: " f T^gj In. (11) is replaced "by - ^ ^ i:o give ^"the sclL«iie 



The i-bera-tion, scheme used for -/f above is. Wevrton^ s Method (l^) vith . 

One ma^or advan-tage of a convergeii-t ±n-tera"tion scheme is "tha-t i"t is \ - 
'S^3;p-correctiiig. iUitf error in compfuta-tion a-t- ariy stage , provided it is not ' 
too large, will not prevent convergence to -the solution. The conrputational 
metjaods of el^iientary arithmetic- do not have ^this. property . ^ Because of this 
property 'Slight modifications in. th^ * scheme, either ► systematic ones -or special 
adaptations made- 'at any st^p .iiL the course; of the . computation^ will not :affect 
the. outcome. For ^example, the derivative / f'_(a^)^ in^Uewtoil's Method (l^) ma;5 
"be harder td compute "than the ifuncti-on . values . In that case' it may he more ^ 
^efficient in terms, of the effort of computation, to replace :the derivative by 
-a.'differehce quotient 'as in ' 

a5) , . . . ^ . 

Any combination of 'the, methods we have described -may -al^6 be 'addp^ - F6r 

■ exaraple > ' it may. he convenient; to use* (l^^) . or (15} Until we are .cloi^e to the 

desired ^Level of accuracy .say -upi to" k. = m and :then use (ll)-^i?or -tfte final 

Stages of the computation, k. >-m . with the constant - -c- taken -as - j j l y" 

• f ^ (j 




^^m* ^m-1 ^ • 
^ or \ — ^ tia — T ^ whichever is; appropriate. 

A(ii) PI card me-thod for -the solution of a d±fferent."ia!L equa-tion ." 

< ' . • - " i 

The idea of iteration is just as important for theoretical questions as 

it is for numerical 'computation. If ' an iteration scheme converges for ^^iven 

equation to a value a in the domain of a continuous function 0 ^ "this fact 

alone shows that a. solution of (3) exists; namely ;0( a) - a (Exercises 13-2, 

• No- 6) . Furthermore J. iterative methods can be'.applied in. situations- of other' 

kinds. "Consider, for epcample, the following iterative- solutions, Picard's 

Method for the- differential equation 



■ ■ ■* ■ ■ ■ . • . • 

' E. Plciard, Frencil^ (l893>. ^ The method was. first published by Liduville - 
'in 1838 • Picard grepLtn^ generalized, the method. \ - . . ' ' 



• <l6a)- 

s. ■ - ■ . 

stxbjeet to the Initial condition 



at 



B^r^ -solution, we mean a function u : x -> y for which u'(x:) = *(x ,u(x)) 



^(nd u(x' ) = y_ ,. For the solution u .we then have 
u u • 



(17) 



/•X - . , 

u(x) = + * (x , u(x))(ix . 



This form 'of (l6.) suggests the iteration 
(iSaK 



(l8b) 



It is easy to give' general sufficient conditions on the function '<f> for the 
conyef^gence of this scheme (Exercises' ll;-M, No. I5) and to s|bw under these 
conditions that successive iterants converge to a solution of (12) and 
that -tj^e solution is. unique. For this we^^need some of the ideas^p^^^tJhapterj^a^ 
1^- Here we. use the -scheme to prove uniqueness for the solution under the 
condition that the- derivative he hounded stated in Section 10-9 (p- 625). 

^ TEEOIffiM 13-2 . - Let ^Equation (l6a) he separable, > -(x^y) ^ f (x)g(y): . If f . 
is Continuous on a neighborhood of x 



and g*' . hound-ed on a neighhor-v 
hood of^ y^ , then there^ is 'exactly one solution 'u^: x -> y^ of (l^ 
satisjfying the initial condition ■(l6h) in*; a'^nei^horhood of. x^ 




"Ppoof ^ Observe that we have already demor^stiated the existence of a 
solution (Theory 10-9)^ the onl^r questio^ is t^^rt^ of 'uniqueness - Let u^ 
he an approximation 'to a solution u on a neighborhood of x where for 
the error "a, (x) / we* have * V ' 



(19)' 



nov 




. - ^ • Ji * 

where tj is -a mmber l:>el7ween xij^Cs) and u(|) aecording to "blie Law of -tlie 
Mean. Now since^ Uq is continuous and satisfies the initial condition (l6bO, 
then "^^1^(18) uj^ is* contiiiuous (since it is dlff erentiahle) and also, satisfies 
(16^) for k > 1 . From the continuity of u and* there is a neighbor- 

•hood of ■ x-j where the ■values of both, ftmct ions lie within the neighborhodd 
of where g'Cy) is "boimdedf hence^ Z^iyd lias the ^seune hound. Further-^ 

more^ the neighborhood of *c^an be taken within a closed indberval 'whfere 
f (x) is bounded. Consequently;, on some neighborhood of. x^* wet majr, satisfy ' 
jftx)g^(Ti) l <M . We may also reS|triot this neighborbood so that (19) is , 
satisfied and so obtain 

(20) 




in ordeir to guarantee a reductlcsa in the error we need only reguii^e 
- '.Xq-Ix < r < 1 ; ^hen''^ . / . '.^ -V/. . ■ 



(2U) r ^^-^y'< 

wh.ere is the .error tolerance for the initial, g^j^roximation (thet^PKails 

.of verificaljion ar^leftsto Exercises. 13-2,- Uo. 7)^*^THus on some interval 
abpo^t Xq , the iteration scheme converges for each yaliie of x . to -u(x) • / 
It follows that there can only^bie one solution u to (l6) under^ the hypotheses 
of the theorem as- we now prove. ^ L'et^ I be a neighborhood of Xq where u 
and^ V are solutioi^ of (l6) and where the hypotheses of ..aie theorem hold for 
u (in- particular, that . g*u(xj : is bounded) . Since both u and v a^ . 
solutions .we have proved -£h^ - there is a nelghboarhood of x^ where the * itera- ; 
tion scheme (l8)' converge^ to^ u.(x) ' and a ^ighbprhood /wiiere* it converges to . 
v(x) ; 'hencS on the; smaller, of ; %hese neigi^ say- J , .the iteration J 

s chemeL converges to* botb u(x.) . ,a;id v(x) ; hence, on J , u(x) = v(x) . Now, 
if . u(x): 7f 'v(x) ^on 'i . there .must ..b^' leas^^n4 point .^ '^ irr I such^-thal 

u(|) If some .su^hk pbint . exist J witir | !> Xq , theif' consider 

* .J • . " ♦ ' * ■ .^■^ '. -~ . ' . . ' ' ' ■ 

(22:y 4 • ...A .x^ -= 61'b"g : u(6) 5^ v(r)-. and ;| >-Xq} -. ^ ' " • 




Ve -then have . x^> :Xq since we have f otmd a neighborhdbd J of vhere 
u(x) = v(x) ' -Pvirtherniore, ^ since I con-tains at least " one point .• 

•6 > 3Cq where u(-t) v(| )- , and since x£ is the greatest lower bound of 
the s<et of such ixsints. Becaxise u and v are continuous and u(x) = vCx) 
for X < , it follows that tHe two -are equal at - x. = \ say 
^1 ~ ^^^^ " "^(^^ • . Further, since I the 'hypothesis* of the theorem 

holds there. ITow, .u and y are hol^ solutions of ~(l6a) satisfying the 
initial condition y = at x = x^ ; hence as we have argued above u:n'= v 
on some neighborhood of x^ Hence calmot b^ the greatest lower bcsljnd 

defined by (22 We conclude that u(x) «=' v(x) , foiL^ > x^ in I and by 



a similar argument that' u(x) = tcjCx) for x < Xq on I .. Thus u 
are the -same. 



and y 



Exercises- 13-2 



1* Devise an liberation 'sche^ l^or any/ positive A . 

. Show iKJw; to^hoose jin initial.^ "fest'lmate 'for \^ so that" the scheme ."*- .- 
converges ^anci, verify that "tlie- .error can be brought .he^w aiiy' given * 
■ - tolerance.-, " ' ^- . ' \ 

,2*- /(-.av^ ".An iteiration scheme Is;' called; ^ternat ing if , the error changes ^^^^ 
P^y each iteration. _ Since aror tyo' conse'ciitive ■ iter^ts^*-^^ 
- the solution from aVove; and belov^ the^^liier of fln/fli -h^-mfl-hing * 
. >-*; - '^ ^schemeVis that'i^ peimits an estimate of "th^^error with^^ a sepaa:ate 
' / error analysis.. ' Find a sufficient condition, that a convergent itera- 
. . tion scheme be alternating. ' \ ^ ■ ^ ^ - 

(b) ConstrvLct a convergent alternating scheme for calculating vS" \ - 

^(c) Use the alterrtating scheme obtained in -Part (b) t^ calculate 
.. accurately to two decimal places. . 

3» Obtain 'an iteration scheme for ^ , demonstrate convergence", and' * 
.estimate t^' eirror in the k-th iterant.^ ' \ 

, (a) Prove the following theorem. &upp<*e f(a) = 0- If f has two - ' 
continuous d^Jdvatives ,on<ji neighborfiood of a and if f ^ (a) ^ O 
then Newton^ s Method {iKy converges- if the iQitial estimate- is - 
sufficiently close to a_ . (Hint: use the Lav of the Mean Wice ^ . 
to approximate fC^j^) as^^fbr the tangent approximation, Secrbion ^ 



("b) Show ^ttiat Newton's Method is monotone (the error has constant sign) 

• , .. * * • 

if -in. addition to. the conditions" of * Part (a), f"Ca) ^ 0 . 
Obtain the ^greatest, zero of f to 3 decimal places, where 
Ca) .f(x) = + 6x. -^9 ; •''^ . ' ' ' 

(h) fCx) = - i^x^ + if X - 2 ; . ' : \* 



(c) f(x) = ^ x^ = US 



n=0 

Show if the iteration scheme {h) converges to a mmher a - in the domain 
of , and if a . is a..p6int of contifniity of , that , a ' is a solu- 
tion of 1(3); th^t is-, 0Ca) a • \ . . ' - . 

Verify ^the error estimate (17) in the'Picard iteration scheme for a - 
separable" eqxiation -under tile conditions of Theorem 13-2 ♦ ■ , 

Consider the differential" equation , y' = lioc which has more .than one 
solution • -a. : x y satisfiring' the initial condition u(x) =-0 '\at 
X = O , for exan^le, u r x— and , u : x 0 In view of theorem 
13r2f/ how can this be^possible?. . - ' , ^ 



13-3 



: 13-3 • Taylor's Theory - vlth Remainder . 



In Section 5-7 we .considered the tangent^pproxi mation to a ftinction ■ t 
in the neighborhood of appoint a ; namely, as an approximation to. f we took 
ibhe linear jfunction . * 

• > . . ■ - ^ ■ ■ - — ■ ■ 

: f ^ : "X ->fCa) + f'Xa)Cx <- a) . 

vhich has the same value and slope as f ^ at a . We may reasonably suppose 
that, a runction which has the. same derivatives as t .'up to n^th order*, where 
2^ ^ 1 > is a-'betfer apprpximation to ^ • inr some.< nelghborhpod^of . a - (It is 
'conv.cnie!fit in this contexrb to , call f(a) the, zero-order 'derivative of f and 
^e shall- frequently write .f^^^(a) for fCa) ). We consrider such an approxi- 
mation in the form of a polynomial function 



(la) 



n-* 



=0 ^ 



c^(x - ay. + .CgCx a)' 



+ .-.♦+ c (x - a)° 
n 



.The n + 1 • conditions > f^^^'Ca) = f^Ca) , for .k =rG , 1,2 . , n 

de-termine- the n + 1 coefficients c^^ : from-. 



.,.f/^>(x> ..k.c^^^ %plL ,^^Cx - a) . ..^^^ - a) 



n-k 



rwe have^ on setting ' x = a 



ki •» 



(k ■= 6,l.,...,rf) 



Entering these expressions for the coefficients in (la), we obtain 
(2) tAx) = f(a) -H f'Ca)(.x - a)' + £^£lcx - a)2 + ., + . 



Z f^^^Caf/ xk 
k=0 ■ 



the so-called Taylor poiynomaal of n-th . order" at -a ^ \ ' 

In Section 5-7 ve obtained an. estimate of the erroi: of the tiang^nt' approxi- 
'mation in terms of a bound on the second derivative * ' :. For the •apprpximatipn: (2)?^' 
we obtain" an error estimate .in- terms- of a bound on the (n.^ +1) -th*. derivative*- ' 



'Brook. Taylpr, English 16^5-1731. 



THEORai 13^3 . (Taylor ■»s Theorem) ^^et f be a function Vitli n + .1. con-' 
tlnupTis deriva-fcives * on the cibsed interval I with endpoints a 'and 
•b .* If If^'^'^^^Cx)! <M^^^ on I , then . . ' • 



. O) f(t) = f(a) + f(a)(b - a) +* ... + i^^b - a)," + Ej=b) , , ■ 

vhere -the remainder R ("b) is iDotmded "by / ■ 

Proof • For the proof we use the method already employed in Example 7 -5b 
to approximate sin and . cos and in Section 8-6 to approximate the exponen- 
. -^tial function, . Suppose h > a > (the proof for h < ^ is left to Exercises 
13-3, No,. 5). We have for x e [a,t] , . • ' 1 

(5) ■ . -M^^<f(--l)(x) <M^^^ . 

Integrate from a to t in (5), where t «- [a,h] ^ and apply Theorim- 6-4a 
to obtain ■ ' . ' . * : 

-M^^et - a)-< f^"^(t) - f^^'.^Ca) <.M^^£(t - a) ; ' 

whence - 

.... ■ ■. ^ . . . . - . - . . , - ,. * . 

■(6>;, f^^^Ca) M^:^Ct -.a) <f^^^(t)..<ff°^(a) + M^^^(t - a)., , ' ^ 



Now integrate again ftonj" a ,to x ^^-i/here x «- Ca,b] , and?o"btain similarly 



(7) fC°-i)(a):+.f5">Ca^ 



2 ^ 



; : • - <f^-^>Ca) 4::f^^^(a)Cx - a) ^.M^ ^^^^ . 

Note that this is . Jixst the -tangent approximation -f or ff^""!) ^ If we set . - 
n = 1 in (7) we o^btain a ^harper estimate for the tangent ^t^jproximation :KIle2X 
that of (l) in Section 5-7jr namely - . ^ ■ ^ ■', . ■ 

.(8) • ■ .1RlCx)]..< |-^M^Cx-- a)^ - , - V . ' , ..V 

Wei may -integrate re]peat€;dly^ i^ the game', way to obtain higher order 'a^proxima-- 
tions from (5) " and to obtain^ the- gresult" of the theorem. . The completion of the^ 
proof by mathematical • induction is left to Exercis'es 13-3, Number 5I . 



Example. l^-2a. We calculate Vl-Ol accura-bely to six' c^eclmal places* 
this use the function T : x Vl + x with x - . We have for the 



For this __ - , „ - _ _ 

lOO 

successive derivatives 



2V1 + X 
,8(1 + x>5/2 

Observeji- since f»"Cx) is decreajging that for x " >-^q^ > 

Consequently, jR^C^) [ < -g^-i-) 3 ^ < ; - ^j^^ second order approxi- 

mation ^2^15^^ 'yields tiie desired accuracy. We obtain 

^. ^-^."I^l50> -i<107^ - ' .'- 

\ , . a. 1.001*9875 "V^ - . 

Bound -off in the wrong direction would create an' error of more than Ka Tf a 
unit, in the sixth decimal place. At this point we do not know wiiich way to • 
■ round off becaus^we do not know the sign of the error. However, observe that 
v^^lOO^ ^ ° * We. anticipate that ^^(^Iq) i^ a better approximation than 
^25io6- ■* "'^^^^^o^s-'w® 2:o\aid. -upward, to obtain ■ " . 

•. - • ■•-•^VO^ .ar i.Q04988 . ■ .• ^ :■■ 

The proof that this is_^ correct is • left to Ex^cises 13-3-, Number 6. ■ 

Example 13 -3b . Next we show how to approximate arcsin.x . . f or siniill 
j)ositive valuers of - x It vc^ild he possible to calculate the -successive ^ 
derivatives of arcs in x and use the theorem directly.. We shall -proceed- * 
slightly differently and use 

../*.■ . . ■ . ■ " ■ ^ ■ * ' . 

• •.; ■•" : ' dt-'- 

arcsin x 



'J 0 




.2 



;t, we apply Tayior^'s Theorem to 



at u = 0 .For the derivatives of .u we have "suqcessively 

2,(1 - u)3/2 . . ^ 



- (k), V . 1 - 3 - 5 (2k - 1) (2k)*. i 

, ' _ \ -2^(1 -..u)^2k-KLJ/2 ; kT221C'(i . ^5(2k+lJ/2^- . 

Since g^^^ /^s increasing ve see that the maximum on [0>ii] i|^ -reached .at 
u • It follOKs that 

' jo (u) 1 '-l -'"? (2n - l)(2ii ^ 1) > u^l^ 



■where 



- 2 - t t;.., 2n. + 2 .(^-. ^^n+l 



" • ^ • . . . ■ ■ ■ * 

. Wow restrict u so . that . • 




^ . /hence . it - u > — 

\. .. - r ■ 



This will occTor only iiP* 'u < .5- ^ /hence . 1^ - u > . Under this condition 
then. 



(10) ■ ' ■ lQ^(u)*l <^ r^^^'< r''''- 




and -the remainder: can "be "t>raugh-b "below any "toleralice for stiff icien-tly large 

> ( 



n . Subject to (9) we then have, with u = t , 



13-3. 



Since ' ■ and the - polynomial g (t .) are "both integrable .it follovs by 



Theorem 6-I4.C that. is^lntegrable. We integrate frocn O to x , where ' 

Ixl < ~ y to obtain . . 

n 



arcsin x = > ^"^^^ ' ^ ^ + R (x) , 



where, ?rom. (9) and (lO), ' _ . / ; ' 

where we have used 2 upper- bound for — on [Oj,x] . Sharper 

1 - X ' " ■ . ■ ' — -M - t , . 

errox estimates are possible and * |r^(x)| can be made, less, than any tolerance 

Tor jx| < 1 , not Just* jxj < 5- , by taking n large enough (see Exercises 



2 

l3-3> No. 9):. \ y * ~ . ; # 

-The preceding example . of fers an instance of the representation of a . 
fxmction in a neighborhood . of a given point as the liniit of its Taylor poly- 

ncmiials at the point- If we can make the remainder R (x) smaller than any 

. / - -y n 

given ^<Sierance for each point x in some neighborhood of a simp3-y by 
taking . n large enough, then ' • _ 

(12) • ■ TCx) = lim f^.Cx) = lim Y" ^^^^^x 



k=0 



In that" case we write- 




(13) fCx) ^ Y^ d^i^^ - a)^ . ■ • - ■ . 

n=0 1 . ■■ 

= fCa) -»-f^(a)(x -a) -t-^l^Cx - a)^ + . + '^^^ (x - a);^.+ V , 

where by the infinite* stan. in" (13)' we mean the limit" of the finite sum in (12) . 
The sum. in' (13) is - called the Taylor seories or Taylor expansion of f in the 
• ' neighborhood . pf ■ a v- Taylor did not obtain an estimate of the remainder as in 

Theorem' 1373 J but described the technique of expansion* Expressions for the 
. .3rematnde2r*.were first given by Lagrange and 'CauclQr (see Exercises 13"3j Wos* 8 
and 9) •: We shall' postpone the geneiral question of existence of a Taylor ex- 
. ■:pansipn.:to Chapter l4 where we. develop better methods : of handling the issue. 

ERJC- - ■, ■ - 



Exercises 13*3 




Hov many terms of the Taylor expansion o£;< Vl - x in the- neighborhood 



of X s 0 should be used to give ^ - .accurately to five 

decimal, places? . t ' *' ^ , 

to three -decimal place acfcuraqy; 

Give tan ^qq accurately to 5 declmaly^Lj^ces . 

Give the third order Taylor polynomial atVx = a in each following case,- 
Obtain a formula for the general term if you perceive the pattern. 



(a) VI + X , a = 0 (f ) - liog x a = 1 



(b) x^ , a = 0 ' (g) , a = 0 > . ^ " ' 

\ Vl + X 

(c) tan x' , a = 0 (h) . slnh log x , a = 1 

(d) . ^ , a^ = 0 . ^ (1) .+ 7x^ + 5 , a = -1 

(e) s-^^ , a = I" Cj) log cos x , a = 0. 

(a) Complete the proof of Theorem 13-3 induction for b > a • The 

case b = a is trivial- ^ . ' ■ 

* ■ <■ ■ * '■ ' ■ 

(b) '* Give the proof for the case b < a ' 

Show if /f ^^."^"^^'(x) -has constant sign in* the interval* I of Theorem 13-3 

then the remainder 5 (x) has* the same sign as " 

n --^ * ' >. -o - . • 

^ * 

In Example IS-S'b we foiyid approximating polynomi-als foi^ arc sin - We 
did not actually prove that these are Taylor polynomials by verifying 
that "the coeff icienjp satisfy (lb) • Show that these are Taylor poly- 
nomials by, proving the following general uniqueness theorem. , If f "has;, 
n + 1 continuous derivatives and there exists a neighborhood of a where 

: f Cx) = + c^Cx. - a)- + ... + c^Cx - a)^ +^Q^(x) 

where |Q^(x) | <-K^|x a|^"^-^ , tben 



8* Lagrapge, obtained a f orm .of the remainder Rjj(>) In (3) vlalch' generalises 



^the Lav: of the Mean. • For this, apply the Law* of the Meaii the function 

on the interval Ca,b3 with, the constant A chosen so that 

S(a) = 6(h> = f (b) and verify that-A = 7 ^ , S j f^ where g " lies 

between, and, b . Thus the Lagrange form of the remainder is^ 
^(n-KL)> . ' 

Rjj(x) = (n + 1)! ®^ What conditions ' must f ^nd its deriva- 

tives satisfy for this result? 

(a) Show *ha1; -fcTae remalndej- in Taylor Theorem can be T>^-t-fcen: in. "the " 
. ■ . '■ form ■^■ •• ■ .- . . ■ 

" -h 




wlaere it 'is assumed, that f has n + i continuous derivatiws. 
(^[int: usife • induction and integration by parts. Compare (Jhapter 
10, 'Miscellaneous Exercises, No. 20.) 

(b) From the integral form of the remainder obtain Cauchy's remainder 
where -u lies between^ a and b . . \ 

• ' • ° - ■ . ■ . - . 

. (c). Use Cauchy^s form of thel remainder to prove J;he claim <>f th,e ,text 
'for the Taylor expansion o^ arcsin in Example I3-3, that ^ 

- lim R (x) = 0 ^for Ixj < 1 . ' * • 

• ' . 

' ' ^ ■ . . ^ ■ b 

10. OJhe eccentricity^ ^ of an. ellipse is. given by e =1 - , where a 

.... V ; ^ . ■, . ■ ■ ■ ■ . ■ ' a 

■ is, the^semi-major axis and' ;b the s^mi-minor. axis . The circle, 

a = b. / has eccentricity" e- O thus •e measures the departure from 

circular symmetry. Obtain the arclength of the ellipse in the form 

s = a f (e) aiad expand f : in powers of e to sixth order.- (As we 

mentioned in Section 12-4(111), the Integral for the . ar clength of an 

ellipse cannot be .written in terms of elementary ' funct^^fe. The -solution 

of this exercise yields . precise estlmai^s- of the arclength provided the 

eccen-tJ^icity is. not -boo large.) 



o ■ ■. . ,.- 825 ^^r* ^ 
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il« A function f is said to have a zero of ord>r at. x = a i:^ ■ 
O - f(a) = f;(a) = f"(a) = ... = ftk-lj^^^^^ ^f^^^a) 5^ 0 ; the 
leading term, in the Taylor expansion of f . at^^ a . is then 
f^^^fa) k ' 

— — Hx a) :/ . Prove if. f has a first ordei*^ zero^at x = a ' . 
•then, the function . g S^^^^ '^^ "s(^) = L'fCx)] ' has a zero of order 
n • (Hint ; Use the Lagrange remainder of. No.* 8 Tor f " 

12 Two coirves are said to have a contact of .order ^n a,t a "point if" n 
, 1^: the largest integer for. which the cuirves have parametrlzations 

.,X..=^'r(t) ^ = qCt) > respectively, \fiLth ^ "^^ > ^^'^q^ ^.^{"^O'^ such that 

; ?'CtQ> 7^ 15 and q^Ct^).^ ^ and r^^^(t^) ^^^^(^q) ;for k = 0 1 , ' 

• , n.^ and . r^'^'^'^^^t^) q ; (t^) . • 'Taylor's Theorem can easily be 
extended con^ponent-hy- component ..to vector J^mctions so tha'E' this condi- 
tion may also he given in terms Vof Ta^or polynomi a j-s as before* 

(a) Prove that if t is replaced by an equivalent. \pa35ameter,, the^ order 



(b) 



of contact is unaffected , 



Let s and a be arclength along the , curves , X = ?(t) ' and. 
? = 3(t) • Slaow if the' cuorves have contact of order ^n as 
defined in Part (a) then the parameter of Part (a) may be. repla 
by arclength; i.e., for 




( t) |dT - and Q 



q'Cx) IdT / 



we have 



and 



a=0 



where k = 



, 2 , 



ds 



n+1 



s=0 



der 



CT=0 



•(c) / Show -tha-t *lie curves y = t(x) ^ and y = g(xj ha-ve*a con-tac-t. 'of 

■ order • n a-fc x = a 
* " , n+1 a-t ■ a . 



if^ and only if, f - g has a zero " o^^ol»^r 
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13- Iniflnlte order of contact at a given point does not necessarily Imply 
that the two curves coincide on any nelghhorhood of the point • Show ^ 
that the curve • ' 



e"^/^ for . X O 



O , for- X = O ' ' 

w ■ 

has a contact of Infinite order with the x-axis at x ~ O 

Xh^ -"(a) .Show that .:^he oscxiiating circle to a curve at a given point ha& a 
' -contact of order 2 or more. \ .\ 

(h) Prove that if an osculating circle to a plane cuarve has a 
' ' . contact of order 2 then it crosses the cxrrye at the point 
. of contact. 

15, Given y - f(x) and y = g(x) have contact of order n at x = a . 
and g'^'^^^Cfe) / 0 > prove that ' . „ 

2.6. In'the .liglrt of Ifumbe;r 15 calcijla-te the i^olloving Ximl-ts. 

(a) Xlm " ^ '■ Cf ) 11m (x - )r)tan I ' . ' 

. 3t>-l ^ - . . - , x~ir ' • . 



X - a 



/ \ X - sin X 
(e) lim ^ 

X--0 sin"^ X 

17. If f - s has a zero of order n. at a we say that - g(x) approximates 
f(x) in the neighborhood of x = a with an- error of " order .n • We also 
say f(x) = g(x) A(x - a)^ plus terms of higher order , (fiere 

tet s^ , ^2 ^3 ' successive sides of a convex qoiadri-. 

lateral. An ancient Ifeyptian document gives as the formula for 
the area of the quadrilateral * , . 




ErIc •-• .: . , *. ..'ssT 



X + 1 



This formula is correct for rectangles but is not generally valid. 
For a quadrilateral with two - 

• o 

adjacent perpendicular sides 
of length 1 and two ;other 
sides "-of length 1 + pc , (see 
figures What is the order . " ; 

of "the error of the 'Egyptian 1 
formula in the neighborhood, 
of X = O ? 

(b) Let -s: be the arclength measured f rom . to X along a plane 
,carve, DetermAie the order in ■ s to which the arclength is 
Approximated, by the ?jhord length ^ / = |x - X^I^ and- give -the' err| 
to lowest order * . * . ■ 




i 




■ 1 64 
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13-**^« Numerical . Integration « 
(i) The Rectangle Rule ; 



. In 'Chapter -6 it was "Stated that the integral of a function can "be' defied.;"' 

♦as the lliult of Riemann sums* This idea can he used directly to. es1:Jitiate the 
'integral, hi^t we shall see thai: it is^ easy to refine the . idea ■ sp that yitli the ■ 
same data and>with USfetle extras computation we may ohtain much better estimates 
. o^ii ^heL^ ntegral'T^For a function f d^^ined on '[a^h] the given data comprise 
*the blues' of the function. at the points" of a partition {Xq^x^, . . . ,x^} of ^ ♦ 
. [a,Tb]^.' For" simplicity, .-fre require that the partition points he uniformly : 
spaced:' .. Xj^- 5 a + kh', .(lc =_,0,1,2, . ,'n) , ' . ' ' 

■b Va " ■ ' ^ 



Let ' the' function 



whefe h = 

values at the partition points he. 



/ 



We nifciy approximate^ 
hy the Riemann -sxam 



1 



h,/ ^ 

■f(x)dx 
a- ,' . 



k=a' 



k=l 



a = X x^ 



X ,= h 
n 



Figure 13 - 4a 



, This ^mode of approximation (the so-called ^* 
Rectangle Rule ) is tantamount' to approxi- 
mat ion of *the integrand hy the piecewise .. . 

constant function; " f : .x' -^*if^(i^) \ for ^ ^ ^ £ ^ • ^ otd'er' to estimate 
the error of the approximation, we use Taylpr^.s Theorem. ■ For-the^approxima- 
. tion f ' we • have ■ ovfr one interval of thre ' ^uhdivisioil . . > 



f (x)dx = Jiy^^ . 



•For . the .exa cf integrand , we have 



J 



f(l)dr =,f(Xj^)(ij^ - x)"+ Q^(x). 



where ■ |Q^(x)| '< "g"^^ " J here is taken as an upper tiound .^or^ 

|f"(x)| or. la,^] ..' Replacing ■ x by. Xj^^ in this r^ult 'we hiave 



829 iys 



where - €. ..is quadratic or higher order, in • h , 



Stmmiiag from 1 to n ve oTsxaln, finally 

f Cx)dx = h 

l£=l 



J fCx)dx = V + € , 



where € = ^ Satisfies, fej <^ < 



k=l 



'•^" b - 'a . 



(11.) 



hi < 



(•b ^ a)^ 



.2n 



(il). The Trapezoid Rule ^ 

,■ - - ^ ■ ' ' . ** 

In ' con-templa-bing "the foregoing/procedure ohserve. first that it -does 
' ' ^ ' ' \ ' . " . ■ ■ ■ ' ' 

'.^not make use of ..all the given, data (the value does not ;appear in (la)) 

and also to approximate/tbe graph of f on a suhinterval.,T)y:. a horizontal Une' 

seems rather crude. Iiistead ve now approximate 4he- griaph'-hy its chord (Figip^e' 

l3.-^(h)) on* each suhintei'val.of the partition; that^- is. ^ v6 approximate -f ' - ■ 

hy the piecevise linear fxinction / f ^ ^ 

given hy* ' . ^'-' ^ . \t 



for ; ■ X I^^^i^^^ii.*^ integral 



of ; " f: ' .3^e *.have ; t 
1^* trapezoidal" iegi 




of the.. . ' 
er the chord: 



• ^-1 




V; Tb' e'stiiriate .the*e^ of approximation in (2) we^ form the. -Taylor e^ansion o^ - 
the original integral at * 
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. . 2. 



where y^^^ = f^^^ (ic ) - . ' Next we-- insert the Taylor -expansion 

*■ • . •. • ■ ■ ■ " ■ . -y"- .■ • ■ .■ ■■ ' ■' ■ 

'ijx (.2) to olDtain . ' ,, " . > * . - 

: ■ v .. ."^-1 , : . .. ■ ■ 

From (3) and - (^}^ on neglecting, terms of order tiiglaer "^han 3 , "we get tbe 

■■ ■ " ■ . . ■ ■ ' . - . 

error estimate 

(5) ^ " J f*(x)dx - J . rCxjdx 

Wi-fcli ishe aid -of the in-fcegral J ^a iui ^for the Taylor -cfinia 1?^der CSxercls es ' J-S.^B 



; Ko« 9 (a) ) i"t can* "be^proyed . that 



W^'h^- 



-(6) • . ' : : , . 



12 



. ^.v^where ; is an upper iDOund for j'f " C^c) 1 on ; 'Ca^"b-1 >^ the proof is "left to 

Exercises 13-1^-;, Nuniber 5(a) - Sunnning, Ve ohtain from (2)^^,^^):, and^ (6) : 

. where e = e^^ ; this is the Trapezoid Rule for numerical integration . 

Prom "(6) we have ■ ' 
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For. sufficien-eiy large n we see -that the trapezoid. 2^ represent a con 

: siderabie ia^jrorv-e^ Rule given in Cia) » ' 

• V ■ ■ ' ' -i ■ . -■ ■ ■.. y --f' . • ■ - ■• 

.. (iii) - Simpson's Rule" . • • • ' 

■ . ;. ; Si^ce appi^ximatibn to "the. integrand "by a piecevise lineaJ:, function will 
usiially; l3e^.s«perio^ to approximation hy' a pieceikse cbnslito^ it is 

iiatural 'to proceed fixrther and .see yliat inrprbvementr will he :^i2iVd .if .,- 
^ Integrand is apprdxiinated hy a piecevise quadratic function. To determine the 
ijii^e coefficients -of a quSrdra^ -we need three conditions. Thus 

use quadratic polynomials whi^ take on the same '.value as f at . three . * ' 
^successive partition-jKJints to approximate f on two successive ' intervals, of . 
•the subdivision (Figure" IS-rifrc) - Foi'-.i- ' : '. 

that reason we -subdivide; Ea,h3 into " 




etn even .humher of subinteirvals . On 
. the successive pairs of subintei-vals . 
• we approximate f ■ "by 

:'f^:^^^^ ^i,^C^ .^).^ ^ ; 

■for x^_^ < X < Xj^_^j-, , :T^here..:- k " is 
odd.- From .jthe conditions . " . • 



- f (x) 



^K-1^ 



ve have 



= y. 



:+l 



) = y. 




k+l 



k+1"^ , 



(8) 

Consequentry y 



i' ^ ^^^k^i - 

'^k =- ^^k-Hi - ^k-i^/^h • 
=k" '= ^k • 



f-*(x)dx 



^-1 




c^3dx 



-13-^ y 



t9). 




( compare .Exearoises 6-M, No . H) . 



• ;.'^ T<>. .estim^tte error of approxlronit^on ■ Ve Tise Taylor expansions at: 3^ 
We- wrfte -ldae*. ojjrigplnal- in -the 3f 01m' • ' _ 



; V -to ■ obiiain 



•^3■ 



• For .'the dEtaacliipn values yj^_^ and Yj^^j ye liave -the Q^ylor. expansions 



'3E-1 



and 



• From "tlaese .ejqpansions,, we pb-bain' 



tf^k-i ^ .^yk ^.y-k+i-' =^k^ -f -35- 



Conrparing (lO) and (11)^ ob-baia* -the error . es-bima-be 



r ^+1 T^+i 



k-l 



f Cx)dx - :^(x)dx 



vbere ;-teims :of order higher -than 5 a^re neglectefl . In fac"b, i-fc can be shown 




1 



90 - 




vtiere . Is ajr^upperj^ |f Cx) Jv on. { a^til *> (Exerci8es"l3-ji, Ho* 

^(b) )>■ VSnmm-tDg 
^ Simpson^ Rile , 



5(b) ):»^ VStunmlng^ -t^e ^ successive pairs" of /subinteirvTaOLs^ ve * their olDtain. 



, (l4a)or J 



a 



?. , . (iy '. everL 



180^ 



n 



'Formula- Xi^b) /reyeaifffa remarkable fact^ "^.lif -tfe integrand f(x) ' were 
i:W.c poirabmial ^we .vbuld e^^ect' zerb' error because we used: quadratic 
interpblati^ to 'approximate, f. • ' Uote, iii ' additibn^ that i;f f is a poly- 
noiaiai function of degi^ee ' 3 .then, f . is'., zero and .w^may .take M^^ = *b In 
Cl^b) . Simpson rs Rule yields; more than we might " expect Jj" it is exact for 
third" degree polynomials* v ;y 



. /, Evidently, -we- could ^gb beyond Simpson's Rule and use inteirpolation .pply- 
npmials of higher degree j^hfifn two to approximate the integrand. . ' / 

• An ^interesting theory ^ extends the methods developed in. this section and- 

it ;may be found in most of the introductory texts on numerical- anstlysis* 

' * , ■ ■ ' - . - " 

Example 13-4' > Now let jjls compare the methods we have developed by 
approximating , log 2 = . For simplicity wfe subdivide the base 



interval % [l,2] into . only two equal parts, ■ by mean3 of the partition 

■ ^^" .' 2 ^^^ ' . tiave , yo-=^ ^ ^1 3 - ' ^2' 2 * • Applying, the." R^^ 
Rule (ia ) we ..obtain , . . ' . 



For example, see Hefxrici; T'* ELemen^s^of Humerical . Analysis ^ Wiley, 
Kew York,' 196^* " ' ; 



log 



. ' ^ f rom -tlie "^^jT^oiii ..Rule- XTf Xi we -.have r \ * ■ • 

■ ..;..^-..,v.. . .io& 2 :«;k|.-h| + |o « 1708 -. . . . ...V^ • 

f iBal2^•;^^^S.^ttpson'.s Rule (l^va) yields . . , ; ~ ' ; • ' ■ - • , 

^■•^■-•^ - -'V'^^-^. .^-V - • ■ log 2 - |C1\V|; + -|) « .69it • .- ^• V^ #S^I--'-- 

. 'v-FrdBCi a .table: or'.na-bTiral logaz-i-bhms ve liave, to five decimal plfice a'cctirat^ 



r *\'r^ibs .2- = '^.^^315-. . ( • ye" ;es't1 mR-be -bhe " error • In Simpson' s Rule - usiiig 



^ This error ; es-bima'be is plainly "boo large- A more realistic esisima-be of'/the 
error is:*6htei4ied^if ..(12)- is- used f b error calcula4;ion; instead of '.^13). 

Talcing ' Vq ^ — \ ^ » '3 .2 - in . (12) , we .obtain € « "Although^ 



of (12') generally gives a lyett er" est-f mfite 'bf., the . error tl^tn . C 13 ) the, , method " 
' - : " ' gives" no clue as - to whether ' the '"^rror is :pver Jot^ underestimated. " 

: " ; -A. (iv)- . Stirling's Formula . ' ^ ' . ■ _ ' . ^ ' ^"- 

We have already taken note of the prodigious 'rate of -growth of . nT -The 
computation of nl as a product*,* 1 -2 r3 '"^ •••.n. also grows . in difficulty 
. " extremely rapidly with n * . Earlier, we established an upper houndJfor nl . 
(dS) of Section 8-6) which, can be" calculated easily with the help of a . table 
of logarithms . Using, the idea pf numeric^||garbegration. we. can ref ine, the 
■ estimate-^e have already obtained to get^&asymptotic approximatiqp, to nlr> . 
the remarkable asymptotic forimala. of Stirii^ 

In order to approximate ni using integrals we first conveart the scroduct 
to a sum by taking the logg^ithm: . ^ " ■ ; . 

. log(nl) '= log 1 + log 2 + + log n . • 

The form of the. sum suggests approximation by* the integral" v^.- -'. ' - 



Jn \ • ■ ^ . \ 

* log^x'dx -^ n iog-n '---n"+ I "'. 
1 " ^ . 

S*ince^* 'J-og-^: -is 'increasing the : integral -is bounded 'by lower and upper 

- -. ' / ■ - ^ 

Riemann sums^^as follows,. 



As 



ERIC , 



. ■• ■ ' ^ ■ . ■ ' .-..>' ' .. ■ 

• . • - - - , * ^ . .. .. .. if- ■■ 

^ •." : ■ ■ -n-l ^ n.-..'. ■ V 

, ' 5^ ^pg ^ < log X dx < y log n . 

"Prom (15) ve •bhen.-have- " " • . 

. . * ^. . . . 





: This- is a somewlia-b shiaar^perjr^^ (13) -.of 'Section-. 8-6 ♦ ^ ; - /. ■ 

We pefiiie (16) by: usl^ Rule. -Since^1;'iie. grapiT^/y log x : 

/ ■is/ flexed downwafe, its cIiords\,lie tb^^ "blie :grapli, -and '-bhe ^rapezoid-Ruie 
: gives an tinderestJjm ' ■ ; , - ' 

- ' ■ • ; .+ 3 + .-^^ log(j;i - 1>;+ i^-i, ; ' ' 

> log nl - 12|_^ /^ ■j'^ log ^-.^ ^ - - ■■ : \ /" ■ ■ ^ ' 

. Consequen-tly, . , . - . " . 

■(17)' ■ nl < ev^ • • 

In a similar fashion .it is possiT^le -fco' ©"btain a lower es-bimate for nl of the 
/ " \ ■ - " ■ - ■ ^ . ' . ■ .■ - - . 

same form, namely, cVn^(J) ; this is left to. Exercises IS--^, Number 6. 

Prom these clues ye suspect that there is a constant X ■ such that ; 



n'* 

,.^im - — ^ = 1 

n«^ XVn (^) 

e 



We s h all soon prove that such^^a constant exists, tut for the moment let us 
• take the existence of X as a hypothesis end calculate its value. For the 
calculati®n we use^ Wallis's Product (see Exa^mple 10-6e) for jt. , namely 



= lim 



^ ( 

x2 \ . 



'.. . Corisequently, if such a constant x "exists, then \ = . Thus we obtain 



■• Written* In the' foim^ ... 



11m ■ 



= 1 . 



^^■fchl's resxLLt " is^ fc^ ^"-bi-rlljag' s -Foanirula. . and to say tlaat _ ■✓2jcn (^) ■ , is 'm. 

lasyaiprtQ-tlc eicpresslon f or- ^- nl :. . Ilor large , n * ii: ^ is , ic^ch easieir -bo . estima-be . 



Sictr 1* - 2' - 3 



\-.;.nI . . T^y .1;be' asyirgp^ -£b -calcula-te -the, 

:.• directly,;.- ■ '' ^^ ^ ^, ;■. ■ . • . ' :^ ■ ■ ' ' ■ ■ 

' . gext ■ ye .^shnl 1 prove the .exisi^ence of a- ppnsti^jit whicla' satjisf i^s (l?)— 

and', verify 'tbte ' existence of the" Ximit ' 



Pbr.tliis Ve' ^set 



lim \ . Fo^ the prroojC we shall shov that \ 1 i's- a . hounded monotone ftinc - 



•n**«o; 



tioh of n from vhiclj; hy Lemma^^AlOa, page^66l, the-resailt -follows, Frdm,/. 

(17) ye. immediately ohtain -e.'- as an; upper bound for - X^ • ' Consequently . 
p- < X^\<.e. /.and we'*have Qiily to prove that 'X^ is monotone^ For*^ this purpose- 
.we sha32L neied an estiiiate of. "the error ^^^^ Set 



■1 



log X dx. 



and 



. * log k + loeCk + l) • 



We already, know, that ^ ^ 'and, '^'ince log x = ^ — , ve concise 1 

from (6) that 

(19) ' . 



ilow/ for 




' ';. James Stirling. - English (1692-I7TO) 
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837 ^ > 



n-1 



■ ■ we have , . •- ' 
' . and . from . ( igO '.^ 




'r;^ ^ . n-i^/ 

:-^:"(?b) . :: ^ ■ log i iog:-^ - log--^^.: . 

- ' " ^n+1 " ;^n-KL • \ V 

l -'l-t follows from (19) that 

: (21)- . ■ . .. .. ■ 

and- from -the 'left- side .of^ this ■ inequali-ty;; that. ■. ",' ■ ' " - " ' • • ■.. - ^ 

v.', ^ :^ ' ■ ' . ■ ..... ' ■ ' ■.' ^ . 

■ _ n+1 n 

Since X .. is ■ "bounded and 'monotone the existence^. of- lini'x = X. is proved.. 

The est±mat^>-'(21) \caii be used to refljie>Stirii^lgs Forg^ 

' ^n -^^.- '^ decreasing, function >f :iV J^bllovs^-thgit * =• lim^X ' < X ■ 

■ ^ ■ • ' - " - ■ • . ^ ■ * ^ ■' ^ . n . . .n ^ 




^ince 



From log < ^ we* obtaih, on s-ummifig from . n . to n + k - 1 

.. - v+1 , 12v ■ . ' ■'. • ■■ ■ ,^ ,. . 



-1 . 



• 



• 4 



(22) 



^ Ln^ (n > 1)^ *** (n .+. k'- IX^ J ' 



Bu-b now observe 1:130* tiie expression in ■brackets is a lower Riemann sum for 
— 5rdx.,'£ind consequen-tXy ." ' V i • ^ • 



> < . . . . ~ dx.. <-. J • e5■^dx < i 



v=n 



From (22).,. -then, for all k 



Since = :'llm * ' =s X*^* we 'coft.cQ.ude ■tlia't' 



or 



- " - n- 1 • 



■ ^ ^ ^ 12(b. - 1) ^ ' 

Consequently ^^^feaV = >/n (|^)^ < vSm (S.)^ ^l/lSCn-l) ^ suminary, 
found ' 



we have 



(23) 



. e 



; .* * ^ Exercises 13 

■vi. . /(a) ■- •Ss'tiina'tfe iir, "by approxima-fcpLpn i^p ' 

' ■ i' ■ ■ 



. J o 1 + 



dx- 



(b) .Es-tima-te n by.^-epprdxinialiion .-to. 

i/2. ■ " 



Jo.: 7= 



dx 
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■'839 f.7.nr 



(c) JEstimate how large -.n shcrald/be ^aken in'Sim^ -to give jc 

. : accurately-Vto 5v places by approxima-tion to the ^-begral of Part 



(a). 



Obtain • log '3 to 'four decimal" place ^accuracy "by nijmerical Sitegratlon 

, .... - ... 

of 



Hi"- 



''Es'bl mflte '."fhe integral 

Q -/cos ^ 

of Section 13-1, Equaliioja Cl) • , (Hin-t: nnmpm-f^ PS-P^-rr^.i ^^<=i t 3->i ^ TTtiTtfH^-rY 

2. IJse 1:lie subst;i-tu-fcions ' sin ^Ir = u cos.^jr =1 — 5- ±0 o^-tain regular 
: algebraic- -integrals'. ) ; • 



Verify lih^-^-^^ / 

:?rse'.tlie integral formVqf. tiae Taylor remainder to obtain tlieyerror bounds 

• ■ '• - ■ ' - * ■ ■ ' - ■ ^ 



for * • . ; ■ \ .V ■■ ■■ /. . 



Afi|lf7 . *"tHe Trapezoid' Rule , given irt'.Fomrula (6) and 
Ct) " Simpson? s Rule', given "by Formula i;^13) . ' 

Using- apprbximatipn to th^^^tegralv^. f log scfdx obtain an' ineqnaiity 



of: the. 'form . ' . " ~ . > ^ ^ ^ 

.-•i- . ^ •■ - V ■ . -'\- . . . ■ • ■ - ■■ . .. . — 

(Hint: ' 'Note that Jbhe eJtbensipd to* tlfe left ^pf ''a Jchord ;jtb"^tlT,e- grapli*-^ 

y. =i "iXb^ X, lies above the "cu2rve.=)' \ • * ; - [ - \ 
Obtain asymptotic expressions for the following binomial coefficients r 




5^ 



8* Ofbtain an asymptotic expression for- tlie 'coefficient of ^ x in t: 

Taylor expansion of arc" sin x (given ±n. Example IS-S'b). .•" . 

'9- ' Obtain a sharper lower*" bound for -J, - J. tlaan that of (19). -and so 

' improve" the lower estimate'' for ' nl in (23) (Hint: ' TJse\the integral \' 
.... "form for the Taferlor remainder as\.in No. 5») " " - * 



V 



J' 



/ ^ 
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AU-^*' ' KumerlcetX Solution of Flrs-b Order DlfferentlaLL Equations « 

PicaTd's me-fctiod (Secrfcion 13-2) ' for- -tUe^ solu-bioh of ishe initial value 
protlem £or l^he "first -order differential equation^ ; * ^ / . . ■ \ ^ - • " • 

(1)-' . ']'■',■■ ■ ^.= *(^y)' :'. = ■ .'-* 

' is Used 'mainly; to .prove, existence and imiqueness of ' the -solution.* Pracjbical 
numerical methods usually proceed in an entif ely different^ fashion- Here we. 
give one of the simplest techhiques, ^Euler^ s method". There are-many morp^ 

. . sophisticated, methods^ fpr the s'olution of (l) arid- new methods for the solu- 
•t ion of differential equations are continui^2-ly heing devised and inveistigated, 
but Euler* s method will suffice as an introduction • - " ' ' 

In order to oUtain error -estimates hy the means at our. disposal we. shall _ 
considei*- the. special^ case of separable equations ' - " ^ . ' . 

■ (2a) - ■ • fU)g(y) . - 

" - • ■ : - * ■ ■ ' V;- ■ . ' . ' ' ' 

With minor adaptations our arguments can be ^extended to the general case. Our 

problem will be to obtain a numerical solutipn of (2a) on the interval [^,b] 

subject to -the initial condition . ■ ^ 

(2bX ' -.y = y^ ;.at x = a- - ^ 

'By :a<^!rmierical solution, ve mean a tabulation y^ , ^i^ y '** ^ "^n viiicli 

■ gives , the values of y at ^ the 'respective points " x^ > ^ ^ ^ > 

f. ^ ' . vj X " n . . 

. of a partition of ^ [a,b 3 . We shall;suppojse that the partition points are 
, uniformly- spaced;, x^^. =.Xq + kh ^. for^. k =0,1,2., ... , n , where' 

h ^ Of coxirse, we do not e3cpect, to obtain . y, exactly but to. get^^^^ 

■ an approximation y^ * We shall then, estimate .the error = lifj^*.- • 

' Fir^ti. we observe "for the exact solution that'^^^'^ ' . ' ^ 

■ ■■ ■: ■ . . . ■■ ■ ■ ■ \ ^ 

where ' y^- = (^yYi.) Jhis . siiggests that we obtain the approximate solu- . 

'■ ' I . - > . Ac- 
tion stepwise by v - * i ' ^ ■ 



r' • • • 

We may Inte^ret *4> (x,y) as a function ^hich assigns a° slope ^||t eacti 
^poln-t of some'^ region of the plane.' A solu-fcion of ttie differential equa1;ion 
(l) is then a ctirve y '- F(xX- which- has '^t each of its. points* .Xx^F(i)). 
the slope * (x^'f(x)) . The system of Equations (k) then, defines the siicces- 
-•plve vertice&''of an- approximati rfg polygon (the Euler polygon) which' begins 
at the initial- vertex C^g^^O and continues along the . line of slope 
^'^Cx^-^y^) until^^x = x-j^'> where t^e next vertex Cx,y^) is reached, and so 
on (Figure 13-5) • " / * , ^ 




v'-'./-^ •\ ' ' Figu3:'e^l3-5; : * 

We sh^ll prove tiaat the approScimation, can he kppt wijrtjdji any 1 prescribed . 
tolerance prrarided the nom;- h of. the "partition is- made smallv enough • 



-.^ " * It is iiirporfcant. not "Bo. assijpie jwithout prior eina^-ysis .that making, th^ ... " 
norm-.snwl l^will^aXTOys reduce the error for all *'d±fference .sohemes" similar 
to thje EvOLer method. . CoTmtefrexamples, by no means ' artificially contrived", are 

^teown-i;. • (See -IsaScson, and. EeHer HJ , • Amlysis of Ifamerical Methods , Wiley • 



It o 



81^3 



13-5 



Prom . (3*) • and (^).we have^ the error :: ' : ' ■ ' 

For tli<2-,cb,efficierrt of the first . order term Ve have "^^ ^^^^jBfe^^ the Mean^- 



tha-b . ^ - * 



Jt follows from (5) » 



(6) 



On th^/ assumption* that : f ^and g * have hoimded derivatives the coefficients 
of h ' in (6) are hounded and it is possihle to find nonnegative constant A. 
(see Exercises 13-5^ ^No. l) such that for the ahsolute error e^^ = - 
we; have ."^ - 



(7) 



We now , use (7) to express e^^^^ -in terms of -Sj^.g •'■'^-2 ^ "^^^^ ?^ -'.^.3 9 
etc>, and ohtain . — • • * ' 




Summing tl^ geometric progression in <brackets" we* then have . ? 

.where we 3mve- takeijp . y^=, 3^/;Vso "bh^ ^0 ~ ' pti-t ^^13 last ■ inequali-ty 

.- , €7^-<.' -^1 1. i: J . " 

■ Y : • « i - " •* ' •■' 

Since, "^ji; Sep-tfon 8-6, Equa-fcionvClX')-,. ' ; 



■I 
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M ^'V^ ''■:--. %-s^i^-^m - a)A.|) 



« 

^ b - a 



- -2n 



expCCt) - a)A} 



FrooL C8), we conclude tbat* lim e^r = 



0 



The- only source of error yj^ have made allovance for is ttie trunca-tion - \- 
-'.-*'«*.*'*'■' ^^^^^^^^^^^^^^^^^^^ 

'error . caxzsed T:)y; the cut-off of thie Taylor ; expansion after . the first order 

' r ■ . - ' . . ' . . ...... ' . ■ . 

__terni. Kiere will also be round -off . error from the approximate computation of 

^nnot" treat "roimd-off error casiially becaxise any error committed - at » 
one fe-e^ of the _ computation' is propagated ^b^pugh all succeeding ' steps . ■ At the" 
same time, it is "wasteful to ' ejaculate .y^- to a level of accuracy much higher 
than the inherent \runf;ation error since such accuracy will not significantly ^ 
affect the final result. Thus the rptand -off error should be compaxable to the 



2 



truncation error. In (?) the . truncation error is bounded by %- A 02o allow 
"- for.ro\me-6ff ^error.a^ well ve .need on^y hound the round -off .error similarly 
ian^- replkce A hy a larger* constant * In that case- ve ohtain. tlie same kind 

of final ^estimate as (8), , If we do not. taK6 the precaution' of r^ucing the 
■■■^9^*^"^?^ ire may' lose any "benefit, from refining the' ' 

\partitidn^f [a^h] ; ' * ' / ^^-^ 

- . , Example - 13-3 , ■ - We consider the eqiiatioq of motion" f or *a pend^iiLxint;^ Se 
.::^*3,' Elation ^1^ with amplitude |- . . For -simplicity ve take ^ = 1 and 
obtain' thee ^eijuation-for tlae fiirst^ quarter period, - * • . ' \ 

wi^Vthe initial coi^tibn . ^^"^ " • ' . ■ / 

\. /^t::-;. '* /^- ,\ •: ■ " • . ■ / ■ ' ■■■ ■ . 

To^put a hou3?d' on i^e-' error^ first repla;ce, (3^)^!^- the "Taylor Formula with • 

"remainder • - . ' " ^ • ' • Vv " ' 

♦ • •- .• • • ^" " ' ..■ ^ ■ - \ . 

(io) -■ "■ B^ =-e^:■^^i^»■ 



1? 



ytTD£tT&. *' -^er^ ; "is .an upper /.bound for- '©j^ on the domain 



•St Qua^ 



13'5---"- . ■■ ... . . 

•in-feerest. ; .From (9a> ve' h6"«ie within t'he flrit quarter cycle of the motion 

"|cD:<;a <f). 

■ • . ' ^ =TT = ^5?-^^°^. ^5 dt 

■ ■ * * ■ ■ " a*t 

- = - 1^ Sin e ;■ . 



-thus j/e' take^ ■ = ^; - Uoi 
(6) JU^-the form 



ilow tlae error in -the. Euier method- is bb-bained - like 



sin \ 

1 J ISL 



-/cos ^Jr. 



k-1 J 



where lies between -y^^^ and Y-^^j^ is the round-off error., 

^B. oBxmot'i^SB this fbnftula fojr .error es-tl mates over an en-^ire quarter cycle 
of the mqtion. It -can be shown (Exercises 11-5, No- 2) 'that^ 9^ > for 
k O • The value 5' will then be reached" by the " approxiija^te* solution earlie 
than by the &x^^ solution. ;!Ehxis in a neighborhood of -g- Vcos. y^^^^ may . 




sin 



be-^'eLrbitrarily - close - to zero and no Soiind can be put ^ on 



1«-1 



Non^lgie- 



less , we may; fix our 'attention on any value .0 < © . .and. consider .,t. 



/V A 

error in 9^ when 'Q, 



We have 




sin 9- - , 

■k-lv ^ sin 9 



m.. 



/cos-Mr^_^ - - 




COS a 



k-l 



cos -9' 



Entering this estimSte-^wa^ (11) and using this estimate Obtained for Kg 
obtain * ' .. - ^ ^ ■ . . \ 



"to. sin 5 



■ h^ ■ ■ ■ ' 



We^iilwind th^ round ^off error- ty . fr^j .< and'take''^ 



close enoxigh- to - ^ 



-so that 



^in e 



:> 1 &nd oTstain "fay (8) with , A .= 



sin. d 



cos 



*> ■ ■ . . j/cos 



^nd ("b - a)..=' jj;' 



s Q 



where t. is. the period of the penduium,- 



(i2) 
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.8Ji6 ' 

1S2 



Tlie method • does not permit us to detexTaine x- , nor do we Imow teforehajjd 
How -large k must be for, .^^ to exceed ©. How^ever^, we may make an inde-' 
pendent determinati6n " of t- (Exercises 13-1, No. 2 and 13-4^ ITo> 3r)' and 
laaowing -that Q =.,^ at "t^lj" "we can ottain an accurate description' of. the 
"motion 'by Euler*s 'method. ■ " '. ' ■ ' 



^ . ... Exercises 13-"^ 

1. do^%deT the solution "by.Euler^s method of the_initikl value problem 
C2a,t)'-in a region where fCx) and gCy) have ; houndW^ derivatives , 
Obtain error- estimates" in the form of Equation (8). 

2* Show fpr the" initial value problem (9a,b) that* the approximate solution 

. is greater than the exact solution, namely that > a y (k > O) • 

ic k 

3. Show if * (x,y) is a function of* x alone,, that Euler's method for" 
■ Equation (l) approximates the solution by successive Ri*emann ^sums . 



M±5cellaneo\is Exercises 

, Ca) "Obtein an i-teration- scheme for the zero of f * : x a — : and' ishus 
show how to' calculate "the" reciprocal of a without divisions. . 

(h) Use the method oT^tained in (ia) to calcxulate'- j-j'. ' acdiirately to the 
extent' indicated by -the approximation jr » . 3 -1^1593 • 

in Section 13-2 ve dhserved if xljl^ O is an approximation to iff ; from 
■one side, then i-s an estimate from the other sEde; We showed (for 

• . - ^ :, "V* . . \ . - 

A = 7 but the proof is valid in general) that the arithmetic mean . 

1 A ' * 

x^ 2^^o approximation from above. Show that the harmonic 

mean approximates . - from below and /estimate the error. \ ^ j 

J.^' sin- 'X- 
dx accurately 'to three decimal places* 

. (a) Consider a" right triangle with shorter side of - length a , loiiger 

■ ' ■ ■ ■.*"'■>•.- 
side -b , and hypotenuse. c - I/et a be the angle opposite side . 

a - Estimate the error , in the. approximation, " ~ ^~ 



a » 



b + 2c 

(b) Obtain an approxlma t'ion for a in 'the form 



aCpb q 
' c^ 



. where the -constants p and . q .are so chosen that the ^rror in the 
appir oxi. t jjfci is higher order* th&^ -3 t ■ Estimate "the error. 

Consider the solid of revolution obtained by. rotating the graph . y = f(x] 
of a nonnegative function [a,b] about the x-axis.' Let A^ > A^ A^ 
be the areas of the cross -sectioaas of the j^olid^ perpendicular to--the x-aa 
at X = a , ^ ^ % > respectively- -Show that Simpson's Rule 



gives the exact vol«iiIe for eax^h of the following cases, 

(a) f^rustrum of a right circular cone . (y = f(x) is a "^strai^t llne*^ , 

^ ■ ■ " ■ ■ - .' 

(b) segment of a sphere . (y = f(x) is an arc of a circle with center A 
on the X-axis) . * 



. -.'(fcii;: v^^efeneirt; of - .paraboloid , •elllpsoi'&'^ or -hyperboioid of -■""revolution 
"With ttie X-axis as 'an axis iOf symmetry). 



is aii arc - respectively of parabola, ellipse or^^?yperbola , 



^6. Let X ?= ?Cs) "be ihe ^vectorial reg^ seniatlon of a.;. plane cnirve' with 

. ajTclenffth as parameter . . ^ Let ,' 
; . 5-=: r(0). : S?t.';;3^ = ^^vh^^^ 

t • is tfc'fe-.t'aiagent' at 0 . Let Z 
^ ' ^ the poiirb 'vhere the lixie xy 
meets the normal line through 0 
..Show the cn^rvature k 
. "-ife not zero then to lowe 
- in s ,2^ 35 where C 
center, of curvature, 

' , . ' ' ^ . Y- 

• AT* Let « curve "be given "by = r<s) • where - s :is /arclength measured' from 
i5 = rCO) • Consider any three distinct points ^ "^(s-^) > = JCs^) 

"="^(^3) vhere the are confined to an S-neighhorhood of s = O' . 

Show that the circle through lihe three points approaches the osculating 
circle las 5 approaches zero.- (Assume, the c^irvature at s = O is 
not zearo*) 






Chapter. i4 
;, -SEQUErfCTS AND SERIES 



i^l* " Inlpoiduct Ion > 



Segueuces .of Snj^jb^rs are not.'nev tro.usC In Section 1-2 ; we- were' concerned. 



..vl-th the sequence I^ ' , .1 

AX the ■begiiming- of Section 13^2' we invest igated^the:*ifequence defined' dC. 
sively^Tjy .;; ■ 



of approximants to 'the area imder ; a .ci^rvei:! 

Gjir- 



= 3., 



as a sequence -approxfittatlng /f While- the notion of -a sequence as an inf inite 



succession of numbers; first 



a^ , next 



, and so on, inarching off inde- 



finitely is natural, we formally define a sequence as, a function a : k -» a^ 
whose, domain ■ {k) is the' set of iiatrii^ num-bers. . The natural nuniber k' , the' 
position of a^ in the sequence, is. c^alled the index, and' a^ is caHegj^the 



k;^th. teim of the sequence 



cjaU-c 



. Our primary concern ■ is whether a sequen^ serves to approximate a given 
.real number; i , in the sense, that to ajay given margin of 'error c > 0 - there" 
exists a. number, cd = Q(€) such that every term^ .a^ with k > a> is within e 



lim a, = jg 

5-8 of lim f (x) = 

a ?, k -^ a^ for w] 

is Arue 



|aj^ - i| < e for k- 
This merely repeats the 



Under these circumstances we write 
leral -definition, p. ''232, lii Section 



"lima- = ,e» 
"converges to \2 



£ for sequen"ce»,%3£^articular. Moreover, given ^ 

-there-^is a ruimber- £ evich that the statement > ■ 

y we* say that the sequence a "cpn[Verges" /and that it 
iLnc 



Xf a. sequence does not converge we say .it diverges 



1. 



The two crucial prohiems are:* 

: "■' ■■ - ■- ' ■■ ■ . : ■■; ' ' - ■'■ . ' 

Given a; sequence, to determine whether .or not it converges. 
To determine the number to which .the sequence conlrerges . , ' 
Since for any given >. O , we , need onl^Xbblc at .a^^ with 



need only insist that- 



CD 



€ >. O , we, need o: 
be greater l39K5\ J 



' ^2 



s<eq>i^ce is -irrelevant . 
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J. . 'Thus, for questions of 




,lbok at .a^ - with, k > aj- we- 
^e .wan-C^'Eb' ignore the" tenns 
invergence thel beginning of a 



^^1 



i;i|'-2 • Convergence" of Sequences 
maljiy s-ba-te ■•the-'defin: 



We formally .si:a1:e * thV- -definition^ ofV .'lim*'"a^- as 



DEPINIUQN iU-2a. We write lim a^ = Z if . for/ every e > 0 there 



. ! .is a number, =■ \ such that for- all „lc ^:Cb, ^1:he inequality 



is satisfied- 



This definition is identical 
the - deleted neirghhorhood .^of^ /-oq. 



l^ith pef inition:.^gV2\fo:a|^a^: ^^^r- If we-:de^ 
^5 a' 'set - ^x > cd) . . Because ^of ^^s,; 
dL^entification- all the theorems and proofs-.of -'Secttion 3-^^ "tran^ated i 

terms of sequences. Thus we- simply state the theorems and ^^^vii their probfa 
to the> e:«:ercises (Exercises lU-2, No. 1). ■ • /x : 

THEOPT^ 1^-ga > For a constant, sequence, a : k c 



lim a,_ = c 



■THSORSM" 'l^-gb . If lim aj. = i'^'-then for any corLS-fcant c , 
' ; " ' ' . lim ca^* — c lim a^ = Cjg . 



THEOREM lU-2c . ' If lim = £ and- lim 1:>^ = m y then ^ 

' ^ k~<» . 





lim (a, + h, ) = lim a^ + lim "b, = -2 + m 

, . ; k ■ k - rk - - k . » 

* ■ ' ■ ' ' ' ' . . . ' * . . ■ 

^ Corollary > The limit ^. of* a linear comhination' of sequences, is the. same 
lirTear combination .of the limits of : the sequendfes; i.e.^ ■> ' 



O REM ^^-gdJ . "If . lim a. and lim =i -ju ^^ ; 



\ then , 



* .4 



Lemma . If lim- a, ^ i 




■ such, that 



•>"0 •"f'Cib^'"-.k. >.;CO'' . ■■ 



^ i .0 "then" there exist-s. a nvmiber' 




CO 



Corollary 1« If lim a^^ = i, and £ ^ X> , then^there exists a number 
•such that * " ' • i 



03 



2 



for : 03 



CTorollary 2 , A limit of a sequence whose values are ngnnegative (non- 
positive) is nonnegative (nonpositive) . - , . ' *' . 



THEOREM l^-2e . If lim a^^^ = i/^ 0 , then 



14 1 .1 

lim ~" = . 

k— CO k 



Corollary . ' If lim a. = i and lim .b, = m ^ 0 

; ■ ■ k-« ^ k«" 



•then 



k>Croo k^ 



m 



V 



THEOREM . ll4.-2f V If 



then .< m 



a^^'^^j^ for .k*"> ^ 9 and ' lim - ^ and;^ lim b^^ = m / 
■ • ' . ^ - k'-oo ^ ' k-^ ^ 



■ " .\ Corollary - 1 . ( Sandvich -Theorem) . ' /if " 



.and if 



.lim 



= £ and ' lim = n 
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/4 



then-, - If lim "6 exists. 



i < lim b, < xt 



Corollary 2, \X Squeeze. ^ Theorem ) 'Xf: ■ eu^ < "bj^' < for k > a> , iaixd if ' 



* .f ■ 



-then. 



• ' * iim "b*- ' = :£ • 




■ Note, -thjat the hypo-thesis, of the Squeeze Theorem forces 'lim h^ to 

exist > -while , this he\pai^ of ' the hsrpbth^sis of the , Sandwich. Theorem, 

Forvexampley let, "a ^"-It:*-^ -1,- , . c *k i;..aiid observe- that : k (rl) 
does not' converge** ^. : * , • . - , - ■ . 

, , . * • • ■ ' ' ■ . > - ' • • • 

. Corollary > If c_ is "between d ^and- h for, all n and 

lim- a .= lim h . then.- lim c- lim a . . .. - ^ '. 

n n - " n n 

n***« n**«> n«^ n^w ^ 



■ THEOBEM. If* lim a, = £ and f is con-tinue 



at " ^£ . -and the terms - 



of the sequence is in the. domain of f then' tH^ sequence- h^ = fC^L^^) 



• converges to f ( ^ /i,e< , 



lim h^ = lim.f(a^)' = f (lim a^) ^f .Cx). 



k^**oo 



Proof, 



Sincev jf^ 'is continuous a-t - je / corresponding to -any-v-€'> 0 ; th^re. 
- exists 'a _ ^5 > 0 * suoh that .-ff.Cx) r :f< ! <^ if. Jfrf <. S and^^ 

-"^ X ; is in the- domain'of ; ■ ' - ■ ■ 

"(2) Since. lim*aj^ = £ j correspoipding to the - S^'^ of 1. ^ there e^cists^^an- 

: a> = GCS) such that': ]a^ - - £ | <: 5 ' f or k >a>.* 'V' ^- ' . * 

13J ..Since - eij^ is in the domain of .^^^^ corilbining. . 1 and 2. 'we have / 



854;. 



9 



Wiih tKe dbserva-blon that lim — = O," (.take £2 (e; - i) and the aid of 

the precedln^^siJieorems we -can find, the limits- of nyaiiy ijupbrtaiit sequehces. • 

•■" **\' - " , . .-■ ■ •'^ 

Example, 'l4'-2a •'' . - : ' ■ " ." ^ ^ ' ■ ' ^ ■ 

- ' • a^n*"+-a:---n^-l-^ .... -. a. W ^ 

■ 1 



. s^Lnce. 



ExatmprXe lk-2b i ■ if; "-[r|. <: l^tlien; liiirivi^ = O .* Let -jpy - 1 + p^' 



p:> O '. ■ .T^aen. jr. i - =^ ' ■ ' ' .„ < n I" . (froci Exercises AS-l^ Wo: 6, of -the 



..(■1 +%)^ 
rcises A; 

conclusion fbilows from the. Squeeze' Theorem - 



' binomial Tl?eor^i' Exer A3-2, No* 13(c)) huf lim -r— t" =^0 and the 

, * ••' - ^ " ^ _ 1 + ELP 



Examiale l4-2.c , ■ If a > 0 then lim Jv^ =>f - Let a >1 and set, 



n*7<» 

€ : n = - 1 • Hence + = and ^ a (l + € )^ > 1 + h€ " 

n . . . . ' -n* . ' n' n 

— ^ a - 1 • a - 1 

Tber^^re e <^ — - — . • But lim — - — = 0 ^and. thus ' lim e = 0 hy the' 

n n . n \ n - ■ 

V , n**^ ^. . ' n-*«o 'T 

Squeeze' Theafcrem^ , > 

,If , 0<a<l * then lim =^^lim -5^— \ = 1 . ' ■ ' ' ' 

n-^ n-a> 7l/a- lim- v^/a 

- ' . ■ - ' ' ■ n^ , . ■ " 

. - • * * n ^ " " * . ■ " 

. ■ . . Example 3A-2d > . lim vS^-1. - . 



Se-t ^ = 1 + e , 



* • n — n - 2 4^ n — ^ 2 n 

■ vhence . < f ^ > CA> l) . . Consequently, ^ / ^ 




. ^ lim Vn = ,lim (1 + € ) = 1 * 



Theorems l^-g^ex}iib it -the foliowiiig pat tern: uiider certaiia conditions 

tthe .11mjt of- the^ sequence ^.a : . k'^-»- is £ ♦ • Xh each case there is' the" 

implicit 'assertion, that the seque:pce hasya limit * We close 'this section with 

three, existeno^ thearenasi . ,Under appropr^te conditions we shall guitrantee^ 

tn&^o«ffl5Cene€7^f . the limit oT a ,;sequence without^ necessarily heijig ahle to 

determme it.s valtie*. ' - " , ^ , . . . 

■ • \' ' - * * * . ' ^ * ^ 

' ' * * ^ ■ . ' " •■ ■ . 

. .- . . - ■. ■ ■*' , * » 

; THE0PLEM l4-2h , ^ ( Monotone Convergencg^ Theorem ) If the sequence a,-: k 

. ■ is bounded and nonde creasing, a, < a, for all k / then the sequence 

..a converges-, .and the limit is the^ least .upper bound of 'the range of a 

• proofs Let the least upper bound" of the range of a be. written as..^ 



i ^ sup{a, 1.. ' Given>cttiy e > 0 , tiiere exists-, an integer" .v.= k satisfying 
< a^..^< i r^^^nce^ if k .>^ .= uCe^) then i - ^i^»§*< < / ^'F 



■J 




Coronary ^ ' If the Sequence a : k a^^ , ■ i& nonincreasing and_ the range 
ot a .iS/>otmded, then lim a, . = inf fia, } * ' ; 

-00 ? ' . — 

. . ^ Proof. .Consider. T't'j^ = agply thje preceding theorem - 

■ ' ' - - *- • . 1^' * - ^ 

■■ Example i^^-2e. . The sequence a : k -> a.. = (l + ==-) converge- 

- " • ^ ^ ' ■ 1 t #' 

■show-, that a is a /monotone sequeaice, consfider f : t ^r) - Then 

- ■ ■ ■ ■ : - ■ -■ 

But., by -the Mean Value Theorem, ' - , ' ■ * > ^ _ 

. ■-' ' ■ log(l- -!r |) - lagCl -*- |).'.- -log 1 = J-^ ■ : 

where " r . 

■ " ' *:■'■- ■ ^* ' 1 * 

. - . 1 < U < 1 + . 



Hencl^f — ^ < i and therefore ./logCl + ^) > i*—^^ = —A^r . . 9 



Becall frcMH the f oot3;;ote^ on p. .265 tha^-trhe least upper. boimd of ' (a. ) 
'is called tljjj^ supramm of {aj^3 and .:«ritiien ||tipCa^}^ . We shall also 'intro-r 
duce ^the greatest lower bound or^-'ir^fi^um, ind^tiated 'by- inf {a^.} * 



H^nce r'-- Is pSitlve and f la. increaBlng.. Thus -the sequence , a 'is ' 
incajeaslng. On the other, hand, "by the Binomial Theorem ' 

k 




. (k - L H- 1) 1 



.since 2*^ 



.<Ji Tor J > . ^t, Since. ^■-^<^.^^. 3^ a ■ 1^' 

ve haver (l + j^) <'3 . Hence, since *a is nondecreasing' and' t;be range of 
a . is "bounded it; follows, frx>m Tlieoreia 1^4-^2^^ that a converges-. (This 
result cto ajlso "be obtained "by the "tJechhiques of p. k80 f ) 

' . .^v. . ■■ ■■ " ■ -.^ ..■ . ■ . ■■• . .... \ 

The^dea of a. subsequence obtained by the deletion of terms from a giv^en 
It .sequence is.-,frequen1tly useful. A subsequence of a : k sij^ is defined by 
. an- Incrieasing sequence of positive ^Integers "i : k i^^ ; the sub's equencet, 
' cbrr Lii |p uli (^ing t6': i' bein^ b : K 'r^b^ '^0'±^ • " ^ ' • * 



thkOKEM l^-2i ' Every sequence possesses a monotone, sub^equence^* " 

* This property of sequences, is very genera^^: the proof uses only one 

pj^pej^. of the^ set of real ziumbers R > thaV R is ordiredj . thus -'tjhe ^ 

'4 . ^» - . ■ ■ - 

- . theorem ap;^lies to any sequence, whose orange is cbntalned*^ln*an ordered 

• ■ ■ . - ■ ■ f .. ^ ■ ■ » 

_ . 'Set.; . ^ ■ _ .. . . .. - ^ - 

^ ..' t .. * • - . ■-■ ■ ■ 

^ J^- ^Proof > We prove ther ^^eguence^ a : k a^^ contains either a nond/creasing 
•'-subsequence or ^ decreasing subsequence. For the proof 'we ^assume thax a does 
not have a* nondecreasictg subsequence and^sbow <;hat -a" must then have a de- 
^creasing subsequence.- < > ^ \ - ■ ^ . , 

^ . ' . ■■ ' . . ^" • i - ■ 

■ " ■ • - . ' i' , ' 

Since a does , not contain a nondecreasing" sequence; ^.t. follows for ai?y V • 
.^eim - aj^, *hat ajay .finite npndecreasiug subsequence "begizming^ with a^ must 
• terminate, .there^^ore there^ eacists-'a .■subsequeofce of maximal length n ■■■ ^' ^< 
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n / J • 



.0 



I.I 



AS 

50 

I r < 



1^ 

3.6 




2.5 



2.2 



2.0 



L8 



1.25 



1.4 



1.6 



MICROCOPY RESOLUTION TEST CHART 

NATIONAL BUREAU OF STANDARDS- 1963* A 



ERIC 



. <r • ^ * 

It follovs that a < a, , for all terms a. ^ following a. - other- 

•vise "the sequence coiild .be extended* to one more term by , including a^ 

Now, to eaclu Ic- - associate the index <St a ..maxiinal^setjuence -^beginning with 

. a^..i_i:,.e.^:vset._ j Then set b = a , b^ = a 

^^'.^p^'^^® = vCD.-and pj^^3^ = v(pj^ + 1) >pj^ Since a^^^ 

succeeds in the sequence it follows by the preceding argument that 

■> a ; that is, b, > b. , . , or b t k b' is decreasing. • 

Since every sequence has a monotone subsequence, anS since every monotone 
bounded sequence is convergent we see that eveiy bovuided sequence has a con- 
vergent subsequence* On the other hand any convergent sequence is boiinded. 

For, if lim - £ , take e = 1 to obtain ' - 

kr*oo - ^/ ^ . 

[a^ - i P< 1 k > CA where co = SiCl) - 

Thus if /I = maxCla^ j , [a^ 1 , . . . , | a^l , I il + 1 1 } we have [a^| < M for 
aH k and therefor^ a : k a is a bounded sequence • Thus boundedness 
is necessary for convergence and sufficient for the existence of a conver- 
gent subsequence. Herice, one way a sequence can* fail to converge is^that -^le 
sequence is not bounded. ^ \ , - « 

I£r the sequence a^ : • k -> a^ is bounded then we know that it has a* con-- 
vergent subsequence, say t) *: k a. . • Suppose lim a^ = and 'lim a.^ =my 

then m mxist be i If i m" , let € ^ ^ then for J > cb ^ 

fa^ - < € and: for k-^co^ , fa 
have 




Whence \£ -*mP< |f - a [ +Ma - m[ <^\£ - mj , impossible. •* - 

Conversely,; suppose the sequence a : k -» a^ is bounded and- has the ' 
property that all convergent" subsequences converge to the same, limit, £, , . 
then^'^^im a = i . Suppose it is false that lim a = i , then there exists 

ariv e > O and^a subsequence 1^ : k -> a. such that ' 



114-2 

* 

But the subsequence "b is also bounded and therefore has a convergent subse- 

guence c r k c^ h ^ ~ ®i > which ±3 also af- subsequence of a By 

^ . • . ^ .^k- ' - — — ' ' ' 

Theorem lU-2f, iim c^ > £ + e or lim c^ < £ - € • In either case ' * \ 

— — — - — . - - k***^ " k-*« ' , ■ ' : • 

11m yiola-b^ng the^ assumption i;hat all cpnvergeni; suhsequencies of a 

" ^ ^ . ^ 

copverge "bo X . Hence lim a. = i . ' , 

The preceding observations can be summarized in "the following theorem. 
* * * 

THEORBl 14-2 j ; Fpr "the sequence a j k a^^ "to converge ii; is both necessary 
and suff icien"b t;ha-b, . • * - . "i ; * 

•1. a is bounded, 

2. all convergeni; 'subsequences, have' -the same limii;, :.\ 



9 ' 



Caucby discovered a simple crit^erion whiob .expresses condiiiions (l) and 
(2) ■slTgt.il "baneously * . ^ . ' ^. . 

ui^'uaxTTOTS l4--2b\ A sequence a/ : k -> a^ ,is called a Cauchy sequence 
if given az2y -c > 6 Ithere exists £D^= S2 (g) such t^hai; for k , J > <o 
we hava^ '-^ * . " 

THEOKEM li*— 2k. ( Caucty Convergence Theorem ) ' A sequ'ence a* : k*-> a. con- ' 

" . T" J » . 

verges if ^ and only if it is a*Cauchy sequence. J ^ 



Proof. 



(a) If lim'a^ = , then given > O toke cd = £2 C^) so -that if*-. 



k-^ 



k , j > CD we -have |a^ " -^I i" l^i -^1 J" whence 



'5 '2 



< € 



("b) If a Cauchy sequence -therij 



(i) a is ■bounded. For 'the proof' ofr houndedness let €• = 1 . 

Then if k > v where v = , for integral . v , we have 

|a^ - a^ I < 1 , with J = N(l) '+ 1 ; hence a hoxand for 
is M = maxfla^jH-* la^l , , '^j-ll ' '^jl + l) • 
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m 



It follows from the bound edness of Cai,} that a has a ebnvergent 
subsequence k a . with 11m a. •» X • We now show . : ^ 



a. with lira a^^ 



(ii) 



Ijjn a, -= i 



■:' ..^-.r^ O there .exists. .a3;;i_.a:^ . = ^^C^) 
and = fZ^Cc)" such that for kj,>;aXj^ l®i, ' ^ - and 



for vlt , J' > Q^, 



2 ^ " 



< e 



s . if . k > CD where 



- 1*2' ^ 2^2' " ^ y- 

1^ r i| < a^l + ja^ - -^1 <f + I = 



.J 



Exercises -1^-2 



1. Prove ' ' 

(a)* Theoreifii' li;-2a 

(h) Theorem l4-2h 

(c) Theorem li+-2c ' 

^ Cd) TheorenL^l4-2d ^ 

(e) Theorem lif-2e 

(f) ' Theorem ■'lU«2f 

. '-(g) Corollary to Theorem li;-2c 



(h) i^ Lemma 1^4^-2 ^ . 

(i) Corollary 1 to Leimia^ll4.-2\ 
(j) Corollary 2 to Lremma 

(k) ^ Corollary to T-'-k ■ rem 14 -2e , 
i£) Corollary 1 to Tl:=eorem l4-2f 
tm) Corollary 2 to Theorem l4-2f 



2. Show that if < A < , where A = lim a^^ , then there is a mmber 



CD such that 



k > CD implies . A^ < a^^ 



< A. 



3- 

< 



Prove that 'lim |aj.j =^ 0 if, and^oray if lim a, =f O . " — 

Let f he a function whose dcjmain contains "^e pqint 's. and points o^ 
every deleted neighborhood of a . Prove the converse of Theorem- l4-2g', 

whose terms 



Namely, if lim f^(x^) = f (a) ^for every sequence 



n 



He in the domain of 
continuous at a * 



f , "and which has the limit a , then f is 



Find lim (/n^ + n - n) 



Find the limits of the following sequences 

(a) n ^ (1 + -^)^ ; (c) 
n 



it 9 



n 
n 



loe- n 



n 
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"+ V2 + . .7 = 2 ; 



7. Shov -that v2 + /2 + y2 + .*. =2 ; -bha-t is, show -that *bhe sequence 
a : k Sj^^ defined by a-j^ = V^., " ^ converges and the 
limit is 2 . . - ^ — 



'8. Show tliat, ^Js,-^ mm • = 2 , namely, that the sequence a : yk ^ a^ 
defined by a^^ = , ^+1 " ^'^^^ cop.verges and the limit is 2 . 
9. The Fibonacci n-umbers are defined by f = f . = 1 and. f^.^ ^^-i-t ^ 



a 1 n+2 ' n . n+l 

f 

n = 0 ,^l/2,> \. Find ' lim . ; . 

' i>poo n ' . ^ 

10'. ■ Show •thalf -fctie sequence - 

a : n->-a^ = l+ ^ + i+ ... P- / 

^ ' converges. (The limi-t of 'this sequence, is called fiuler*s cons-tan-t, 
T ' It- is not knovp, whe-fctier or nof r is rational.') . 



11. &lven a sequence ■ a : n ^ , form tlie sequence. 



(a) Prove that if jlim a = m -then lim a = m . 

- --^ , ' n ' . - n 

(b.) Show that a may converge while a ^ does not.. ' 

12 Prove that if c* : k ^*Cj^ is a subsequence of b : k ^ "^j^ and b. is 
a subsequence of a : "k ^ 9 then c is a subsequence of a'-. 

* * 
..13. Find a sequence with no convergent subsequence'.' 

iJ^. Show that if k ^ a^ is a subsequence of k ^ then 31^^ > k • 

" ^ -. . ■ '* 

15. Show that *if* k s_, and k s . are two subsequences of n s - 

. ^ . ^ - ^ ij^ ■> ij^ n 

satisfying lim s = lim ^ S and the sets of indices ^ i, and 

k-^ Te. -k-« *Jk . - ^ 

together -include all natural numbers^ then lim s, . - S . . 
^ . k^ 

16* Let a : n a^ be a bounded . sequence . Let C be the^et of limits 

o^ subsequences "of ^ (The elements of C ^are called cluster points 

of a .) ^The least upper bound of C , sup C , is called the limit 



^ superior of a . and is written lim a^ 



Piiove that lim a' C>. 



n 



^ ■ ,661 - • . ' 



As is "in^ Exercise l6, defli^'-bhe llml-b Inferior of a as 11m a = inf C 
where inf C * is the greatest lower hcamd or infiiium of C . Prove 



lim a c C 



^Por each of ^-bhe following sequences a > find lim a ^ and lim a 

' , n' ^ — II 

' •(a) -a : n -^^C-l)"" . • 
Ch) a : n cos 

(c)- a : n " * ^ . 



ppose -bha-fc ' / ' 

0 A-, < lim a < lim a A_.. • 
1 n — n 2 

Prove -that there exists an od such that for k > , _^A^' < a^ ,< A^ . 

^Suppose that a nuniber A is less than the limit superior of ■ the hoimded 
sequence a : n -> a^ , that is, A <: lim a^ . Show that a has a suh- 
sequence h : k -^h, = a. satisfying h, > A fbr all k ! . - 

Ijet f he contiroioiisly differentiahle and consider the ^sequences- n -» a 
and ., n h^ which both converge to > a , where ,a^ ' "^^"^ ^^=1^2,- 

* Show that the sequence ' ^ \_ ... 

*i . . ■ ' . 

. ' f(a ) > f(h ) ■ 

n — ^ n^ 

■ n 



a h , 
n , n 



. convei"ges to f ' (a) • 



Show hy an example ^that the conrtinuity of the derivative is essentia^ 
in Niimher 21» ■ - ^ ■ ■ . 



Series.- •', ' ^ . . , 
Since— llat- Cp) =^-0;-, we know that , linx ^ '= 2 , Bui:' 

'7 • ' . kr^ . ii 

" ■ \ " » " ...... £L 

1 - (|) * * 1 2 • n 

= a + ^ + (i) *f.^ ... + ■(^). thus it is natuxal to write 

2 . - ' 

■ ^ 2 ' ~ n ' ' ^ 

2 = 1 + ^"4- (i) +• . . . ^ (^) • This is an example of the foXlowS^ general 

* ' • n=0 . * ' - 

situation. We are given a sequence' a : k -> a^^ and form the sequence' 

. " " . ' k ' ' • 



: k. = > a . ; 



s = a^^ + a^ 



if lim = s then ve write , ■ 

CO . . . 

■ . = ^ a^ . The sequence ^ s of pari^ial s\ms^ ,'s^ is called 
* X— 1 • ■ , 

-<the series associated with the sequence a of -terms a^^ . Again, we say 
that the series converges if the sequence of partial sums converge. Thus a 
series is given hy specifying either the sequence of terms a , or the sequence 
of partial^'sums s . Given one, the other is defined "by one of the relations 

(la) , ^k ^1 ^2 • • ^ 

CO ^ 

Without ambiguity then we shall frequently refer to the series, ®i * 

' • - . i^ ^ 

without regard to the question of its convergence. 

oo - ■ 

I^is convenient to consider series written ^ ~ a^ where k is any 

^ ■ ^ ^ ^ i=k ' ' , 

integer. We ane simply considering the sequence of terms a : i -> a^ whose 

domain is the set of integers _ n such that n > k . The sequence of partial 

k+jrl " 

sums is defined accordingly by" Sj = a^ . Most frequently k will he 



i=k 



^ either O ' or 1 
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THEORIM l4^3a « " If ^ a^^ ^nd ^ converge * and X is a- real noamber. 



then ^ Xa-]|| — converges -^;o \ "^^ aiay ^ (a^ "'^ ^i^ converges to 
. 1=1 .^^^ i=l ' (1=1 

BO OO 

i=l 1=1 

Proof . Use Theorems l4-2b and c. • . 

. ^ CorollazTy . A linear combination of series converges to the same linear 

"^combination of their sums. 

We state several useful criteria for convergence and divergence. 

^' CO ^ 

THEOREM l^-3b > ( Cauchy Criterion ) The series ^ a^ converges ±f 

i=a 

only if to every. €_> O there' exists (o = Q (e) such thai>^if 
m > n > theii i : ^.^^^ 

, - . ^ a^ 1 G . 



i=n 



m 



Proof > Observe that [s^ - 



Convggj-gence Theorem. 



Corollary . (n--th "term -fces-b) If the series ' converges -then 



Xlm I a . I =0 
i-**oo 
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Example lJ^-^a > The series ^ (^4-)^ .does not converge ty the h-th term 

A 



n=l 

00 



test. Note however that 



^ cc-i)^*^ =-0 while 



n=0 



-1 + ^ (-1)^°"*""^] = -1 . ' Euler used this observation to conclude 

* n=l 

CO 

that (-1)^ ^ ~ ^ • ludicrous as Euler* s conclusion may seem ^ this makes 

n=l . ■ " 

"some sense in the light of Exercises 1^4—2, Numher 2. 

While the n-th term test is a necessary^ condition for convergence it is 
not sufficient. The following is an example of the insufficiency of the n-th 
terra test. \ . ^ ^ 



' Eyqptple l'^-3'b . The , series ^ does not converge. • I.e the "series 

^ n=l 

y — diverges- For proof, we group terms, and observe that 
£— n 

n=l - 



•J 2-12 



In general, Y" ^ > 5^ = Z ^ " "'^ ' ^^""^^ 

n=e'^4i n^s'^+l . n=;2'^+l 

k • Ic k+1 

any cd there is a k -sjich that 2 > cd . Thus wJLth n = 2 > ^ m = 2 and 

^ € <^ , Theorem l^-Sh shows that the series -diverges. 



THEOREM 



and 



^4«3c - -( First Comparison Test) If , 0 < a^ < "bj^ f or^ k = 1 , 2 , . . . , 

CO 00 ^ 

and the series ^ "b^ converges then the -series' a^ converges. 

*i=l i=l , / 



i=l / i=a- 



Proof. Let & : k « ^ and t : * "^k ° y" ^1 ' ^ < 

Since > 0 the sequence s is monotone increasing* Since r cojiverges 
it- is bounded* Tliua s i s als o boSided and therefore convergent. That 



follows from .-the Sandwich Theorem, 



i=l 



1=1. 



Corollary. If 0 < a^ < h^^ for k = 1 , -,2 , . . . , and the series 

diverges then the series diverges. 
i-1 i^ 



In both the theorem and the corollary we can replace the hypothesis by 
O < a^ < bj^ for k > CD . / - 

THEOKEM - ^l^-Sd . ( integral Test ) If • 

Cl) fiT-»f(T) is a monotone decreasing continuous function. 
(2) fCk) = aj^ , k = 1 , 2- , ... . 



Then integral j fCT)dT and the' series ^ either hoth converge 
or "both diverge. 



k=l 



/ 




•J 



Jn n 



+. 1 



Figure Hj— 3a 
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Proof. We have 
: / 



fCT)dT . 



^ f ^('f^'^T and ^ > r 

...1 . 1=1 ■ ...\ . . - ■ J 1 

(See Figure lU- 3a > ) Thus tbe conclusion follows from the Monotone Convergence 
Theorem (Theorem ll^^-Sh) , felnce a . > 0 for all i and . f is positive. 



THEOKEM l4-3e , (p - test) Tiie series \^ ^ p converges if p 1 and 

n=l 

diverges of p < 1 

Proof, Use the Integral Test and Theorem 10-6"b. 



— Vn 

Example Ik- 3c * The series y — ^ converges- For 

^ n^ + 1 
n=l 

^ v5 _ _1 V- 

n . + 1 n n" 



•/n 1 V~ 1.^^^ 

"2 — ^ — < ~2 - o /p / r" converges by the p-test. 



n=l 



Example l4-3d . The series y iTT^ diverges "but y 

converges, since 1- — =- diverges while * 5- converges. 

J 2 T log T J 2 ^fiog 

V 

The First Comparison Test is sometimes inconveni.ent to apply. For 
example, if we are looking at 1^e series 



A 



CO 

this series is "essentially like" the series 




a tedious Joh to derive the inequalities needed for the First Comparison Test. ' 
The following theorem makes -precise and -justifies the ph2rase "essentially like." 



r 
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TSEOREti lUr-3f. ( Second Comparison Test ) If llm'^^ = c ^ Q then the series 



CO CO. 



oo. 

t>^ leither both converge or "both diverge, 



EEOoT. ir c >.0 , then by Theorem 14-2 there exists an co such that 
if k >■ CD then . - 

Thii^ - < < I c bj^ , f or k > oj . Now apply Theorem l4-3a and the 
First Comparison Test. 



oo / 

Example l4-3e . The series ^ >^n^>+ Vn^ + ± 



converges^ since 

n=l + 2n - 1 



rwo, „3 ^ ^ _ , / 3^ - 2_ =o°verges by the p-test, 



n + 2a - 1 X n - — 



^ At the beginning of this section we gave a special case of the geometric" 



OO 



"""^ ' "I""' X] '''' 1^ ^^^^ ^ i^'"" = 0 • 

^ — ^ ^ T\mkMea 



seriies 



The nex^ two theorems are tests; for convergence which exploit our know- 

CO 

ledge of the convergence of the geometric series r° . What is. needed 

n=0 

is a simple condition or. a positive sequence a ; k a^^ to ensure that 



1^ 

< c r for some r < 1 and k > cd . 



THECaiEM- l4-3g - (Eatio Test) Let a : k 



Via 
^k 

and diverges if ^> i . 



be a positive sequence for 



whicH lim = r • Then the series > a, converges if r < 1 

- k=0 



^ ■ 868 
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• Proof. 'The proor of Cordllary 1 of Lemma' lU-2 can be ex-bended (Exercises 
lM-2r, No. 2T *to prove thatAf lim a, = c and < c < c^ -then there exists ' 

a> sijch that for k > co^ • . / 

If r < 1 , choose r ^ so that r < r^ < 1 . Ti^n th;e?^e exists an integer 
V , such that for k>v^ , . ^ \ ' 



or 



^k^-l < ^l^k . 



. ^ 

Then by induct ion we have ^i^^v ^^^j therefore, ^ converges 

k=0 

X r * a 
by comparison with > X v 

k=0 r . 

^On the other hand, if r > 1* then choose r^ so that 1 < r < r , 
t - > - ■ ^ . ^ 

where there is an integer v such that for k' > v 

-* 

— ' , • k . . * 

Chen, for k > v . a. . > a. and therefore a, > a . Hence,-' by the^ 
^ ^ ^ k-M k k v+I. , . 

Sandwich Theorem we cannot have lim a^ = O , and by the n-th term test 



a, diverges . ' ^ - 

k^ ^ ' 



THEOREM lU-3h . ( Hoot Test) Let a : k -> a^^ be a positive sequence for which 
.lim ^^^^^ ~ ^ », ■'^^^^ converges if . 1 -and diverges if. > 1 . 
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pTOOt.^- If 



^ < ^ 9 ctLQose r- ;so tiia^; r^< zL < 1 andt cd such that. 



Tor k > CO , ' . ^. _ , 



dnd, -therefore, ' 2__ ^ converges "by coinparisoji .-Uith ' ,y . On the o-fcher 

• .- k=a ^' : ' ■ '■ ; . k=o ■- . - , T -.^ 

handrif r > 1 , choose r^ so that .1 < r_ < r and d*" such that, for'*' 

' ' "■■■' f , .' - ^ . - 1 ' ' 

k > 03 J. > V ^ ^ ^2" ."^ "^^ ' cannot have liin a, =^0 and 



4.' 



" 2 .. 



E3c4iaple l4-3f The series . ^ converses. Since • 

..^ (q^-H)^ -f- X /n^ -4- 1 1 (n •M'-)^"-^ 1 . „ , 1 ^ 



■ ' ' ' If Exercises X4-3 . , 

1. Test the follcArLng series for ednvergehce- 




-^^ir y — —2 (d) y 

^ n(Xog n) (log log n)^ ^ 



3 - 



^ — 2 
2. Does the series 2_ ^ jj )^ converge? 



n=l 

■ - ■ ■ > 



r . \. t 



\ 

ERIC 



4 



870- 

205 . ■ , .\ 



3. Find a sui-table- cd = J>(e) for each of the following series, 
(a) ^ g ' . , - . , 




^ n=0 ^ ' ■ T — ^ ' ' 



Vn - 1 . 



2 



Show tiiat if > O , n = 1 , 2 , * . . - , and . ^ 



converges -then 



r — va # 

\ n , * 

y ^ converges . , , 

• #^ 

5.- ,Le-t ra : ^ ^ ^® ^ monotone decreasing sequence. Show -that if a has 



a suhsequence -k->a. or which ^. > "T^ then / Ca, diverges^ 



6* Show that if the series of positive terms 2_ ^- diverges then 



^ — diverges, vfeere s^ ~' / • 



a. 



x=i ^ " k=i • ^ 

Show that if the series of uosiitive terms > a^ con^rges then 
, A- ^ ^ ^ ^ • 

«» ^ 2' 

% / a converges w 



7., 



n=l 



n=l 



S. Prove '-that- ^ ^"^^ = log "2 



Hint: Use ^ x ^+ j_ ^ ^ _ ^ and integrates 



I- , ••'*4. 

^ 9 

V 



(Cauc]3y 'Condensation. Test );.-ShbTf\i^-at if n -» a is a de6reasing' 



sequeijce^of posi-tive teims 'liheii/^he'^ Vei^es' 
ei-ther both converge or bo-Ua diverge.' ' --v ■ ■ .r 



a 
• -•2 



^ . ^ . . v * ■ ft ' 

' • .. • " J . . ; ■ " . •'' 

CaJ Use tl^e Cauchy Coridensaliioix ^ee£ Hp;"'show /tto 



r 

k=2 



n log n 



and "that 



. n=2 

(b) ^pply the Cadchy 

1 



at r- > /I .^onver!ge^.r':' 

' ^.-nClog n)< KV, V ^''^ 



^ n(log n>(log log n) * 



s^st/.-.to test ti;ie .convergence of 



-.{ --^^ 
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*Lh--k.*- Condi-b3,oiiarl gtnd AlDsolu-fce Convereence , >^ " • 

^ '^o f ar ;ve have considered prima/rliy series with positive terms I * The 
^'Sequence of ^rtial stuns has genexisxly "befen monotone and we hav# given condi- 
tions whicli guaranteed that the^tea?ms "became 'smaii '^fast* enough," How- 
ever,* if the series contains hoih jxosiirive *^nd iSegativ^ -terms then cancellation 
. effect's- might contrihute to the convergence 'of the series. ' ^ v 

^ Thus J as vith improper integrals, if \ ia,] converges we say that 



1 



the series! converges absolutely while i# a^ converges and ^ !a . ' 

i=i , , * ' ^ • i=l ' i=l 

diverges we pay that converges cond itionally ■ 

To justify the phrase "absolute convergence" we prove that absolute 
convergence: implies convergence. 

• ■ -V 

OO ' , 00 - - ' 

THEOREM l^-^;a . If |a^[ converges then converges-. 

i=l ^ ' . irrl 

Proof . Let ■ s : ^ s^ = a^ and' t : k ^i:^ = ^ [a^ I • - Then t 

is a Cauchj'- Sequence, * and for n > m 



i 

i=l i=l 



n ^ n 



!^n " ^ml = I > a^. 1 < I > |a. | | |t. - t 



\Thus s is also a Cauchy Seiguence and therefore', converges - . ' - 

With Theorem l4-4a all the tests for convergence of Section 1*^3 can be 
applied to series With positive and negative texms J5y- testings the g'iven series 
Tor absolute. convergence. 




converges "by -the p-test. 



We have exhibited inaro?^ tests for absolute convergence... The rplloving 
test is th^ principal iieans for establishing the^ convergence of" conditionally 
convergent series-. ' ^ ^ 



THEOSEM ±Ur'k\> {Leibniz's - Test ^r Alternating, Series) If a'^r^k a^ is 

" such that \ * 

■ ■ - " . \ 

» .1. sgn a^_j_^ - -sgn a^^ for FS= 1,2,...., • - 

< ~^ la^f mono-tone decreasing, - .,' „ 

. -then y - converges . . " • . . 

Condi-tion 1 states that the terms alte^r^iate in sign. Such a series is 
called an alternating, series^ / - 

' V Proof. Under Condition 2^ the sums of two cor^secutive terms has the 
same sign as the first of the pair: 

- . . ' ' "^*^k+l^ ^ ^kV " ' 

► .' • - 

Now consider the case a. > 0 - (if a.. < O the^proof may be applied direct 

to the series - ^^ ^k *^ sum of an even number of terms can^be obtainec 

associating sums of consecutive pairs_ as follows, , - 

Since a2k-l" ^2k ^ ^ ^ ^'^ follows that S^^ defines an increasing sequence'" 
s^ z n . Similarly, since a^^^ + ^2k+l ^ ° ^ "^^^ sums ^of odd numbers of 
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form, a decreasing sequence S^^^^^ . The sequences and are' 

not only -monotone, "bu-b also bounded, s±n'ce 

■bhererore, "by 'the Monotone Convergence Theorem, both and -converge* • 

Moreover, since the sequence' n S^^^^^ - S^^ = a^^^ .converges to - 0 , hoth 
sequences and s^ have the same limit S . It to22.o^ directly that 

als'b has the siom S (Escj^rcises ±k-2. No. 15.). 

k=i -. -■ . . , • ; . 

Finally, note that we have a simple estimate of the error of "approxima- 
tion of the n-th partial ^sxm to' the, limit : since S < S < S - 
for any i and j (Corollary to Theorem li*-2h) it follows for all. n that - 



X 



In o-blier^vords,^-bhe absaltitie error in approximating the limit of"' a convergent 
aiteiTiating series "by th^e^ lum to n terms is less than the magrtitude , of the 
next term.. - . » ■ • . . 

CO ^ ■ • 

' Example l^-^h. The series . ^^^ converges- conditionally since 

i n=l 

r CO -J , ^ _ • 




/ n diverges, while p — - — .converges s'ince the hypotheses of Theorem 
lif-irtj are satisfied. r ;. ' 



Exercises 1^.-4 ' 



oo 



a^^ arid' ^ both, converge^ then V"^ a 



1. - Show that if . y « axia x n nnT.n r-o.nwr-t 

n=l n=l ' - ' • 

converges* ' \ 

.2 . Test 



St. \ C-l)^ 2 convergence, 

. '^ Cn +1)2 



3* Is -the f ollovliig true in general? If converges and 



n==l 



11m 



^ 00 

O then 



a c converges, 
n n 



n=l 



i 



.h. Tes-t for convergence the al-bema-ting . series ^ , wtiere 

=^ -and a^^ = - . 



5 . Proves that if | ^j^-f^i^j^.j^ ^ ^n ^ 1 ®2 ^ ^^IrL ^ "^^^ 

^ 'a . converges absolutely. " ■ ' 




5^ 
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1^-5- Pareil1:heses and Rearrartgemerrts" . 

♦ P^oa Example' lli^-Sa^ve see that 'the insertion of parentheses in a divergent 
series caif make a new series vhich converges- Consider i^hat happens if we 

insert parentheses in a convergent series* Let / a = £ and 

c — 1 - 

; ' . • i=i ■ . ' 

. s : k s^ = ^ a^ and let ^ he a series obtained from ^ a^ by 

i=l i=l " 0 . i=:l 

the" insertion of parentheses • A typical term .of the sequence b : K h^ 
has the form 

Therefore, .-the sequence of parliial stuns, t : k -* = ^ "b^ , is a subse- 

quence of s > jt^ = ^ , and thus lim t^^ = lim = >^ • So, insert ion 

of parentheses in a convergent sequence doesn^t affect its sum. , - 

Fo2!- a finite sum .^i ^2 ^n ^ rearrangement of' the summands 

dbes not 'affect the sum- The sitioation is 'not quite-as simple for series. 
The following two theorems tell -us' when we*can rearrange. - 



™SOHEM . ir -the. series ^ . converges to S. absolutely, then any 



i=l -■ ■ 

rearrangement of the series also ' converges to S . 

a 

00 OO ~ 



Proof- Let b^^ be a rearrangement of ' outline the idea. 

• . ■ i=l ♦ . i=l ' " . 

, V 

of the proof i::iioose a :v so large that the partial sums |a^| , and 

■ _ , . . . i=l 

^ • ■ •« ■ 

• ■ * ^ / ' - ' 

hence ^ , a^ , clpjsely- approximate . the sums of* 4:he' corresponding infinite 

• .i=\ - • • '-'^ ^ * . 

series. For t^ rearrangement b of .the series, take a partial sum which 
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includes all the -terms ^ ^2 ^ ' ' remaining terms of ^ a , no 

matter how distributed in the ; rearrangement, can have only a slight effect; ' 
' . \ ^ • -v'^ V 00 . 

therefore, the partial sim closely approximates ^ a^. and^, hence 5 ^ a^ 



.. . , i=l . i=l 

^He proof consists of a carefxil accotxnting for the small effect of the terms 
beyond a^ - - ^ ^ 



00 



Let 



i=l i=l ' ^ ■ i=i 



t : k t^ = 2^ b^ , and : k ^ s^* 5l 



Given e > O , th^re 

i=l . i=l''.. 

exists an integer v = TI(g) such that if k >-v then 



Is - ^k 



= ^ ja; j < e ■ and |S - s^| - = - [ ^ | < € . That ^ "b^ 

ii=k+l ■ . . i=k+l i=l 



OO 



is a rearrangement of } a, means that we have a one-to-one mapping , . 

L — ^ • \ 

1=1 . ^ - 

T{f : i T{^(i) of the set of natural numbers onto itself and b. = a/, . 

may also consider a^ as a rearrangement b^ by introducing the 

i-1 i=l ^. 

inverse mapping to njr that is^ 0 : t(i) ^ i - Thus b^ = ^^(j) Set 

-v^ = ma3f{;0(j) : 1 < j < v} * -Then, if k > , we have \ 

' •■ • k - . 

J=l - ■ . - • 



= S - 



1=1 f! 0(j)>v , 

J- < k 



1=1 N {zSCj^v. 

. \ -^^ >■ . . j < k 



:5 Is - a^l + I^0(j)l (formula Gontinuec 

i=l , 0(J)>V "^.^ 

■ ■ j < k • ■ ' " 



11^-5 



•< • S 



< s 



{Zf(j)>V 



i=l 
V 



1=1 i=V4-l 
V . V 

< Is -- ^ a. I + Is* - ^ la. I 



i=l 



TllTlS 



< 2e . 

i;as S as i-bs limi-t, viiicli proves "bhe •tlie6rem- 



THEOREM - l^-^b . If ^* is condi-tionally convergen-t^ 1:lien given any 

1^1 



number r "the^re is a rearrangement: of ^ 



a^ whose sum is r . 



Lemma - . Let ^ a^ be conditionally convergen-** Take 

i=l 

a^ , for > 0 . " 



and 



/ ^ : lc -»a^ 



a : k -* a. 



O , for. . aj^ < 0 



a^ for aj^ < 0 , 
O for a^^ > 0 



Then both . 

I - k=l 



Y. ^ 



and > a^* diverge monotonically- 



iProof - If 



oo ao CO . . 

.a,."*" converged then ^ aj^" = ^I^a^ - ^ wouid 



also converge and, therefore, a^ = ^ a^"*" + ^ a^" -being: the sum of 

k=l . - k=l k=l " 

■tvo convergentrseries would converge. .. 
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Proo f of Theorem , l^-^'b . Consider t;h.e case r > O . By Lennna l4-5, we 



Choose se tha-t ^ " < r < \ . Choose ^2 ^1 "that 



k=I lc=l 
lE=l lt=i^+2 k=l k=i^+2 

# 

Coiftinuing in ishis manner we cons-truct a reaxrangemen-t which converges 1;o r 
since, liia [a^j = 0 . The proofs' Tor -bhe case r = O and r < 0 are 

similar. (See Exercises 1^-5 No- 1.) 

We apply Theorem 3,^-5a to prove the following theorem. 



and ^ bj are absolutely convergen 
J=0 ^ ' 




tto A and B , respectively^ taer^thelr Cauchy Product c^ converg 

n \^ 

to AB , where c = > a, b' * ^^^"""^ 



i=0 



k=0 



Proof s We begin with an intuitive approach- L^t us expand 



OO CO 



as by the distributive law . We obtain the sum of all 



i=0 / \j=0 

terms of the form a^b^ for i^0;,l,-2, ,j = 0,1,2, 

•Arrange these tenns in an array as in Figure li^— 5a* 



■X- 

The distributive law holds for finite series. Its use for infinite 
series has to be explained and Justified when it is applicable. Here we only 
use ^ it to suggest the scheme of the proof. 

J* 
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^^O. . 5l^l -^1^2 • 



n 0 



a -b- 
n 1 



S:^0 • ^^1 ^^2 



^n^2 



a 

n k 



O n 



1 n 



-2^n 



a "b 
n n 



' \ Flgare lV-5a 

« ■ ■ • 

We see^-that; c is the sum, of the teims in the n-^th diagonal of the array ^ and 



e = ah + ah- + . . . + ah, + -- --i-ah + ,,,+a -,h„ 
n nO nl nk nn n-1 ^ 



a, h + + a-h + ah 

K n In On 



I. 



This is the sum of the terms in the n-th "ell*' (called a' gnomon hy the Greeks), 
note that 

n \ ■ 



= 1 



,^n+l ^ ^ ~ n+1 n+1 
k=0 



^k=0 ' ^k=0 / 



Hence, "by Theorem* llj— 2d, tlae sequence n cbnverges to" AB , Bu-fc 
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l,J<n - l,J<n 



^(z -hj) -(z i-ji) 

|<J<n t<i<= 

2^ 2 



<A*(B* - By*) + (A* - aJ)B* , 



wtiere A 

n 



n-1, n-L 00 CO ' 

i=0 j=0 ,- 1=0 j=0 



V = 1 • Since -the las1» sim. converges "to, 0 , 



lim C = lim E = lim A B = AB . 
n n n n 

^ ZImOO ^ 



Exercises 14-5 

1. Prove -Tlieorem lit-5T3 for the case r < 0 . 



2. Show tha-t fr)(^^ = ^ ^i^^ io conclude that 

^ n=0 ^ ^ n=0 ^ n=0 
e^e^ = e'^'^ - (See Section 8-5.) 



882- 
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1^-6 • Sequences of Functions ^ Uniform Convergence ^ 

In Section 1U*3 yhen we observed, that for |r[ < 1 the geometric series 

converges to ^ ^ ve were thinking of an infinite class series, - 
n=0 ' > 

.one series for each r , [rl < 1 • However, we can also think of it as a series 

of functions. Namely,, we have u : n where u is the function 

n n 

n 

'^ri • 3r -> r and s : n s where the function s is s : r ^ 
' n n n / 

^ , . • .\ ^ k=0 

Then the series of functions > u^ converges ^o the function f : r ^— 

<, / ^ - ' 1 — r 



n=0 

CO 



in. the sonse, that for each r , |r| <1 , • the series ^i^^^^ .converges 



DEFJJM.LTION tt4-6a . The sequence of functions u : n ^ u where 

, x -^u^Cx) (let , E "be the domain of ■ u^ for n = 1. , 2 , .) 
tionverges pointvise to the function f : x ^ f (x) if for every 
X c E anci every e > 0 there* exists cd = £2 (x,e) such that for. 
Ic > CD- , we have * 



lu^Cx) -.f(x)| 



< e . 



Since we have defined a series as a saquence of partial sums; Definition 
llf-6a Immediately defies pointwise conve:^gence for a series. In- general, any 
statement about sequenced is directly translatable in this way (i.e., "by 
Equation (la) of Section 3) as a statement about series. We make no use 
of the fact here, but^^^wfy statement about series is also directly translatable 
as a statement about sequences (by^ Eq^lation (lb) of Section l4-3) . 

Pointwise convergence is not the "right" idea of convergence for applica- s. 
bion of the operations of the calculus, to a'sequence, as the following examples'- 



show. 




O • . • - . -^883 
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Example l^-6a . 'Consider the seguence of functlonsi 



(see Figure 1^4— 6a) 



■ 0 , for — < X < 1 
'l -.2^ X / for O < 3^ 




i 



Figure lU-6a. 



Eve^i -tliough ii^ is. continuoixs for n = 1 , 2 we have 



lija u = f ■ : X 
' XI 



.1 ^ for X =JO 
O y for O < X < 1 y 



so -fchalb f isVdis'con-tiiiuous^ ai .1. ^ .Thus^- for poixL"bvise convergence -the 
iimi't of a sequence of continuous functions can "be discontinuous-. ' 



Example l^-6'b > Consider the sequence of functions*. 

Im^x , for O < X < 7^ 

^ — — 2n - 

u^ : X ^ < --Cx - ^)4n^ , for ^ < x < 
n .» n ^ 2n — — n 

O / for - < X < 1 
(see Figure lli-6b) . • 
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111.-6 • 



4 




4 



Then lim u " * = 0 

EL 



Willie 



Figure 'lii-6b. 

•1 - 

(x)dx 



Tlius 



lim r u Cx)dx ^ .1, . 
' r ["lim u (x)]dx ^ lim f"'' u 



.(x)dx . 



Tims for poiirtwise convergence jthe integral of -the limit miglat Hot be ttie 
limit of the integral?! ► ^ * . ' 

* ■ 

We shouia very much like ^ -to have the properties vhich Example l4-6a and 

Example l4-6h show ve do not have for pointwise convergeilce 6r functions* 

■*,'".*- 

The trouble with Definition l4-6a is that cd , the number of terms of tjie 
sequence which' we must take to be within e of the limit , depends on- ^the^ " 
particular -value of - x with which, we are concemec?. That is, for -e fijced 
the fundtion given by a> = 0-(x,e) is not necessar5?ly bounded'-^ If it is 

biounded we can Qhoose 03 = svcplQ(x,e) : x in E} , which'is indep*endent of 
>c . Notice that in Example 1^4— 6a and Example llj.-6b it. is the case that 
a cannot be bound e* and therefore we cannot choose cd independently 

>f X CExerj^ises 1^-6, ITo. h) 3 ^ 



where 



r X u Cx) - and let 
n 



n - 1 , 2 , 



Consider;, the sequence of functions : n u 

n 

E be the domain o:& u • for 
The sequence n converges -n-n-r-Pormly on E ' to 
the function f : x f (x) if for every e 0 there exists ^ 
<D = QCe) such ti^t for. k > cd , we have - ^(^c) r< € for 

all X in E . ' ( 

r ■ - , • 
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ITow ve shall "shov .tlia-b . vitia uniTorm convergence -fehe phenbmena exhi'bi'te. 

".J . 

in Example lif-6a and Example lif-6b are ^impossitle. ^ 

THE0KEM L j,l;->6a • (Tlie un3^o^riim±-b of a sequence of conl^inuoxis function is 

cjt^n-fcinuous . ) If the sequence u converged uniformly -to f . on E , . 

and u is continuous on E for n = l,2, , then f is ^ " 

continuous on .-E • 
- . * • • • . 

Proof s Take .x^ c E and € > 0 . ^We -want to estimate lf(x) -^fCx^) 
"by "bounding , |x - Xq| . Now . " ■ * 

< IrCx) u^Cx) I + |u^(x) - U^Xq) [ + |u^(Xq) - f (Xq) K 
Take n fixed > cd(:t) ^ choose 6 so that , ' 

Then : ' ' ■ ^ \ ^ ' . . 

4 * ■ ■ ■■ 

If (x) - f (xq) 1 < 3 + f < € for Ix - x^l < 5- . 

- * , / * 

THEOREM l4-6b- (The integral of the uniform limit is the ItLmit of the 

integrals-). If the sequence \x ^n continuous functions . . u^ 

converges* uniformly to f on E , and if Ca^h] is 'contained in E 
■Chen ^ ■ ^ 

.. . *• , - 



lim f u^(x)dx = r fCx)dx = f film u^Cx)| dx 



Proof. By Tlaeoreni 1^4— 6a is con"tinuous and ' -btieref ore in-begralDle . 



Given e > O tiiere exists as = £2(c) sucii- "that if k > oo "btien 
ff (x> - VL (x) |/ < € £br all x in Z . ' Hence if 1&> Q C^— ^ — ) "tlien 



if f(x)dx -^.f ■u^Ci)dxI = I r [f(x) - ■Uj^Cx)]dxI 
J a ^ J a - , V 2 . ' 

<*J^- |f(x) - Uj^(x) |dx < J 



r— dX < G 

Id - a* — 

a 



Having dem o Dstra-ted "the- importance of unif orm convergence we need a 
usaawas criterion for estatlisliing imiform cotcve^gence. This is provided, 
in the setting of series of functions, hy the Weierqtrass M-Test. 

THEOREM Xh'6c . ( Weierstrass > M-Test) Consider u : n u , .vhez;e E^ is the 

domain of . for n = 1 , 2 , • • • > and let M : n he a sequence 

^ of positive constants- for vhich lu (x) |- < M - for x t E . If - ^ 

• 'n'n 

converges , then ^ ;converges unif brmlyN on E . 

n=^l n=l 



CO 



Proof > By the First Comparison Test converges pointwise and' 

n-1 ' * 

oo ^ - 

absolutely, say to f . * Since ^ . converges , given " € > O , there 



n=l 

exists an CD = Ce) such that, for k > co 



< e . 

n=k+l . - 



*■ Thus if k > CO , -then 



. CO 

n=I h=k-HL n=k+l 



for all X ■ ». E 



Example Xh~$c . The seizes ^ x^ converges uniformly on \.x \ ..< r 

' " " " ' : ■- ■ '. n=o. ■ •' ' - ' .... '■■ - V..'. . 

where r <-l since < r^ and ^ 



n 

r converges 



n=l 



Example 



log 2 = 



.6k . y J- = 



n=l 



log 2 . By Theorem" 1^1—613 



n=0 



n=sO 



n=l 



n2* 



THEOREM l4-6d > ^ ir series of continuously diff ererrtiable functions , 

• ; _ ^ * ' n^l 

converges uniformly -to f on the interval i = (a,!?) and if the series 



of derivatives 



.ves } u* 
c. n , 



converges unifortnly to g on I > then f .,is 



n=l 



differentiable an^^f^-= g . 



Proof , Since u^ = g hy Theoreif li4— 6jh 



n^l 



P g(t)d-t = \ ii^Ct)clt = Cu^Cx) u^(a)) = f(x) - fCa) 

^ n=l ^ n=l 



Since g is -caS-tinuous, f»Cx)^= g(x) . 
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Exercises l^f^o . 

Show -bha-tj.each of "bhe following series converges tzniformly on "the. sets 
specified. . - ^ ~ • * • ^ 

CO 



/ \ \ sin nx ^ 



(— ^) , O <x <2 . 



Shjrw "tha-t -the Weie^^s-trass M-Test is not a necessary condftion for 
uniform convergence. » 



Show that does ,not cpnverge' unifonnly on [x| < 1 



n=0 



In Example. iX^Go. and Example 14-6^ show for each fixed €-< 1* ^ 
Q (x^e) cannot be hoiinded. 




:(a) Prove: if 

- converges in the mean to f 

' ■ ' - . ' * . ■' * ■ " ' * ' • ■ 

(Td^ . Slaow, hjr an.exazE^le t^hat u can cqnverge in^^ttie mean to f but 

not pointwise. \, . ' ■ ^ 



6. Show tSiat If -the serles- 



a 



(i) + [a^ cos nx + 1;^^ W^nx] converges xinl'formly to 

f(x) o? [-ir,3t] > then . " » 

' ■ ( f-^ ' ■' 

(ii) ° 3t cos nx dx , n = 0 , -1 , 

■ • . . .-i-f- ■ 

(iii) h„ = — J f(x),siti nxdx, .n = l,2,'. 
■ J-r: - 

(Ttie series, (i) with coefficients* defined "by Eguatl^ons (ii) and (iii) 

is called the Poiirier Series of yf •) ^ 




• Pover Series , 

At the end of * Section 13-3 *we sought^, to determine" when a fxinction, f , 



3f 



could be the sim of its Taylor series y ' — ^(x - -a) • Section 8-5^ 

. n-0 . V ■ - \ ^ • ^ 

X ^TT x^ 

Fonznila (8) showed that e = y • These series. are powe?: series, serifss 



11=0 

00 



of the form ^xS^ "* * study power' series it is sufficient to s-^udy 

n=0 

power series of the special form 

(1) Y. =n-" • . ■ 

. ^ ■ , ... 

Our first theorCTi implies the existence of an interval I symmetric 
ahout the origin such that (l) converges absolutely for all interior points V* 
of I and diverges for all exterior points. Thus, if I . is hounded, . 
I a (x : |x| < R3 , (1) converges for |x| <E and diverges for |xl > R . 
, B is called the radius of convergendfe of (l) . . If I is unbounded, then I 
is the qet ' R of all real numbers and we write R = bo . That R can take 
on all v^ues between O ^and infinity is shown by applyfeg the root test to 
the folloifing three, examples * .. . ; ^ ^ 

00 ^^^ ^ , .^^^ ■ - . . 

■1. > . J[nx)^ (K = O) , 

•• • ' eo- '_ \ '' \- ' : J- . ' .' - . -. . _ • . 

2. ^ (ax)^ (R = -jlj) and / V 
n=50 

CO ' 

3. ^ (^y (R - «) . . ^ . 

n=<L 

For Jx] = R , the convergence of (l) is left in doutt as the following 
example shows • . 



ERIC . ' . , ...-/ 




converges if -1 <.x < 1 and diverges^ otherwise 



00 



THE0RIM'MJf*7a^ If -the power, series ^ ^n^^ converges for x = r , then the 

^ power series y • a x converges uniformly and absolxi-tely for . 
^ lx| <r^.< |rl 



n=0 ^ 



Proof. Since the series ^n^^ converges, lim = 0 Hence 

n=0 



n r ■/ ' ' \ 

there is an. cd such that ja^r J < 1 ^ ^c>r n > as . But, Vor [x] < r^ ", 

la^x^l = la^lJx^l .< la^llr^°i.< la^r°I|^|^.< [^l'' for n > a. . Since 

<30 ' , • -CO jf 

— < 1 , (— ) converges and. ^ ^n*^ converges uniformly for jxj < r^ 
n=0 n^ 
^ . hy the" Weiers trass M-Test. . * . \. 



From this result it is not hard to establish the* existence. '.of the radius 
*" of convergence mentioned above (Exercises l4-7. No. 2) . 

' We have the following cc^irollarj? tQ Theoreiil*l4-7a . 

J . . - , ■ „ * ■ , . . \ . 

Coronary ^. Let^ R he the radius of convergence of the po^wer series 

. y ' * ' R > the power- series >^ ^n"^ converges uniformy for 

n=0 - . . n=0 

. CO : 

Thus hy Theorem lif-6a if f(x) = > a x^ . the function f is continuous 
. . * ^ n 

• - n=0 / ^ " 

• ■ . ■ . : \ - ^ ^ 

in (x : |xl <.R} • Mbreoyer, sijjce the cqjjvergence of ' / a r^ , r 0 , 

- impajies ' ' - • *. * " . 



r 



n-1 



11 
r 



n-1 



for n > 



CP and |x| < > «^nd since j^j 



n-1 



r 



root -tes-b, -the pover series 



n a X 
. n 



n-1 
n-1 



converges by -the n--tii 



convergps uniformly Tor 



lx| < r < r . Hence "by Thcjorem lU-6d f *(x) = 

• n=l 
Induction f is Inf Ini-tely dlTferen-tiahle and 



n a X 
n 



.n-1 



(x) = ^ n(n - 1) 



(2) 

Se-ttlng X = O In (2) we find ^O) = kl "Sr^ 
(3) 



(n - k + l)a X 
n 



n-k. 



Tinas 



X mufut be -the Taylor Series of 1-bs simi f 



n=0 



Ttrus, lay 
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Exercises 1^-7 



°^ CO ^ . 

:rf the series ^ ®n^^ ^ ^n^^ converge on |xl < R show that 



n=0 * n=0 



W GO 



n=0 n=0 n=0 



and that 



f"' (£ v") (L 




on j^^^slnterval ]x| < p whert p < R , i^tb = ^ ^^n-k * V 

Prbtn Theorem l4-7a prove the claim of the text that a power series ^ 



either 

n . 

n=0 



* (a) converges for all x , or 
(hX there exists a n-umber R such tjiat the series converges for 
^ |x|"< R and diverges for [x|-> R . / * - ; 

Prove that if ^n^^ rkdius of convergence and '^n^^ 

n=0- '^^^^^ - rL=0 

OO 

has radius of convergence Rg < E-j^ , then (ag. + ■b^)x^ - iias radius 

' n=0 
of convergence • - 




CO 



Show -bha-b the radiiis of convergence of the power series > a„x is 

n»0 



/ n 



11. = 



O. if lim ^|a^j 

V 



in all other cases R = lim 




' nL 



5#. Find the TBdliis of convergence, R , for each of th? following power 
series 



(a) Y_ =L)x^ ' 



n=0 



n=.l 

- 7 



2 X 



n=0 

GO 



(ay ^ si 



n»0 



n 
n* 



-230 
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Miscellaneous Exercises 



■b 

1. Extend the Second Comparison Test "by proving that if llm — = o^, where 



> O ^ all n' , and the ^ a^ coxrvergee tiie& ^ 

xi»a - n«l 

'Absolutely* \ v * ' 



convvges 



Oft-' 

2. Let 



^® a convergent series of positive terms. / ' ^ 

n.l * - ^ , .,/. , 

I a h 00 ■ • ■ . ■ 

Prove- :^ ' < > for all n ^ then Y" converges ahsolutely 

. n • , n *—7' " 



3- Let 



he a series of nonnegative terms. 



n=l 



Pr<iH>e if ^3 



' vn \ ^ 7 

^( -1) >l + e>l for n>cD, then 2_ 



a^ converges 



n=l 



a-bsolutely, but i^ n • 1 V < 1 - e < 1 ; tben a^ diverges. - 

■J - ■' n=l 

Hint: Use tiie preceding exercise to compare the given series' yith a 
P'Series, where pt=ll^€. 

Show that each .of thesconditions in Leibniz's Test (Th^rem l^-4b) is 
necessary for convergence- 

5- Prove that a^ converges if . 

[a^I is noninc2*ea'slng , / - ' ^ . ' 

(c) lim a^ = O 
k- 



6. Show that if lim 



n+1 n 



a - a , 
. n n-1 



= r , then the sequence n a converges 



r < 1 ..and diverges if r > 1 



896 



7. Translate the Weierjstraas^M-Test as a criterion for the vLniform conver- 
gence of a sequence of function u : ii u . 

— n 



u - (x) 

8. If, for all X in, E , lu^(x)|^<M and [ ^ | < r < 1 for all 



n > V ^ then u^ converges unlfoirmly in E - 



. n=l 



9.. A telescoping series is a series of the form 



. / , (a - a ■ - ) . Give 

n n+1 , • 



necessary and sxifficlent conditions- for the copVergence of a telescoping 
'series. ' •. ■. - \' '^^Z / ' ■ 

10- Prove the Cauchy Criterion for uniform convergence: a necessary and 
sufficient condition foi: thq, uniform' convergence of the Sequence of 
functions u : n — ► u^ with common domain E is that to every € > O 
. there exists an co^=. $2 (e) such tha:t if n , m > co-, then ^ ^ ' _ 
* - "^^C-x) I < e ^OTT all X .,in. E • . ^ ' 



11.. Show if the series of functions ^ v^ ^ converges uniformly on E and 

■ - n^ - ' - ' - 

the series oX functions u^ , with common domain E^ , has the 



n=l ' . . , ^■ 



property that '|u^(x) f < v^Cx) ' for all x * E , then ^T' converges 

, . - ■ , . ^ . -^ ' ' n=l ' . ... 

■uniformly in E , . _ ^ ' 



12. (a) Consider a series of funct±oj:is ' / u -uniformly convergent to U 

• ■ . c n r 



n=l 




> u = U . 

c — n * ). 



. 11=1 *- 



/ 



O ■ ■ 89^232 
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(b) an^ example, that the boun^edness of f is a itecessary 

.co^^ion in Part (a) . 




•13. Find the 'Taylor expp^oa of f : x (i + x)^ , « not a positive 

• integer,, (the /bipomial series for exponent a) , and find its radiTos of 
' J convergence. 

, ' -v, ■ ■ 

Show that the radius of convergence, E , of the Taylor series of 
arc sin x , ' . 



(2k) it^jg^ 




■ ^ - . , ■■ ^ <2fc + i)(ki: 

(see Exan5)le 13-3t) is 1 

15. Show tha-t if the continuous function U,y) -> * (x,y) defined' in the 
' rectangle . ^ ^ \ 

^ .. ' I== - ^o' i^^ - ^o' ^'^^'-^ ' ■ • ■. ■. . - 

■■ satisfies ab < 1 , a A < c , where - ... 

(1) •. inax{l4.(x,y) f : - x^l < a , |y- y^I <c}=A- 

' and . . • . " 

(2) • max{|Dy*Cx,y)| : - x^l <a , |y - y^f < c} = b , 

■ ■ ^ 
> then the sequence of. functions u : -k ^ u, defined by u x ^ y 

-■^+1^'^^ = * (x-,u^(x))dx 



0 



converges to g function U which "satisfies "the differential equation ' 



^ = *Cg£,y) for |x. - Xq[ < a ', 



■ - , dx r .' ^0 

and the initial condition y = y at x = x 



A)\l6* Fiiici the value, of 



More precisely^ find the limili 




X defined -"by 



sequence n 

values of a " for which the sequence converges • 



~ and deteimine the 



/ 
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. \" Chap-ter 15 ■ • 

^ ■ ' : ■ ■ .. ;.- ■ ■ ■ . : ■■ - - .- - 

GECMETRICAL OPTICS AIII) WAVES - ^ - 

15-1» In'troducrt±on ^ ♦ • - . , . ^ • ^ 

-.This is "ttie -thixd chapter on applica-tions .of the calculus to t^he sciences, 
in. 'the first of thfse. Chapter 9, we were concerned with processes- of growth, 
decay,, and competition, and showed that one differential equation may 'govern 
natural phenomena in many .different .and, at first,' seemingly unrelated contexts 
Our- inain purpose'was to stress how one mathematical model may serve to link, 
phenomena .^d processes which occur in all 'the -sciences . In the second bf ^ 
these .chapters, .Chapter 12,; w^ pursued the one s<:ience of Mechanics to some 

■ depth, hut again fpllowed-^a nstfrrow' mathema'tical-^thread; the solution, of cer-^ 
tain differential equations (primarily those of 'oscillatory phenomena) was our 

*^)asic giiide. There we saw .how a few hasic. mathematical ideas can he exploj-ted 
for the analysis, of a' Yaried assortment of pro'blemis arising in a single, science 
We selected a narrow thread ..of mathematical .methods* to i Veave across the 
sciencesy;^- * - * ■/ * r^.- ; :\ . . •■• 

The intent; of the present - chapte^r is quite diffeafentv How -we use ;a; 

.scieiacer-as ^"the guidijng thread: we. -select- a narroV sequence of phj^ con- 
cep±s . leading f rom - geometrf.ckl optics ' through . waive , -physic^ . ' ' The. dteyeiopliient' 
of the science will tise,.most of the inrportanb methoda of -^e ;cfi^ Oiir 
purpose is to 'show, how the broad sweep of the calcuXus (in contrast to the 

^ limited selection of lEiethods in Chapters 9 and 12) finds -application, and we 

•shall„see that the calculus furthers the development- of the science at every* 

'silage. V . * ^ . v " ■ - . 

. • Since oxiT main 'concern here is mathematics and not physics, we s he'} 1 not 
try to lay grounds for helief in physical laws. We simply accept "lavs of 
nature" tha-fi were isolated only, after long years -of .^ohseinration, speculation, 
and verifica-bion; ^d reveal t^ eonsequences. implicit in these laws hy 
methods of. calculus. As w$ progre'Ss alorig the scientific thread, we. trace : _ 

'paail^ of the hiroad lija^ of historical -SeyeLopment' from the early. laws of geo- 
metric^ optics wi-tevbheir limited domain of applicahility to the modem very. ^ 
general laws of waveA^heory- ^ ^ ' . . / . ; " 



. Chapter 9', is intended to show how one topic of mathematics is ujpivgrsally. 
applicahle to all the sciences;.. This chapter is ""-intended . to/ show how one 
topic -of science uses varioils mathematical methckis . Tl^e tw(^' 'chapters together 
. are intended 'to -indicate that the interactions of mathematics' afid Science are-' 
profound indeed. " Mathematics and "science arJs the very warp and woof the 
-^^conception^of .. the universe that we have created. Where mathematics and' science 
are most IxLghly inters there, both subjects have tended tVreach their' ' ^ 

greatest deivelopment . , . V . : . - ' . 



1 



(J ■ ■ • • • • . '. : 902 ■■ ■ ■■ 
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.13^2* . Geometrical Optics , * . . ' . " 

We Introduce physical laws in iiiach''*t:Tie order in which they vere set forth. 
We start* with very restrictive laws, weaken the restrictions, and therehy en- 
large .the domain to. which the 3:aws. apply. The procedure we follow is "quasi-" 
. axiomatic" add is intended to suggest "both the physicist's hexiristic Search' ' 
for. fundamental principles on the "basis of limited 6bserva,tions as well as . his 
tests of such principles hy further ohservations. The laws or "axioms*^*^^ 
list contain undefined ten^s as do the axioms of a mathematical system,' hut 
they . also necessarily . Contain implicit restrictions on hoth the observational 
and computational procediires that are associated with th§m. .In mathematics^, 
too, the axioms are usually stated in an implicit context, hut the situation 
is .more ohyious in science. J • v . , . * . 

,^ ^ .We define neither' light'> nor its various subjective a'ttrihutes: we start 
with "let .there be H^t", arid introduce .matHematical constructs that repre-- 
sent/measurahle; propex^ties of light. -You. are aware that yojix^re reading with 
the aid of. light, and although this page is at present practically ; fully 
illuminated you can ..change ^^he ' situation by closii^ the book (something we 
■ writers try. always to bear'" i£t mind'). There, is no. obvious structure to.' the 
flood of illiaminatibn upon the page, but^ you have ^seen dancing spots, of ' light' 
. traced by shafts of sunlight on a tree -shaded path, and beanis .pf - liglit entering 
.darkened rooms through narrow cracks of slightly open doors; or, .you may have 
become aware of straight line characteristics revealed in floods of sunlight 
by the shadows that they dast. You have handled light sources such as elec- . 



trie lights, flashlights, candles^ and have seen 
of light. . You have seeij this image of yoxxr face 
appearance at the surf a ce . of water of partially 



the - stars as, distant sources ■ 
in a -mirror, 'and the fractured 
immersed objects. 



• The most primitive constructs^ for such situations are- geometrical, and 
were introduced 'by Euclid. Euclid, represented light as something "propagating'^ 
"(traveling) along "rays" (straight lines) and "reflected" (thrown back in a/ .. 
special way) when it encountered . a mirror . A geometry of rays and the hypo- 
thesis that light travels at different speeds- in different, .transparent 
materials serve a3^so to. account for the "refraction" (breaking *or bending) of 
a ray passing from, say, air to 'water. ' - y-^-*. ' " ■ 

Why "introduce the idea of traveling? The candle that is consumed as. it 
gives forth light, and the monthly electric bill^ make clear that something is 
being used 'up to provide the . light. We .transform energy from some other form 
to the form associated with light; the energy flows from one place to another 
and" the rays, we . consider, are -guides for the flow of energy. . _ 
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In the next tvo sections ve" .apply> tlie calculus only to the gepmetry of 
•- mostly straight rays, "but also some curved ones; mostly familiar 
effects, "but- not necessarily 'familiar, interpretations: we introduce a signed 
. ray . (a "shadow forming ray") to account for shadows, and some of the rays may 
split into many ("diffraction") to--.descri"be some aspects of what occurs wtien 
liglit strikes a. shairp edge. Sections. 15r2, and 15^3 deal with geometry, and - 
' '-geometry wili he sufficient until 'we associate the magnitude of energy flow 
with a ray (as we do in Section 15-^) • However, to appreciate the physical ■■ 
content, it should "be kept in mind that these rays, in some sense, are the 
directions . for energy flovy' ^ ^ ■. ' . ^- ' * 

(i) Euclid ' s Principles , . ' . ; » / 

Early ohservations of light , sources (sun, stars, lamps) "and of the re- ' 
- flections of such sources and objects in smooth surfaces (water, pofished 

metal) suggested two "laws" of nature; Euclid 'g'^principles of propagation CeiJ 
■ and of reflection [E2]: 

[El]: light travels along- straight lines ( rays ) ; 

[E2]: when ^ ray is incident on a_smooth plane surface, the incident i 

^ ^ ray, the reflected ray, and the 'normal to the surface all* lie in. 

" ■ - ■ ■ the same plane, and the two rays make equal angles on the oppojsite 

■■ ^'sides of ■ the normal. 
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Figure 15-2a 
■ 90^4- ■ . 



. ' ■ ■ . .. • 15^2 

■ - ■ ' 

.Plgure -15-2a(i} .illustra-bes "EE2] ; it shows -the plane of Incidence in 
vhlcii a ray froni a source CS) .reaches the observation point (P) via -^e-. 
flection /at the intersection point (l) . on the mirror; the rays are at angles 
a with the surface normal (N) • In Figure 15-2a(ii), we see that the* re- 
oflected ray . (I to_P) is "'the extension of the mirror itnAgg^ (S* to l) of the 
Incident ray (S to l) . . 



S 





(i) 



Figure. 15-2h 



.(ii) 



If a set of rays diverging from a. source S is reflected from a plane 
mirror as; in Figure 15 -2fb(i) , the. corresponding set of reflected rays appear 
to . oriigina?:e from the . n.mage. ; source S« as in Figure. 15-2^(11) . Thus as far 
as the reflected set "of rays ( reflected Vay system ) is concerned, we may 
replace the mirror in Figure. 15-213 (ii) "by the source and reduce a re- " 

flection, prolyl CTi specified by -'CiS] to a propagation problem specified "by 
[el] . (This linage method was essentially introduced by Heron or Hero sevea:^ 
hundred' years after Euclid.) 

* We regard [Sl]^ as defining geometrical propagation in a , uniform medium, . 
and'^,[E2] ,as defining geometrical . reflection from smooth planes* These cover 
the situation of Figures 15-2a and, 15 -2b as well as more complicated refle ca- 
tion probl€ 

"Twoj^^raHel rays incident on a planar reflector as in Figure 15-2cCi) 
are rejected as ■ parallel rays. If we^ regard . reflector as consisting of 
two hinged planes,, and swing one away fr^ the "source as in Figure 15-2cCii),. 
^:hen reflected rays are said to diverge ; if instead^ we swing the plane to- 
ward, the sovirce, then the reflected rays converge ^as in Figure 15^c (iii) ^" 
In the letter -case, the reflected rays intersect, while in Figure 15'-2cCii), 
their extensions /'behind" the mirrors intersect . ' When the rays converge. 
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•their^ iiitersection is called a real in-tgrsectlon, and when tliey diverge^ -aie 
intersection of their extensions Is caJled' virtual In either case, the re- 
^ flecked fays appear to originate at the intersection- : * 

If we have , rays incident on a complex reflector consisting of* many planar 
^portions, then we can determine the reflected rays, hy applying' [E2] . Equi- 
vBlently, once we have determined the intersections (real or virtual) of the . 
■ reflected fays we have reduced the prohlem to an application of [El}.,!.-.^th ' 
the intea^section point taken as. the image source V . We also, need to determine^ 
the intersections of rays reflected -from curved^ mlroTors ^ . But "before we can 
consider curved mirrors, we must intfoduce a more general lav of nature than 
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Figure 15-2c 



(iii) 



(ii) Heroes Prii^^iple , . ' . . .".^^ ; ■ ^y . _ 

Euclid^ s principles, which desci^ihe the essentials, of many directly* 
ohservahle phenomena, are contained in the more concise and more general - 
principle of Heroi ^, . ^ 

. LHj : a ray f 0II9WS the shortest path "between points- • . 

With Herb's principle we' may study reflection by curved mirrors.' 

Before "appisring [h] to more general situations than those covered -"by . . 
[e3 ^^we use the calculus to derive [e] from [h] . Since, hy definition, 
a straight line is the shortest .path- "between points.^r we see that [h] * covers 
Cei] directly*. Similarly in considering [E2l we. need not .consider curved 

■ ' , . ' .■ . . ■ ■ . ■ ^ ■■ ,• •:v:^ 

•' . ■ - ■ ■ ■906 . . ■ ■ ., , ;■■ ■ .■ •;: ./ 



.palibs,. . W^ serfc thershortej^t-^ S .^and P via- a -points — j-— on th e 



'sturface of the mirror^ as In Figure 15-2d(i)/ We may take J in the plane 
^through and. P "that is perpendicular to the mirror: any displacement of 
J perpendicular to this plane will clearly lengthen the component paths_^_^i*j-^ 
and -LgA (Exercises 15-2, No. l). We introduce the lengths and. angles of - 
Figure /l5-2d(ii) and minimize L = L^^ ^ required hy [h]) and show ^ 

tiiat the TnTnlTmnrr corresponds to T = a (as required hy [E23>. 




Ci) 



Figure 15 -2d 




In order for 
Cl). " ■ L 



^1 ^ 



AT. 



to .he', a TnlriiTm^m for. fixed - 1^^ and : h^ , and J on the •suiirf ace of the mirror, 
we require- 



(2) 
Thus 



dL 
dx 



= . 0 . 



dL 
dx 



Cd ^ x) 



d X 



+ X 



.2 ^1 



= -sin a sin r = 0 ' , 



>^ (d - x)^ 

and consequently sin r*?= sin o: as in CE21 (See .Exercises 15-2^ No. 2.) 



Zi Is clear__ficQm^jbhft_^ applying . Ib3 to . xeflect>ion Jrcmi-a-.polnt^ 

on a .curved surface is equivalent "to iis.iiig :lE2] :f or 'reflection from the tan- 
gent plane at ijhe^poiiffa^l 'Practical appliofft prior and su"bsequent. to fe] 
have "be^ hased on CE2] plus the " tangent plane aj^joroximation" ^ Figure 
15-2eCi) shows reflection of a ray f rem a point Ion the concave side of a re- 
flector^ and Figure 15-2e(ii) shows reflection at the same point of a ray 




■ ' > ' Ciii7 ' ^ ' . , (iv) 

Figure 15-2e' ^' 

arriving from the' convex side-, note the relation "between the directions.' 
- Similarly for twa i^ys incident on a cux^ed -mirror, we can construci^ the " ";~ 
reflected rays (or equivalently , . their intersection) - hy, geometry; note that 
"both situations in Figures i5-2eXiii) and ..( iv) .'give rise to. the same inter- 
section point, (real for (iii) and virtual for .(iv)). 

There are. situations not covered hy ..[h] which' are -covered by [B2] 
and the tangent- t)lane; apjproximation^ For example, consider a source (S) -on 
-the circumference of a circle and an observation point, (P) at opposite ends 
of ; a diameter. Th| geometrically reflected ray from S to'^. p. • via a point I;, 
on the circuinferencfs-as in^Figure- 15-2f ( i) , is the longest of all such paths . 
(Exercises 15-2, Ho^ 3).- Egua-tion (2) is fulfilled for. the situation qf 
Figiire^l5-2f(i), but for this case the corresponding second 'derivative Is less' 
than zero. There are also sitxzations of .interest covered by (2) for which the 
second derivatives vanish. - For all such pases, independently of the second .. . •= 
derivative, the first derivative of. the patih length is- 'zero, -^-.ajid we say ^ that 
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Wo m ^'^±3t ri-ng a5^hr-t^fO^--<^LBcss^ of curved reflect ors vand • iliris-bra-be- -the- 



"essentials for ttie case of a concgve. cylindricyal mirror. The simpler "class • 
corresponds 'to a small ajiertuire" mirror *as in Figure 15-2f(ii); for this case, 
the semi-aperttire of the mirror is' very small cd^ared' tb its rac^iTis 

^ 'of curvature a • Let I he the center of the arc -® anci S the position- 
of the source on; 'a line perpendicular to the mirror at I ; then from the law , 
- of reflection, it fallows that to a :^irst approximation the rays reflected 

. /^^;<w:Sn:xpoints ' of the mirror'- go through the point P for which - . 

• ^-"^ ■ ' ' 1 , 1 _ 2 ^ 

Tsif Wr " a • . . \- .'■ _ 

The proof Us left. to Exercises l$-2. Number if. In particular if -fsj ^ « y 
then- the situation, corresponds to an incident- set of parallel rays as in ^ 
Figure 15-^(iii), and we obtain, simply . ^ ^ ' 

. ' - ' •. .. <>: ':.i.pi[.= I . . . 

Dr the small-aperture mirror all re 

focus) 



Thus for the small-aperture mirror all reflected rays intersect at ^ (the 



The more general problem of reflection from a inirror with arbitrary sized 

aperture is illustrated in Figure 15-2fCiv) fdr a set of rays from, a soiiTce on . 

the axis of a ^ semi-circular mirror ''(Figure 15-2f(ii) dej^Jcts . only the situation 

in" the ..vicinity 'of the axis). ' If we. rotate- this figur4..aroTmd,±t^^ < . - ^ 

"'axis, we obtaiin-.a representation, of rfeflectiorj from a portion of a spherical 

mirror. If the distance of "^the source from the reflector becomies infinite.: ' 

.(parallel set of rays incident), then, the envelope of the: reflected rays -i-c: 

"epicycIoidV^(Ebcercises^li-M,^ N^^ of this curve is -at |-\ ;/ ' ThW ^ " ^ 

envelope of' these reflected .rays is called a caustic ; we^ may^deal .with a caustic 

surface, a caustic line , - or a caustic point ;, the last "is also called a focus. ^-^ " - 

Uext we consider, the' caustic obtaineS by the reflection of a set of parallel ' 

rays incident, upon, a cylindrical mirror. By restricting the rays to a plane 

perpendicular to the generators of the cylinder we obtain a two-dimensional 

problem. In this- case- we,, expect to' obtain a caustic line. Since the reflected 

rays a2?e tangent to the caustic, once we know the caustic we specify the system 

* ^ ■ .... 
o? reflected rays by means of . Cel] . / . 



A - 



(iii) Caustics , 



We consider a set of , rays parallel- to the x-axis incident upon "a two- 
dimensional mirror. ; We, consider a fixeid observation point P = (x,y); "on the 
same side of -the reflector -a:s the source, and apply [il] to determine the 



._CQPdit^lQn that.,. ttift lTic1rlf>nt. .^y t,hat stz^Uces^-the-mlggor at; - I =. (1^1) ±3 ^ 

• reflec-ted through P (see Flgiirc 15-2g) . We'-c'oiO^ I and- 



/ 

{ I- 




i4 



• Figure 15-2g . . ' . . 

the incident ray 'that strikes it in terms of the parameter of length along 
the cunre, "but it is more convenient, to use the angle *Hbat the incident ray 
, makes with tHe normal at I as. the -parameter^ namely- the angle a -such that 
tan a is tfie slope of ^ • The. /length of the incident ray measure'^' -iTrom the ^. 
y-axis'is | ; the length of the reflected ray from I to - P ■ is . ^" 
J ' W ' ' — ~2 

H = V^t - x) -i- (tj .^y) ^ and its inclizmtion* to. the,x-axis "is 6^. . ^ 

The total length" from- tl^e yraxis via I to "jP Equals » " 

(3) - ' L =.i +"r = t + -/(I - x)^: + 



■35iff erehtiating, .-we have. ■ / . . * ^ 

■ 

where the prime indicates differentiation with respect toUlK 
essentially as for (2), we'equstAe L* to zero to obtain 



Using . . •Ch] , 



(5) 

Thus - ve have 
(6) • 



sin B 



1 + cos ' e 



2 sin ^ cos g g 

— 2-0 ■ 2 

2 cos gv.= 



Since 



dence. 



5^ 



tan I = .11 = ^, .. 



is the .slope of the tangent of the reflector at the point of inci- 
is the slope of the normal W and equals tan a . Coiiffeguently 
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■'(T)- ■ .:\ ' . . -=14^ = tan 0 =;tan q: , . ■ ' 

. from *hlcli . . * .... * 

,C8') \ ■ ■ . ' *- e = 2a , . ' ' ■-- 

as could have "been, ot-tained directly from [e] uponv inspection of Figure 15-2, 

• . The equation of the reflected ray arising from the ray incident at an 
' angle a with K is ' . ■ * 

. (9) : ' - , n - y = Cl - x)tan 0 = (| -, x)tan 2 0:', 

viiich we rewyi-be as ' .% ' * * , 

This specifies -the sei:; of refleqted xays corresponding to-. a .set of incident 
parallel rajrs . The parameter a dL0B<brihes not only t^e' curve of the -reflecto: 
(SCa)^ TiCa)) , it .also picks out the. xay incident at . 6 , sLXid the correspom 
ing reflected ray ClO) . ' The point of ' intei^ection of 'tvo neiglaboring rays 
,g(a>P).= 0 and g(a +-Aa, P) = 0 , coraresponding to a and a .+ Aa is . 

• determined hy g(d,P) = 0 and g^Q + 3^ - s(«t^) - q . in the limit 

Aa-> 0 the point P of intersection .of the neighboring rays falls on the. 
envelope- and is specif ied hy the siDmltaneous equations . " 

l>ifferentiating (lO)v we obtain \ - * ^ " /^^^ 



(12) D^Ca^P)' = l^-tan 2a -h ^^g" ^) - 




cos aa" 



■ and with {l) we eliminate tj« = rr^— • . 

^ ■ ■ ► . tan a . . - 

^^3) ' ' . D^(a,P) = 5*(tan 2ci -h"^^) + ^^V^ • " ^ 

^* . . • cos 2a 

Since tan 2a tan a + 1 = ^tt— • we reduce (^.3) to . 

• • cos aa - ' . ^ 

cos 2a 

Thus, since (ll) requires D^(a^?) = a , t*he Xrcooi^iinate - of . the point on the ; 
envelope "is " ; ^ . - , . . - , ^ 

>vwhich we may rewrite in various equivalent forms,. e*g., * . — : . 



(16) 



X = I COS 2a . 



We obtain tbe corresponding, y-coordinate by iising^ (l6) -bo elimina-be | - x 
from (lb): thus g(a,P) = ^ cos 2QM:an 2cr - (il -y) - 0 , and conseqxiently 



/ 



(17) 



y = Tl- - ^ sin 2a . 



Equatioajs and (1?) (fronr whichi we could eliminate a) specify the 

caxis tic cxirve, . the envelope of the reflected rays* Given a specific reflector 
ve can ustf its parametric representation to eliminate | and tj ^ and ther€»by 



determine the caustic explicitly. .We illustrate this 
the parabola and semi-circle. ' " * 



two simple reflectors. 



Sxample 13>2a > jParabola . WS consider a. s'et of rays IncidAit upon the / 
parabola 



(18) - 



as in Figure I5-2I1. The parametric eqxations of -fclie parabola in -terms of a , 




Figure' 15 -2h 
where ' tan cc is the slope' of .the norma^, are 



(l9-> .,- 

send consequently 

C20) 



=.T) =v.2p -tan cc 



*r6'.-= -p . -ban-, a 



= rp 



" S^s^ a . _ ^ 

I- , ^ ^ * - - ■ "■ 

Snterin^ the express ions for tj^' anSf" tj' in'^^(17), we find 




y - 2p -ban a - 



2 

cos :.o:* 



— sin 2oc- = 2p(l;an a - 



sin g 
cos a 



-Similarly, enrploylng -the expressions for | and .6* ii (15), we liave 

_2_ . Ap 2 tan cA / cos 2a 



COS o CL ^ cos ■ ^ ^ 



Thus -the envelope of th^ ref lec-fced "rays is the point ^ 
(23) • » -P , y = o , 

namely, the focus of the parahola (see Figi^^e .15-2i) - The fociising 




property- of - t^ parabola fL^p^ffi^rxy.^ j^r^ ' -r mf^-ny *^TT^ r^a^.-r r^pg (-h^T^g^rg^ mirrp: 
microwsT-e- and spnic "disBes'* ^iptc . ) for collec±^:ig practi<:ally pai-allel radii 
tion {t;he rays/ from very distant sources) ."byfJlKlect ^ ng the incident rays' to* 
an appropriate small detec;t»r placed at itff :eocus- Similarly, paraTx>lic re- 
f lectori are used for- the . Inverse prohlem of ponverting- the radiation from' a 
source V at the f ocxis into a parallel "b^am of rays. 



The preceding example inay s eem artificial in that (23) could have hieen"' 
ohtained hjr much simpler procedaires than the one we followed • In ther^ext 
example, the saMe procedure yields, a far- less obvious resylt. . 



.. ^ Example l^-2b > Semicircle ^ The^ parametric eqxiatlpns of - 
radius. ^ a . as depicted in Figure 15-2 J are / 



(21.) 



itlyV^ 



a* sin a.- 



I = a cos a , 




and consequ'en: 
f25) 

Prom (17) ve "then obtain' for the ca\|stia < V v' / 



^T]*' =- a cos a 



i' - -a '.sin a 



Figure 15-2j 



(26) 

and from (iS) 9 



: ' *- sin ' Pet 

y == a sin a - a cos Qc ^2 " ^ sin-' a 



^ _ = « a sin g cos aa a cos a/ -- ^ _ ^ 2 _v 
t27; • x -= a ,.co? a - — .g :tan — " — ^ sin a) . 

Sguariiig-±n'. C26>^and (27:) emd additigi,- we ob-bain \ , 



:C28) 



•Of = 1 +■ 3C^) 



2/3. 



:eqim;ti6n Of' .lJl^e e]5i<y traced out a point on a circle -.of radius ^ 

^.''^^ raciiXLS J- • v- ,r V ' \ 

■ The "cusp pr focaX polrrt;; of. -tlie caustic is at x « J- -y* i •O- ^ttiis". 

corresponds to g(a,P) = O , and occurs 'at . = 6 - Tite^i^ays inci*dent 
near the- center of the mirror . (a ^ O) are knofwn as paraxial* rays of "small 
aj^erture" mirror theory; only these give rise to reflected rays that ^appear to 
originate at the cusp |- ^ (See Exercises 15-2, Tfo.- 5*) ; 

■ 'v. : . 'V. - -v. Si. ' ' 




Figure 15-2k 





1 



So far we have considex.e^ .only' re£lec-fcionp from concave mirrors; for 
such cases -the reflect^.- p^rs intersec-t and the caus-bics are real in -the sense 
defined- in Section . SiiirLlarly' a convex reflector 

tiie extensions' of the reflected rays "behind t^ ^reflector- intersect on a- 
virtual caijstic . The identical'^austic curve -specifies reflection from either •; 

'^aide'- df the mirror. Xigi^-e shows .the situation, for incidence . on a convex: 

parahoO^ and JFigure ;L5-2i(i) ; shows^ the ai^ situation , fear a . ; 

JsemicljrcleV; .. Figure ■15r2if^ shows the^geomeirical method- of ' constructing the 
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eplcydpidal cauqtic of -bhe semicircle. Since 'the caustic of Figure 15-2i(ii) 

■ . ■ - ■ . ' ■ . ■ ' ' , ■ .. > ■ ... ... 

is the envelope of the set of extended reflected rays, it is tangent to all 

ipembers- of th^/ family .-<^roni the, figure we see that the distance alon^%he ray- 

extension from the mirror to the point of tangency with the ca^jifit^c equals 
a * 

.g- cos a . Thus the neighboring reflected H^ays of lengthy 
from a source (their point of intersection) at a distance' rR + |- cosjx 
their extension. 




Since the reflected rays are tangent "to the caustic, we may treat the 
caustic' as Jihe evblute of a system' of cnxrves which are orthogonal to the rays.- 
These curves, the", involutes of the caustic, are called the eikonals or eikonal 

curves -in ray theory;- the radius of ciyrvatiire at a point P on such a cuorve ' 

a * 

equals R + ^ cos a .where R' is the distance along the ray from the mirror-. 

(Exercises 15-2, ITo. T) • The rays (the orthogonal, trajectories of the eikonal 
ciirvesj are tangent to the ca-ustic and normal* to th^ eikonals, and this provides 
a' geooietrical construction for the eikonals: thejr are tra$^ hy the points of 
a taut striiig as: it unwinds from the caustic. 

• ' • . - ■ ■ ■ ■ " 

(iv) Shadows > 

In the preceding discussion we i^ook an ohservation- point P lying on the\ 

same side of the reflector: as the sA^ce fthe "lit side" of the reflector) . ..If^- 
~ *• , ■ . ■ , . . . 

we ailow P' to lie on;the opposite side of the reflector, we ohtain &n -add!- 

tional solution of L» = 0 ■ with- L* • as- given^in. (If) , i.e.V^-. .'- . 

(29) * .. ■ = 0 -if- © =-3r ■, 

* 

ii^here the geometry is shown in' Figure 15-2m. . Thus in addition to'^the geo-" . 
aetrically reflected ray shbwn . in Figure :15-2g, "we se^ from L' = 0 (i.e., 
from. [H*1) that the incident ray also gives rise to another ray one ■ travel- 
ing along the original direction -of incidence, Were the reflector? absent, we 
J^ould interpret this ray as the iJacident ..ray^^ i^ (i.e. the situation of 

.KL]).. However, we insist on^he' presence of the. reflector and- seek a physi- ■ 
^fiClly significant: interpretation^^bf th^^^ to (29). When we 

Jateprupt a "broad "beam of light hy a mirror > we notice .essentially two effects: 





0-(x,y) 

I. DARK SPACE . 



Figure i5-2m 
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"because of^J^he mirror, there is not " only some light' observed in a region of 
space outside of the original "beam, hut there is also some light missing from 
a region of space originally filled hy the "beam "before we 'inserted the o"bstaol€ 
Were we interested solely in the original "beam,, then we migiit simply say that 
some of the ligljt has "been ""^ent" from its original direction (reflected) and 
let it go at that. However "in order to ultimately specify,''4iie full effect of 
the o"bstacle analytically, we assign it a more posij^'ve rd^e. We say that the- 
incident rays "excite" the o"bsta'ble to,^^^|^uce . not only the set. of reflected ^ 
rays "but also a set of shadow f ormiif^'rays parallel xo the "missing" incident 
rays in the dark region of space. It is these sliadow. forming rays that we read 
into (29); these must cancel the incident rays on the "dark side" of the mirror 
to "cr^te" the geometrical shadow. (This idea of shadow forming rays may "be . 
hard to reconcile with mental images of the reflection of rays "based on a "ball- 
"bouncing off a wall. However," were we interested in specifying the total ^ 
effect of the wall in the "ball-wall pro"blem, we could also do so in terms of 
reflected traj^ectories and shadow forming^raje ct or ies.) 

. To make the* full effect of the o"bstruction more explicit (and to set the • 
stage for ovr subsequent discussaon of scattering) we introduce a symbolic 
representation for the rays. We let . "be a measiire' at any point' of the 
effect of an incident ray, E x>f the geometrically reflected ray, and E of 
the shadow forming ray. We represent the total effect E^ at any point 
corresponding to a ray E. incident on\a reflector, "by- 

in lit space " " - 



(30) /./^ -E^. = E^ + E-: 



-r' 

lE ,. 



in dark sjpace 



■ Thus" in. the lit space the total' effe^ is E^ = "^'^^g* shown hy the two 
rays on the left-hand side of Figurfe 15-2m. On the other hnry ? in th^ dark 

. space we have E^ .= E^ + E^ corresponding ..to \he da&hecfSay on tfie right-hand 
sidfe. of Figure 15-2m; in order that E. represent .the physical situation of ' 

■the geometrical shadow, i.e,, . in' order that ■ E^ . vanish,/ we 'require 

(31) ^ • ■ " •• E = -E. -. - i:-. ■ . ^ 

We take (3I) as a supjplementa'ry assumption to; .[H*] :. the first solution ■ 
(9 =.2cc) of L*' ^ 0 ; accounts for .geometrical reflection (iand we subsequently 



Kiis: measure will later "be identified -.with the idea -of "amplitude." 
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as : ■■ 



de1:eniidLne a magni-tiude iic be assi©nfed to such rays).; the second solution (© = tt) 
with (3i) accounts for shadow formation. t 

The symbol E in (30) represents . the scattered part of the- total effect 
= + E • This is tixe'part of E^ that we may regard as- originating at 
the obstacle to E^^^ , or as outgoing from the obstacle. 

. ' ■ « • " ' ■ ■ " 

If we consider a system of parallel rays incident on a convex semi -circular 

cylinder (or equlvalently on a full circular cylinder), then the corresponding 

scattered ray system (reflected plus shadow forming rays) .is as sketched In 

Figure i5-2n. v V . : ^ - 




.-'V^- ". ^ Figure 15-2n V l -^ ' l \' 

. Q?he faifdJy of curves penrpendicular to these rays is"*' theL- corresponding 

Infinite set ^ of eiiconals. Figure 15t2o plus* 'its reflection in the x-axts^. 
shows several of these curves. These curves may be obtained geometrice^Hy . 
from the causti qs (the caustic for the shadow forming rays is- the point at 
3tf^^^^-oo ) , or ^ constructing the normals"-^ of Figure. 15-2n geometrically, or 
•analytically. We* give an ahalytical derivation- in -a ^following section.. At 
larger and larger ' distances ''fromi the s batterer the eikonsils.* of Figure 15 -2o 
becoie more' and more circular/ . : . * . 
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(v) ' lage Diffracted Rays . 

. • •• ■ -. ■■ ■ ' ■ ■ ■ ■ . . ■ • ..... ■ , - ..- 

There are ■ aad^tlonal -sets, of . rays implicit \in Hero » s prirtcipie,^ and ^ their ' 

•utility has "be^ shovn by the recent investigations- of J.B.- Keller. In parti- " 

. cular .ve, consider, edgfe :dlf fria'cted rays ariiBlng. when-^ a ray is incident on 

sharp edge (which ^^Msreaks up'* or diffracts" . an incident -ray) . In- order ,t . - •-- 

motivate intASducing such rays,, let- -u^^ 

■ -We' iiavisSda^ussed reflecte^>gays and sh^ov ■ f omilng rays, and' ve." say in ' • 
,/connec^^d^n^Tfi^.t£e - semi-c both kinds of ' rays were re- , 

quired ;to obtain a conrplet^ coverage of siace by scattered rays (or equlvalently 
to obtain closed scattered elkcSnals) . However if the' scatterer is a strip as 
in Figure. 15-2pCl) such rays alone do not cover space, .vhich. implies- that the 
scatterer.»s influence is restricted ,tov the" two directions shown in the figure. 
To construct a scattered ray system that covers all space, we introduce the * 
edge diffracted rays of Figure 15-2pCii); these rays, are included in *tH] , ' * 
.•i.e.,- an inciden-t ray- strlkiiig t;he edge is dlfTracted to P via -the shortes-b ^ 



15-2 



Prom Figure 15-2p(l) and, Figure 15-2pCii)V we see that there 'are essen-" ■ 
tlally three different \cases" that ari^e for awfully illuminated strip; these 
correspond to the three .different observation points of Figure 15-2p( ill) ■ 
An observation point at re'c dives two diffracted rays; .^P^ " receives one 

reflected ray and tvo diffracted 'rays;." receives one shadow-forming ray 
and two diffracted ^i:6ys-^ r. In a subsequent section we show that the magnitude 
(dt energy flow) associated with a diffracted ray is in general much . smaller 
than the -magnitude of yt:He^\)'tlier. rays in FigTjire 15-2p(iil). . If we assume this 
result 'for present purposes, we neglect the diffracted rays in the regions • { 
corresponding to P^ and P^ and obtain the scattered ray^ system of Figure^, 
15--2p(iv); this figore shows only the "strongest" scattered ray at each obser- 
vation point. A corresponding eikonal cuirve normal i:o the rays of Figure 
15-2p(lv), is shown In Figure l5-2pC.v)-, and it is clear that such surfaces be-" 
come more circular with increasing distance from "-the ecatterer/ 

The'various rays" of Figxire 15-2p correspond only to the scattered ray sys- 
' tern, .i-ei, to the effects ii; space' arising from something that obstructs the 
incident rays; this figtare does not take into account that the observation point 
is also reached by an incident ray- In ^particular, as discussed for Equations 
(30) and (31), the incident rays and shadow-forming rays cancel in "the shadtiV 
region corresponding to P^ Thus the net effect In the .shadow' region imist 
arise from the edge diffra-ctdd' ray^ as in Figure 15-2q; sucB effects have been 
discTissed in detail by J.S. rJCelier. . (Bright areas in the shadow regib4i~;bf 
obstacles' with 'T^iry, regular edges were first commented on by Grimaldi^ 1613- 

1663.)-' ' -•■ ■ • .//a ■ . 



Figure. l5-2q 

For present purposes, we cons;ider only the caustic "of the, edge rays for 
the analogous problem of a di^k. Thus if a parallel set of ^ays is normally 
■incident on a circular disk as . in Figxire 15-2r, each point of the edge gives 
rise to a "full fan of rays" normal ^to the edge ,at- that point. An off -axis - " 
observation point receives edge rays only from two points of the circumference 
on the . disk, .i*e», from, the^t diametrically opposite points cut by the plane 

containing the bbservg^ion point and the disk's axis. However, a point on the 

If • ■ ■ ' 



axis of the disk receives- edge rays fro^tlie entire circxunterence: the axis is 
fit caustic of the edge rays • /Thus i;he ceuxer^of the shadow of a' normally, 
llX i . 7TTi1 nn t ed circuXay disk should show a hriglrb spot, the Arago hright spot^ 
or Pols son bright spot (as predicted originally around 1806 via a wave argu- 

meitxt — a big argiimeirt ) * ^ ^ > - 

■ ■ ■ * ' 

; For -the circular disk> the line caustic ocC t)fe edge rays is the envelope . 
of the planes normal to the edge of the disk, ^^r a disk of general shape 
(an arhitraiy planar scatterer) normal to the parallel Incidexrt rays, the 
correspondirg caustic of the edge rays is a cylindrical sxurface, the envelope 
of the planes rformal to the edge. Since two gn^^fa pi -r-h-h^T^gi^r^. v-fTt a line 
normal to^the disk, the cajxstic cylindrical surface* generated 1^ the lines of 
intersection is also normal to -6he plane of the disk* The cross -section of the 
caustic cylinder ckit "by the plane' of the . disk (or as viewed : cm a screen , in the 
disk's shadow) is the line envelope of normals -to" the edge .in j:he plBtne iof the 
^iskj it is the evolute of^the edge. 

In particnolar for .an elliptic edge 

• ^ / ' ' ■ 2 2 . ' •* ^' ^- ' . 

. V -a h - . 

the, equation of the evolute is 

(33) [ ' ; ■ (ax)2/3 . (^)2/3 ^ . ^2)2/3 . , _ V 

(see Ebciercises 11-6, Ho. 11) • This is the four-cusped cuinre sketched in: 
Figure 15-2s. Such caustic secti<Mis w^pTphotographed hy^^^C^^ Beckneli 

in' 1922. . . ■■ . . ■ : ^; : ^■ 






Figure 15-2s 





1 




To derive (33).ve describe the elXipse- 

£ ■> a cos 0 f 11=13 sfn 0 . 
The corresponding nomal a-b (|,ti) throttgli P = Cx,y) is specified 
(35)- g(,«.P) - ^ - ^ .^^,^2 . ^ ^ 

aj\^ -the derlya-tlve wl1;h respect to 0 gives , ^ ^ 



-(36) 



1>0 g(0yP) \= 



ajc 



+ ■ "by - = o 



cos 0 - sin 0 



Sxibs-tituting (36) in"(35) to elimijaa-be ei-ther or y ', we see -blal; . 
, . COS 0 sin-^ ^. - • ■ ' : 



Consequently the locus of the normals; is 

2 2 



(38) 



X = 



2* 2 

- coc^ 0 , y i= ~ — sin^ 0 



a ' ~ t 

Eliminating 0 ftrom (38), ve olrtaid -the required resxilt (33). 
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. : • • . y 15-2 

. The associate ed lejagbti ^ In -the above we discussed rays reflected * rroni " ■ ^ \ 
surfaces and rays diffracted by edges. Tlie^ edge rays a6 in Figure 15-2p(ii). 
are dravn radially outward from a point on the line representing the edge^ but 
jthe scattered rays of Flgurc^ 15-^' for the cylinder are not rad;Lal- If we visua- 
lize the cylinder becoming thinner and thinner we might exi)ect on the basis , of . 
our remarks for edge rays that in the small, diameter limit the ray system jof". 
Figure 15 -2n could be represented as a spt of radi€tl lines as in Figiire 15^2^, 
but later we shall see that a new phenomenon, diffraction, becomes important - 
inutile small diameter limit. * - 



The situations of both Figure 15**2n and Figure 15-2t are covered by [H*] , 
"and both correspond to scs-ttering by a- circular cylinder • In order to distin- 
guish them we miist associate a scale factor "for lengrth with light. To do ^o, 
in addition to the geometrical property assigned to a ray by EH'I , we shall 
also need l^o Imow that light of a single color has an associated length X' 
(later we shall identify X as the wavelength), which is independent of the 

length of the ray path* We coixld then distinguish, the two different scattering 
. ' ^ \/ 

situations for the cylindrical obstacle of Figure 15 -2n and Figure, 15 -2t as 

*■ - ■ 

follows: the. ray. system of Figure ,15-2n corresponds to a very large cylinder 
a » X , and the ray system* of Figure 15 -2t corresponds to a very small cylinder 

a « 9C ■ ■ • ^ \;. - y ^ ^ ■ " . ♦ ' \ ; 

The existence of an associated length might have been guessed (from 
G'rimaldi*s observations of color effects, in experiments on light diffracted. 
int^i shadow regions , Section 15-6)* -but was not. -We show subsequently that -^he 
required associated length emerges na-hii-rflny as part of a more general model, 
'the wa^ model, for such phenomena • We mention tTie matter now partly in 
anticipation, but primarily to stress, that the^ present model is incomplete.^ 



The notation a »X , (read, "a is 'much greater than x) implies that 

** ' ■ * X ' * 

we consider asymptotic expressions, in which the parameter is presiamed to 

be small. - 
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1. Show tliat -tlx shortest; path from a^ point A--: to a i>oint B hy vay ot a 
point 9n a plane mirror^ must necessarily lie Ip the plane containing A 
and B which' is .perpendicoilqr to the plane of the mirror. 

2. (a) .Eq-uatlon (2) is a necejssary hut ^not siiffic lent ^ condition f<?r the path 

^ length L , to be a.minlimm. .Show, in fact/ that the condition-, 
^ • oc ^^T ^is sufficient for'a minimum. ^ ' ^ ^ 

(b)/ Show that r = a corresponds . to the shortest path by the methods of 
. '. elementary geometry. - '(Hint: 5se the image principle-^ This was the 
method used originally by Hero.) V . 

3-- .Show that [E2] yields the longest possible reflection path between 
- diametrically' opposite points of a^circuXar reflJbctbr (Figure 15-2f(i)) . 

tj-. . Show to .a -first'^afiproximation for a small aper^re concave mirror 

(Pigiiorie ;::l$-2f Ci:^))-.that all rays from a souorce .on the axis of the -mirror ' 

- . . .\. ■ - ■ ■ -. 

at distance Aj^ ,: from the mirror .center are -rejected through' V';i>6tnt at " 
- . distantfe.' v -^'^from the mirror^, where ■ * _ , ^ \ 

_ . . /. 1 ^ 1 ^ 2 ■ , • " . ' • > - ; . ■ , 

■ ■ . u V a * * " - • * ' ^ 

. -For the semi-circular mirror show that the cusp^jO^^he caxistic ict^^'^):^- 
corresponds. to- g(a-P) « 0 - ^ f 

/ * Consider the elliptical reflector^ 

2 2 7 ■ 

V= ^ > (a > b) 

a . b ■ ■ _ - • 

Show that all the rays originating at one focius of the ellipse are 
Reflected throughl^Jje other focus* (The 'foci of the ellipse are the 

po:^ts (± c^O) where c = ^- b^ .) ^ ^ ' ^ - 

• /'Verify anal ytically that the radius of curvature ^t a point ? of a * 
refle^rfced eikonal for a- semi-circular mirror (Figure'' l$-2iO - Is 
? -^'I' cos a , where *R .is the distance from P along^t^e ray to the 

' mlripr. 



Pin^/the edge^ ray caustic for a parabolic disk' with": edg^ given by 



y . =^ i^px . 
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It -''^^ ' ■ - ' ■ ■■ ": '"^Z^' 

^■l5s=-3» • Refract^lon ." ■ ' - " " ' . " .• ^. ' ' ■ - _ 

In the preceding sections we, cor^idered -ajset ^of^-rays^ i^ on re-, 

'fleeting s^lrfaces, and used Ch] k^-.^^X^e^r 

nowexterui tiie development to partially transparent surfaces:,and consider in 
addition a set of transmitted rays * A transmitted 'ray does ' not .liTe in general 
^ along the extension, of the corresponding .incident ray, "but makes an appropriate 

angle vith the ray extension; this kind- of ""breafc**" iii the ray pat. h is 'c'alled • 

' ' - ' ' ' • - , ' * ' ■ ' 

refraction , . ^ -.■ ^ - ■ - . ' c , , 

/■ " • Ohservatiqns and studies of the "broken appearance of a rod partially imr 
- * mersed in water, and of a heam of light traveling- partly in 'air and partly 
-in water, go "back to Euclid and .i^^bolemy (second century of^his era), hut the - 
complete .description of such effects . was first given ty Snell (1591-1626). ' 
" As the appropriate analog ^f Ce]. - 'for reflection, we. have Snell ^ s Law of 
■Refraction: " ' ■ ' 




.V -[s] :.' A.ray of light (of one color) incident on the smooth plane 

^ interface between two transparent media gives -rise, (in addition 

to the reflected ray) to a refracted 'ray on the other side of 

the" interface. The incident ray, the refracted rajc, and the • 

•surface normal lie in- the same plane, and the two tays are on 
-* ■ . ■ ' * ■• - . ■' 

■ ' -opposi-tjq^ 'sides, of "the normal. The sine of the angle p that 

- . the ref^cj^ed ray juakes with the .normal is proportlojial to. the 

" ' • sine of the angle a - of incidence- ' * ( 

' ■ - ■• u 

•'From. Xsl-^ we specify -the direct i&n of the refracted rayTsy 
(-1) • ^ • ■ pig Sin 3 = pi£ ^sin a , 

or equivalersfii^'.'by. ■-" . ' ■ . ^ ■ ■ ;-■ . 

(2)' ^ \ yi sin p = sin o: -. - ' , ^ 

The constants i-i^ , and ' are called the indices of refraction ^ 

/ " • 1 . ^ - " - '~r' ^ ■ 

M = _ is called, the relative index of refraction. The situation is shown 

■1^ \ 7 . ' . , . • . . . \ * 

in Figure. l£5 -3a for- <:'Uo (this is assiomed in all that follows)-: the .rfey 

travels from .. to via, a point ' I - .on the interface. The ta's-^ are 

physical constants . which specify the essential physical property of • the media-; 

for the topic at hand; they may he measured ^^e^qp^rlmehtally, "and we. assume they 

.are knqwn- In .particular for yep.6w light passing from ^air to water; we have 



- =1 • 
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* "v • ■ . * Figure "i5-6a. ^ 

■ ' ■ ■ ■ . ' 

We may apply [ sl^ -bo suctL problMts as a .point source atove or below an 
•air-TOter surface. In particular iaae caustic fpr ttie 'system of refracted irays 
can ^be. found by the method of Section 15-2. ' \ ^ ' - - 

Fermat assuined that in a given medimti ligirt travels. • with a velocity. ,v • 
inversely, proportional to the index of refraSfeion^- v = - where, c is the 
V speed of light in a vacuum and) rewrote (l) as " 

. . . ■ ■ ■ - . - . . 

' sin g sin B c c 

— : ■ ~' ^ ' ^2 . .. . : 

lie then derived (3^) from the following tTTfnlTTmV principle called.- Fermat 's " -^^^ 
■ Principle « « 4- .'^ . * ■ " .r ^ . . - / ' 

^ |5*J': A ray takes the - least time to travel be Ween two points.* 

'-total ray path, cdSsis-ts\of two straight lines. . arid . Lg. in 
two media with velocities eqtial --to ' and . 'v^ T respectively, then- the 

correspondinst travel tinges are . t^ = with i = 1 -2 . j.^ from [f] we see . 
that t^ + tg . niust be a miniim^ not onljr. 

the clmisy ^ [s] ; (the way ; ■ [h] . . i^eplaced - Ce]) , it' also includes Ch^Q^ 
special case where v-^ = P?intS_ S and > are. on' the^"^^^!de- 

of the in-terface'. 
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Figxire 15-313 



. We apply . to -the conf igura-tion oif Figure 15-3^ to derive Cs]* , 

essentially as -we used ,Ih] - to derive ■ Ce] .' The time' taken to: go the dis- 

- ■ . ^ ■:- W ■■ ' '■ ■ ■ - 

tance I^j^ from -S . to I at a'. velocity v^ is t^ .= ~'> aiid> ;Siinilariy, 



t^" = — Is thS; travel-time betveen ' I and P. at velocity v_. .in mediiam J2 . 



TOius. [P] requires that" 



^1 . - ^2 



he a • minimijiiL. Diff erentiating ( It) with respect tq|'(r^_>^^d equating the result 
' to gierb,' that is/ . ■ ' -i-- • 

" ^d - -. X 



X 



ve obtain [S] in-* the fo^i (a:).;*'^(2j ar'^S) : 



- ' ■ . sl^ gg > sin 3 ' 



(5) 



sin a - — sin 3 =:^r^ sin 3 = jj. sin p'* 
- 2 ' ^1 



ir |JL =F 1 ^ and S 'and P sire toth in medium *1 , ttien (5) reduces -to • Ce] • 

. ^. ■ ■ ■ ■ . 



> - . 

o ■ 
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J-b Is eslear. frx>m our discussion ^of: tie xepl^cemerrt of" [h] .^7" . Ch*3 in. 
r^.®*^^*^ s^calld also generaiiz^^.- iCf3. ■ ,tpr replacing le^t ; time; tyy, •: 

-stationary time. Eqtiivalently, if ve define -tlie optical path length -to be 
' tiL , then as the aiialog of - Ch*] we take 

Cp»3 : a ray is the stationary optical path between points . -"''^^ 

: . ..•Unlike . [S] , -we' may use' CP_VJ , aiid X?) for refraction-. aV cu^^^ 
fac^s. •. Thus ve could-^nov consider the refi^ict'ion analogs : of the :^ref lectipn 
probl^ -we considered l)re-irioii^ly'. However^ we leave .' th^se' as .exercises and 
go- on to other questions.. . .. . - ^ •' . ' . . . ■ 



Rainbow caTistlcs: Newton (1*^9) showed that white light.^could he' ' v 
■re-fi^ed as congjosed. of ■..different colors, eafch -specified Ijjr 4' Wferent 
of .SOTO physical parameter: (say-.; cd) / and that* in . generkl - the- r 
of refrac-M.on - between two inedia'- depended on color/ ^- = . ^Cos) 
white ligSt; incident at an angle tx ' on an interface may he treated.as a- set. 
.;o^ cpincidene rays, of .different colors (m).. each being refracted a diffeWt 
..angle . p(a>) as determined by the corresponding, index of refraction |j.(cd) . . 
■ Ctonsequently, a single/ray of 1^^^ white light -.becomes a fan of colored - Vi 

rays (the spectrum) on refraction, the different colofs.; appearing at angli / 
determined hy' .. .-' -.' ■ ■ -* ' - '■' ' * .- / ^ ' • ■ .". 



(6) 



sin = 



sin a 



For ..yellow lijght incident on an air-water interface -we have ii ■= .; . f or the* 
colors, red- through -yellow on to blue, ixCa>) increases , throxi^ and con- ^ ' 
sequentiy sin p(aj) decreases from red to, blue as sketched .\n Figure 15^c. 



BLUE 




WHITE 



Figure I5-.3C 



. ..Relation ■ (6) is strifciiigly exhi'bited: ia .IJae ra^.n'bcrv .formed /by • siariiiglrt • • 
incideirt on' sphearical -water drops . . In the. following ve .use '-the mesthbds "of " 
calculus to* determine the angles of the primary riainTjow and secondary rainbow 
for circular • cylinders and " spheres . . ' ■ * • • " ^ . 




;. / "/ ■ Figure- 15-3d ^ . ;^ / : ; ; 

" A ray incident on a transparent circle (s^ich as a- cylinder of water, in. 
airjy gives^rise to an ^ infinite nvmher -of rays • Some of these are shown in 
.Figtare-15-3d; initially we consider the. ray p . If a system of parallel rays 
is" incideiit on the cylinder, the^i* we deal with incident rays making .all angles 
a '(from* O to 90^) with the cylinder^s^noirmals and to each corresponds a 
^. dif f jg^rent pCoc) We want to show that in the' Vicinity of some particular 
value. of the angle , -q: (say a^)* - i;he rays pCoJg) wiH he "focxzsed" (in the^ , 
sense that they meet at a cusp of the caustic), -or equivalently that the asgle- 



has a stationary value 



0^ corresponding to 
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Figure 15-3e 
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. . The. prlmai^ aralnbow corresponds to rays ' tbat have .tmd'ergone 1;^^ refrac- 
•bions ajoA om in-^rnal" reflection, as shcjwn^ in .Figure^ 15fSe'.- ; We^ 'r^ 
[the arQ^i ... ^' <the..axigle. between the .'emergent 'ray and' ttie' Inc J^eirt ray) has .a- 
st;ationary . valuer- ;. . and express ^ . in •terms of the relative, index. • • : . • 



■Pixan- the figure, we have: 



(7). 



4 . 



:■ 2. ~' 



Equaiting ^ 



• to -zero -we o!b"tain 



da 



.li addition;, froiji 'tiie' lav ^of . refraction .sin- 6 sin a , we* have" 



' p.- cos 



da 



cos or ,^ 



^so\t£at .($)^and-^X9) yield;. ■ ' ' .; ' 

■ (I'o)' •■ . : . ' , ; ... .: ■ .a cos 6. = 2 cos- a- . 

Thcus- from <10) and t^e" lay :of.. refraction, *ve ottain 



2 S 
3 ,cos a . = n - 1 , 



T/hich determines the stationoiy-^ v^vre ■ v of the angle of incidence, and con- 



sequently, the corresponding values\pf . p and . 0 



In pazi:icular>. 



(12} 



- if 



4 . ..2^^3/2 



sin ^ = ~{ - - 
T'or yellow light, uCo^) » ^ , a'nd consequently 0 « 



for. the colors red 



throtigh iDlue, the corresponding values of 0^ decrease througli kZ^ - ^ 

- This result for a cylinder also holds for a sphere, and is therefor^ 
"basic to "the rainTDOw formed when -- simlle^-h ^ ii iim-; nA+.o o a: region of air contain- 
ing. mfiSy water drojps . . For one water sphere, if the sun i^ in hack of you and 
you can see: tlie .ray through. P : : of Figiire .15-3^. 'the colored rays/ will he. at. 
atput with, respect^ to the. direction of incidence (in the plane. o 

sun; the drpi^ and your head) ' . 





15-3 




Fig-ore, 15 -3f , 



- . . . "Eor- the^ 'secondaj:y rainbcrwj * cqjrrespondiijgv ^."tvb internal reflections, ve. • 
. : hkve- tbeVcoiifiLgurat-io^^^^ In/this -case, . „ - ' V" ^ 



3P. - a- ., 



Diff eren-tia1:iiig in . (13) wi'tti respect to cc and , using (9) and (5)* "we o'btain. 



.8 cos '^'-^i./V^ 1 ■ • ■ 



and consequently, 



-4: 



For pi = we have 0g"-^/5i^\ More -generally, for. n inte^al reflections-,^ 
we iiave * - - 



(16) 

(see Exercises ^J.^^^^'^o ... 4) . 



s nCn + 2j . 



Stratified Medium . . If we apply the lav of refraction to a ray traveling 
€ijrgagh a set., of parallel /slabs as in Figure 15-3g> :sucli -fcHat ..each slaTs bas 
a. different index of refraction, ye olDtain . . ; 



(17) 



sin = sin 0^. = sin =. = constant = c 



Similarly for .the' limiting-" case ._o£. -a bontinuum • whose:^..ind'ex. of refraction, is, - 
'solely-\e: ':fimction- of ■ x'',-wehave ' . ' -■ ■ •• ' / 



(18) 



Vi(.0> 'si-a. .©Co): . =^-.^i(•x) sin ©(x) .= c ■■; 
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Pigure i5-3g 



Using ^ = tan e = 



CX9) • 



sin e 



sin © 



, we have 



dx 



from vhicli 
(20) 



dx 



. 1 



Integrating (20) between 0 and' x , we obtain, with ^ .^ M(x)' , * 

c 

Thus iia terms of mCx) we have derived an equation to. specif: r , the ' set of "ra^^^^ 

that start at-. (O^y^) . and- strive at Cx,y)' . / . V . 

■ ' - ■ ■ ; ■■ . ■ : ' ' . ' V'*^ 

, ... As- an illustration, we assume 

1 - •- ■ • ■ ■ ■. • - -■ 



(22) 



= MCx) = 



1 + "b5c 



To evalxiate the integral (21) in terms" of (22) , ■ ^;-malce/Ciie substitution 



. and; rewrite (2J.) as, " 



c(l +.b|)' = sin 1^ , 



sin"'^cCl+'bx) 



sin c 



sin -j^ :d0 . " ■ 



1^2 



0 ■.. • - cb- 



1, ■ 



' i.e> ,,". the " equation, of a circle of .radiiis . ..-^ ' . whose^ center - is located- at 



> y 



b>0 



b<0 



Flgxire 15 -3h 



, _ 'Bo'ta'ting iihe coo"rdina"fce frame of Figure i5-3g (for convenience in the 
"^oULowing appli^tion ^o rays in -the atmosphere)*, we a^iiow ^ray "pathg in Figiire 
I5-3I1 for (25>r 'wiih: ^ "b •> 0 and with -b < 0 ' 

■ . • 7 

The above re^tLts serve to account for mirages. VlToiTnally the density of 
- the : atmosT Sle creases gradually with increasing altitude; the index ijl . 

Tihich dejlends primarily on the density, also decreases gradually* However, 
* -6vbWb cold extended t -surface ^he density and may decrease rap-idly with - 

height.^ --otT object ^ofe-ithe- surf 5jc^^i^^ large distantre; by oieanS; 

of " downeu^vii^g rays ;as .in.Figure^ 1^3iV^3a.^ is greatly ' 

exaggerated) . The' eye : sights 'aibng^^s^je^" angle ,of * the ray* s 'arri-raljp-' -and' one - 
imagines that the ship' lies^ along . the 'line^-^-;?^^ much -larger" sciale ^ 

:and«^th normal d;e crease, of ' \i vi-th. altitud^/' Figiai^ 15-»3i. accounts f or cnir' ' 



seeing the sun by refraction after it has pa^sisd, belc 



•the - ' hor i z on * 




• ■> - ' ^ , figure i5-3j . . ^- 

A more common, mirage occiirs. o^er a ho-fc extended sixrf ace wherL t^ 
. and- ' p. >firsi: increase, and then, decrease .vi'tti increasirig height - " For such-, . . 
cases, the "eye fliay -see the ohject 15y an. iipciirv:iiig''ray a"^s -wellVSrS hy' a 
""■ray a^ 'in Figuris l^-rSJ .Cin; vhich the -ciu^^ ajgadji^jgreatly ^exaggerat^^ 

/ in this /Situation the eye seies miirrbr images;, since ' -this is ' remin:Isceht t^f'" 
reflection on vater> .one also .imagines that a water surface is present 



-4- « 
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Exercises 15-3 



1. 



2. 



Consider- a point source under -water i\L' - ^ * and tlie rays for which 

. Sin e ^ % - Determine the virtxial caiistic'for the rays refracted into; 
air and' show that one elional is' an^^ ^ ' 

ellipse*"^ (Thie apparently different 
.positions, of a small pethle in a 
dish of water as seen from different 
view .points can^e descirihed , £n^'^^ 
of .this^ caustic/.")^. CH1 nt t^^Entroduce ' 

^here^ 



(x, y) 




made*, with the ' surf ac normal :.in ' adr' . 
and water ^respectively;) . ■ ; . "/^ 



(a) - Consider the. two -d^ensional problem of a set of parallel rays in 
juedium 1 -incident on a- convex semicircle and strip/ of 'medium 2 

s:fea?ic 




as in the accompanying figure. Ottain the pari^i^ 
the caustic. Sketch the caustic for ]j, ^ . 



equations for 




" (b) Conside.r the case where medium 2 is a circle. 



Obtain' parametric 
'Sigstch the 



equations for the caustic of -the tjfice refracted rays 

. . - / ' * 1> ■ ■' / .-^ ■ . , • ■ - ^' ' \ 

■\' . .caustic .for = , (is thf^T-f^ . a- s^'hfidcxu? ■ g^r-y ."i^l 1 Tinf^'-n ^-^l ng ' 

• . \- ■ ' ■ ■.' ■ ^ ■■ • ■ ; " " ' ■ ' ' ' ' . • ' 

, > . .-;:cylindric^ glass of - water with- a flashlight . ) ^. 

. '^Jbns'ider sujjlight illuminating a large mimber of drbps very , large 

voluke of space . and discuss - hdw/one will' see the f acoiiiar ,-arc of tlie . ' ' 
'Taintiovi:" . . ' ■. . ; * .^v - 



.■l|-^ "Show that 0^. • a^miaximto for the* primary rainbow, and a mli^^raii^f or " 
, t]3^; secoiidary T>ov. Us3jag;the fact that \x(as) ''increases' as the colors. 
go from red to hlue,- state; the appearance of' the pirimary and secondary " 
arcs in space and -^the orders of t6e. cglors in the two cases. Derive 

:" 5. Sketch the-Wriation of iJi*. with height, corresponding to. the .situations 
, sbown io Figure 15-3i and Figure 15^3 j . ' V - " • 



•J 




V - 
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. gepler-TiflTTfbert ■ . Principle . . • . ^ ' ' ^ . 

In Section 2 > we asSymed Heroes principle [h» ] that-.ttie ray. path- be ' - ^ 
statioiMLry, anj^ iised the calculus ta, reveal some o? . the , implicit, physics • ' 
^ Except'^pr the discussion of shadows,, ve did not associate a magnitude vith the 
. 3rays. . We /now do so,- and t^en . siipplecient - Ih* ] with an energy . principle or- flux 
^' principle > We introduce a fltpc density us a measure of .the energy flow per 
second through unit area normal to 'a ray; indicating the direction or.- a r^y hy 

a unit vector- R , we call fS' the flujg vector* . ' 

* • • • ■ ' - ' * " , . • ■ - " " 

Kepler in I60I4. (by a mixture of mysticism, insight, . aad some pbservations 
of light sources) proposed the infrerse sluaiTe law for; the flux density associated 
with a source, of. light. He^ argued ^essentially as follows^"' If a ste^^ source 
Cone not . varying .with time) , is emitting rays uti?:^ oiialy in all directions, then 
the total associated flux (total energy pfer second) passing thzxjugh .any* " 
. . spherical surf. ape, centered on the source (as in Figure'' l5-4a) is a . constant; 
then,^ince the surf ace. of a sphere increases as \the isgiiare. of . its radius* r , 




figure 15-^ ' . ' - 

" the flux , density F must he j>roportional . -5^ . Equivalent ly; we miy' suppose " 

^that -bhe "flux density; depends on raditii^ ' r ^alone: F = 4>(r) ^. Thrbiigh a ' ^ / 
;smkil part • of the spherical surf ace' of area ^ the flux -i's , <^Cr)Z5S- If we-,. 
;Subdivide^the sp into sigfill <4^-Is and add- the contrlhutioiis from all the*";:: -J 
cells^ we Obtain a s>a£*^ a^naXogous to V Riemann sum. * "We take the limit as 'the :' 
' maximum ecrea of thS ^elj-s approaches ze^. and^call this^'limit a surface integr9l>> 
a natui^^ generalization of. the* concept of Riemann. 'intisrgral, '^In t^irms of • a. 

■ surface .integr^' over the sphere^the total -flux, accorca^iiig to -Kepler, - is -. - 

^Cl).." dS"= :J*(r)QS = <J>Cr)JdS =^ if^tr^. *(rj . /. ' / / * 

■ ^ ■■ . • - . ; - ■ ■ C , a constant, ' . : v- . . . ' . 



where -dS 4arr / ±s simply- the surface ajrea^of 'tHe -sphere* ' It follows that 



■ , • ^. Lambert .Cl76o) geaaeralized (l) -yy talcing the component of the flux 'vedtoi^^ 
Pft noafinai to "a surfaced as' lihe measure of the energy fXow. _ Thixs 'for-* every ■ 
.su25face S enclosing a given.^teady source (and no other sources)," if ^ 
is'-the outvard .unit normal on*' -S *> -tifen frbm the -ideas* of Kepler and-^ Lambert 
it follows that. : - ^ * • *r * / * . 



Ckl3 



Jg', F^-R dS = Jg f 'cos e dS r= G a . constant^ 



•vHere :e *is the angle hetveen the ray direction, and the surf ace/norTnal\ " 
IT .as in Figure 15-413. : . ^ - -'^ 





.. . Figure 15-irt) ■ 

Equation (l) is the special -case of _IklJ 'c^srresponding* "to- a uniform ^C'- 
point ^source at the center of a sphere; for this case F depends only on "r 
and, >R is parallel \o ' I? . If ve ^take the^gnstant in (l) to' e^ual" unity> * 
:-then the corresponding- form of (2) is the flux density for a unit ppint^ source: 



(3) 



F = *(r) = 



Equation (3) corresponds * to .un^fpnn radiation in three-dimensions - . - 

We may -also apply [kl] to determine th^ flux density F for a unit 
point source radiating uniformly^ in only tvo dimensions; 'or , equivalently^ ■ . 
fdr a. unit line - source , ^an extehded source -along the z-axis which .emits rajrs 
, uniformly v^^^perpeddicL^ xy-plaSes as' in -Figure 15-4c.' We apply ^'^.I'. for 



C =. 1 



and 



equal- to a coaxial right* circular cylinder having 



-ength 



along 2 and radius 



r as in Figure 15-4d. 



The 
1 

„_ • 
2 ' 



[KLG integral vanishes 



over^ the flat caps of the cylinder©- at ^ = ± : for these pieces^ we see that 
R is perpendicular to' . iT = ± k ' (where k is the xonit vector in ;^ the -direction 
of the z-axisy.^ and consequently R - N = ± "r*. }c - 0 We are thus^-left with- 



/ • . 



- 7 

V 




13 



4 



Figure 15-4c 



N - z 



V. 



V 




'>5l 



N — -fe ' ■ - ' ^, . ■ ^ • - : 

. -tlie -In-tegrai! over -the 6ircu]far vail (of height uiil^y aiiJi radius t Y tor which 



We "tale C = l\-to define a .unit source. Thas frbm {h) , 



IB -Uie-fTux densi-bSfisfbr unit length of. unij; . line ' source . 



O ■ 
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^- , . Similarly a pi anar scyrce is defined as an infinite pJjsme (say ■ ay) 
enji"b1;ing irays peipexidicularly in ^he directions -i: i 'where i is the aiiit' 
vector in the direction of the'. x-axis* For this' ' case ve take S - as -a "right - 
cylind or"^ ^. in Figure 15-^^ . with plane faces of unit ^ "area parallel:-' to the 
source (and -"enclosing" it) . ^^ce^ R > ^ vanishes except over theise^iinit 
faces^ LKL] - for C = l.-^d[.ves-:- , ^ j . ^ -■ ' ■■^ - 




2:= 1'., 



•.. F = i 




is "the flux- density for unit, area of source. 



case^ 



5t^^sj:£fuld he kept ia^siind that all the at)Ove equations are! very' special* 
vEklI In general ''PR is a function o^. all coordinates, *arLd\, CKEt] 



Hblds^^ all closed surface enclosing ^py given s'et of steacjy- -sources. 

.^^ . .FroEi . [Klil^i it'^l^. 'follows that tfib integral- ov^ It' surface 
does* not «^enclose .any sources must vanish: 

i 




(8) 



R • NdS -= O .. , • 




i»e**, the yn s-bant in [HL] . is zero for- a source-free region. (Th'e soiirce^is- 
. - otrfcside';.tf fe> closed surface, so ..that whatever flows through part of flows-> ' 

^out through "another' part^) . We use this to define a pencii pf rays (a narrow 
cone of rays) -analytically. . " ' ' 

■ * Coh:5ider-.the' capped tulnilar" s\irf ace' S^- of Pigxire l^-i4^f , which encloses 

€L set. of rays. Tlje curved surface S is generated "by the rays passing 

• • " ^'^^ - 

^ through the houndary /curve.' of ; and the entrance and exit^ faces and"^ 

■ ^2 tal^en p'isrpendicx^lar. td" the .rays, i.e., the faces are pieces of th^ 

•••eikonal surfaces discussed previously,. "' Thus, if ' ^N^^ y and -'^^ are the 

nQniia,ls to S^' and S^., respectively, then S '-^^ = o , R, - N^. = -1 , 

■and R,'N^ =1 , Applying (S) to = + + we, see that the "Integral 

.over S • vanishes and we are left with ' ' 



(9) f ■ ^ i 'PdS = \\ FdS', 

■■- \ ' ^ h \ : -.- ; 

where the integrals are over the entrance and •'exit faces ^f the tube. In ^ 
•general varied from point- to point on each face. However, except for special 
situations-, when the. faces , are small .^enough so .that the variation of F - over i 
.each is 'negligible, (9) may be' approximated by 

ClO) . , . ^ V = ^^2- ■ \ ' 

■.^jk :set' of rays for which (lO) holds js. jlef Ined as a pencil of r^s;'the set- 
inclosed 'by a tube whose "end f aces ^ are ^rtiohs- of eikonals. ^Ih deriving 
(10) i the "special*V situatioife. which are excluded are. those for' which a face ' 
coincides with a focus or caustic^' .vAs discussred .i^^ -a focus 'corres- 

ponds to the intersection of many rays, so that a closely fitting tube enclos- 

liig-such a set would narrow down to - S^' = 0 j for such, cases* (lO). is not a 
valid relation for F . - However, such cases -are still covered by '(8) provided ■ 
Sq ^ does' not intersect the caustici, ^ ' ^ ; ■ ' ^ ; 



' *'Iiet..us- apply .(lO) to t^he essentially tvo -dimensional prolDlein' of reflec- 
- tidii fr6m a cylindrical ,s\irf ace as descri^bed in Selction 15-2. We take the 
, z-coord-^^(E^' in the direction of the generators of the cylinder and- put * * 

is > /NzAfi where s is arclength along a cross -section' of the cylindrical' . 
' sujtface* Now we drop the xmegsentlaJ. 2 -coordinate and consider the pencil of 
rays -capped by the initial carvilinear ^.eleqjpht .of /length' As.^^ v'-and *he termirLal* 
element ibf length. (Figure 15-Ug) - To' f irfe:t'' oirder we have' ' " / • - 



(11)' 



As .='pA|r, 



where^ is "Hie radius of curvatiare a^a point of a cujrvilinear element -and^;.;: 
A|r is the angle subtended' "by • the eieinent at the center of curvature O • 
"Since the two caps are chosen as portions of eilconals (surfaces normal to the 
rays) , and the centers of cujrvature are the limiting intersection of -the common 
normals to the two caps, .we see tha* the two caps have the same centers of. 



* ■■ 




Figure 15:^4g 



curvatiure (Figure 15-^); hence, from (11") 
(10) to olDtain 



As. 



As, 



■''2- 



(1^ 



F = P = 

■^2 -^1 As, 



Enter this restilt in 



1 



Egu^rtlon . (12^ specif les , the varia-tion of "tj 

\ 



flux de'nslty with distance along 



Now-^e'' consider the perfect (complete reflection of a parallel pencil " of 
'As^ and flux density -F^, from a convex cui^rilinear portion 



rays, of width 



of: a 'xefl^ctpr as. in Figure Tbe lengtli;Of the 'eikonal of the 

at 



corresponding reflected pencil is- \Z^^ 



and As- 



rrom 



1 . ^1 ^ "^2' ^ «5is.tance ' R 

Perfect . reflection means that no rays ' cross the reflector; 1 - e • ^ 



:the total' ijicldent flax is, conserveQ by the process, and passes throaagh the 
terminal crap As^ . Thus (lO) holds: F^ASq = F^As^,= F^^SSg • To/ first order 



.■■ ^ ,;■ Figure ■■ ■ 

•(dpproxiination of -tlie curves tiieir -bajagent lines) it is easy to show tbat 
,^1. = •^0 ' consegueirtay JF^ = F • . Since the Veflector is comity 7^ 
and it follows that F^ < F^ =^ • determine tltie exact re!lation "betveea 

. and 'F^ we now use (12) r we write the- radii of curvature - of the -eikprials 
as«. p. =p and' p- = p + E , and obtain . ' ' /. . ■ \« 



.(13)- - ■ iu =V^^^ 



-where /.R .is ■ -the distance along the reflected ,ra3rs . pteasixred from. ^ 
aiii ;p B .the distance froni the caustic (the" locus of. - centers <or the ^ radius 
;of. curyati^ the\ R»s).. ^^^ ^^ discussed in Section .15-2^ the rays t^t 

pass through ^2 appear. to origlmtte.af their virtual intersection jr^-f-rrh 
(on the caustic) inside the reflector- ^ Jfe 

■ For the; semicircnn^r mirro radius a (see Figure 15~2je(ii)) ^ ve foun«l 
previously , that ^ 'cps a ;^ wh*ere a is the angle of . incidence vith the x 

Surface ndt rmRl^ this also holds to. first order for reflection from a* convex' 



poartion. of. a jnere gfeneral surface where a is i;he radius of curvature at the 
pi^aiat of incidence^" Thu^ for a convex point (i^e^. .,a 'point on a coirvex- portion 



of the mirror) , the refiect,iS&'''^^ density eqiaals 



(11^) 



F =; 



•a _ O 

cos a + R ^ 



(ve drop the subscript ..-2) . tS'e may' also rewrite' ^1^;^) as *P = 
;< .= ^ is the c^^tiire of the (?lkonal at the reflection point* 



1 +/>CR 



where' 




Figure i5-4i . ' ' ' \ 

- On 'the . other hand^ f or , reflection f rom ia concave* point, the caustic is 
real, and R and p are on tiie same side the reflector as in Figure 15-l|-i, 
" For this case we rejjLace • p /by -p in (13) and Cl4), and oTatain ' . ' 



(15) 



F = 



cos a 



+^ cos d - R 



R ^ p = |- cos a 



4 



where the ahsolute value is used "because we defined F as a positive qxxantity^ 
Equation (15) specifies F except on th& caustic R = p , the special situa- 
: tioni (S = Q) -excluded from the start when we introduced ClC3^ - 



' . \ Flux: and Path Length . A remartahle property of F as in (l4) (remarkahle- 
- only d|||d^he present stage of ^ our . development of a mathematical model for scattei 
i^; 



(16)- 



that -it can he given in th^ form 



^ \ 2 2 

• / €t CO* a 

1. 



^ 2 
Fq cos *a 

■^^s^'^>^ 



vhere IL^ is the isecond derivative with respect to ct " of the . general path ' 
• lenffth 6- + R(fl) -= L introduced in "C3) of .Section 15-2-,' an^' where the subscript 



.•>H* indica-bes thafise 'ulse "the conditicm- L» <Sr 6 ='20^-, as follows rrom--^ 

Hero's, principle; I^^^ is the second derivative" with resji^jspt to arclen^h 
along "the refO^ectory We may as siore ours elv^ that (l8)',ii<^s hy." retracing • ^■ 
our- derivation of tZie caustic in' Section 15-2 (iii) . Our equation g(a,P) = O 
for ^. reflected.._Ba(5r.«qrresponds;t^^^ , and our equation.. (a, P). ^ 'O'-. • 

... ??^..'t3ae caustic of./ilie rVfiected rays cbrresplondB- t9 - .. UL = 0 . (See Exercises 



We mention this now to make explic^ that F becQmies singular- oh the 



caxos'tic 1^ = I>^(a;,P> .== 0 , wliicg'^^'ljidi*^^ a limitation of our present 
cessentidB^ geometrical -model for the^ prc^gation of light. I*ater we sh&ll 
• see this/ result as a limiting ' case' of a deeper relation between flux and path 
length^hat must hold, for a more complete model, * ' 

■ Partially trarisparent surface , |^ may extend^ the pressnl^flux considera- 
tions ^o thfe case, of 'partial!^ ■ transparent media considered in . Section 15-3, 
and obtain the corresponding, reflected and transmi'tted fluxes when a pencil of 
rays is incident' on the curved interface of two different; optical media." At - 
the preseirt primitive stage of ojlt model, we: would simply introduce a reflec- ' 
tion factor- O < PCa> *<: 1 as a multiplier of the incident flux to obtain the 
values of the reflected flux. for the corresponding perfectly reflecting sur- 
face. Applying (8) to a pencil of rays incident on a plane interface (with- 
-Sq' "enclosing"' the interface as in Figure 15-ij^), we then .find ' that for the • 
incident flux to . equal the sum of that- reflec^:ed and' that transmitted we 
require that the geometrically transmitted flux be" multiplied by th^ trans- 
mission factor 1 - P(oc) • . 

Scattering . . Applications . In the above we applied CkL] to obtain the 
flux density for elem^ntazy sources (in one-, tvo^, and three-dimensions), and 
^ determine the change of ■ flux density along a ray in a 'pencil . of varying 
Kross section. We how extend our considerations for the elementary sources 
to ..analogous scatterf^ probrems. ' We def ine the corresponding "elementary 
scatter ers" by the previous stipulation .-that the total radiatedL fOj^pc e^ual 
;unity ^jpd that- it^be distributed uniformly over the Available 'di2;^ectipns;' then 

Je. indicate generalizations.^ We. do not solve' any scattering "problems" e^cplicitly, 
iit exploit the. previous development to introduce teims and general forms for 
•subseque^jj^use. • T . ' ^. • ; . , 

■ -Thus if.-we^.have a set- of parallel . rays normally incident upon, a perfectly 
reflecti^^.,-^^ scattei^^t x = 0 .,\as in Figure 15-lfJ, then from Section . 
^5^-2 J, the*" incident set -of rays'..^^ a reflected set of rays and to a. ' 



Figure 15-1;J,a;-. . - f ;...•;'. •*■:" 

Bhiadow-forming siet of rays. . We may . say -that "the inciden-b* rays have "^jccl-ted" 
•the, plane and conver1:ed i"t -to a sotirce of radia-tion; ve call "the incident set 
"tile primary radiation' and the scattered set (reflected plus shadow forming^ 
the secondary radiation^ * and say that the plane has become a ^condary source ^ 
We define an elementary planar scatteTer as a aeqpndary source ^fuHy analogous 
-to the 'planar source considered in 5^gure 15.—^ and Equations ^6) and (7). 
(in a'nktter section ve cons4.der analyticsSfey the specif ic problem to t?hich ^ 
this coi^^pond&i) The essential feature of (?) is that the flux does not depeit 
on distance* ^ Similarly for a planar scatterer vhich both reflects and refract 
we -write the scattered flux corresponding to the direction of incidence "i. 
paCTl 7 el_^.toJbbe-^^->axis^ as * . - ... ; .i .;. 

where^he direction of scattering 'R carre^^ads .eithe^to geometrical re- ■ 
flectiok, R .= , or to forSkrd scattering^ . -R " - ^^qr a perfect- re-. 

f \ ■ ■ ■■ ■ % ' n ' ■■ ...... t. 

flectori it turns out that M Jis; the sqtiare of ^ discussed 'In.; Sectipn 
15-2( iv) A i± the incident fl^ density is unity, then = 1 >) ; . 



Similarly if ve visual ize^'.rays incident perpendicularly on a fine cylinder 
as in Figure 15-4k and apply [h] .essential i£y as for the discuOBion of edge 



diffractea rays . in Section 15-2> we see that., the "scattered set of rays -;i:raveiV 
x^ffialOy. oirtsmrt from .tjie scktiysrer. We define aii\eiementary line scatterer ■• . 
■^a-s a* secondariy- source fully a r iB.'jf ep us to the line source of -Fisure 15-i^-c jand- ' ; 
Figure I5-M a33d Eqijations' (ik) and/C^),. i-,e,, the: total outgoing •Hux-;'i>er unit. 



. length of scattergr is unity, and\the^: scattered jflux density per unit lengt"^ 



is given- hj^ (5)- Simi l arly' for a jupre general line^Ute; or cylindrical 
tion - p.. is. inversely proportional to. . 'R . "but the flpx. 'density is -na ^longer - . 
,the.same in -all directions: ■. ^ - \' - - 

(16) ' " - 



st^ 



F = 



M(R) 



logdus'^to tha^^of Figure l^-^h 
More' generally, for an arbitrary 3s catterer in three 



where the direct-iog^ofvobservetlt^n "taaj^tfeihge over sill- v^ues' in ^cHfelane/ 

Finally .1^ ttiree dimension^, :ve visiia^i;^e''ia. poiht^ excited iDy 

rays, and define a secondajiy*' point s<5iirce an^c 
and Equatiori^ Cl) to (3)- - • *• 

dimensions,- the analog^of (18) is 

.vhere again M " depends onl^ on.dxrerCtions and not on distance. The functions 
M f 067 the. 'three -.types of scatterers depend on various parameters, and thei3^ 
determination retjuires. a more, complete mathematical model than the present onfe 
However, the f o_rais' (2r7) , (3^8), and C19) give the appropriate dependence ;©? F ' 



on 



We are -now in a position to fxirther oi^ d^scussioji 




he relative ma'gni- 

tudes of the different , rays of Section l^^* Thus the parallel" rays ■;Lncident' 
on the hroad finite strip of ^ Figure 15-2j^nHSf'"e3tci'fe^'*^^ of 
secondary sources; . the- hody-^ of the strip becomes a one -dimensional plane- 
sour<^,^<lirith reflected f 1^ density equal to that incidjent, and the edges '"become 
secondary: line sources .^itli- flux, density specified hy C*l8) > The flux densit^-.^ • 
pf the. rays geometrically reflected from a platte are independent. -t^f distance, ' - V- 

flux den^^t^^jDj^ diffracted from the" edges decreases^^as- i 

with increasing/^ • Thus i^ the region of space* covered by the. reflected 
rays., the edge liftys .become relatively weaker. «vith increasing 





-.-^ Exer^ses -1^-^^ 

1.- . Derive the relation between /Ifcc and path length. Equation (l^), from 
iSquation Cl^)- ■ ' 
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.i5-.5» ffnvijr>iT*ng> ' Principle. , . 

'v'. A;iX. our precedlp^':dlscussion is covered by the 'two' "laws- d CP*] 
' and ■ [KL] plusj^ome bf.-^thef implicit piiysics : relevant to geometrical . Qp-tical". ■ 
•phenbmejaa , TheQ>a sic. .physics "wa-s contained in. the two#'.lays, i^.^est/Tms; raath€ 
ma.tiggl'. roanipulatibn Wsed on. a.geometiy of l^ys ^and 'Some\'procedrires* QJ^.tfi^^^ / 
calciiM||^yAi& ;.a r^^"^ jjgS.^^'n^.' 'yQ. "^-^^ Mn-h/rr^iiV-f-'-r^-^; cxf additional- strnicti!!^ 
our -math^Rtical model for tlrie propagation of light, we! now ^upplem^jjc^.ouj*^ • . . 

previous geometrical cohstniotion of the eikonals^ by an alternative construe- 

- / ■ ; _ - - • - ■ , ■ , . ■ . 

tion called Huyghens' principle. Tliis principle by .itself does not give^ais " 

any new results, but, (and . this is often much more signif ic^ant J it gives us a 

.new way of thinking about the results we have already obtained. - 
^ ' . ■' ' , ■ . ' ' 

.There are „ two., familiar 'forms in which energy propagates: packaged around 

particles, or associated with waves (e.g., if you are swimming with a friend 

you -m&y transmit energy to*him by splashing and showering-.hlm with ..water 'drops*^i 

'or by setting up a wave on the water surf ace)-. ■ At :thpe- prypnt '^tage. of . the 

development the flux involvecf In' CkL] is in .some sense guided ^ along the 'geo- 

metrical ^ rays . It" .is easy . to visualize the rays as guide lines for very fine- : 

'particles (a view held- by the ancients, and refined by Newton - 1705)>. but we 

may also regard the rays as . the nqrmals of . a system of wave --surfaces (the 

eikonals4-i ^ • : " * " . ' 

Many individuals CHooke> Euler,* and others) regarded light as a. wave 
motion in a special medium, but it was Huyghens (l690)^ who^introduised- the*aub- 
ject as an analytical one. Eis intuition was based-on- the analogous two- 
dimensional problem of ..how disturbances traTael on itie surface of water* (Touch, 
the* surf ace pf' still water and the dist'xirbance travel,s outward- in a circular 
.ripple along the water surface.) V - 1 ^ - 

- Huyghfens ti^ed. the fact, that lifeht has a finite velocity of propagation 
as established experimentally by Romer, I676) for the development of a 
.wave 'theory of - light. - He assumed that 'in a given medium, light startling from- 
an elementary source- . at time t^ would spread as a spherical "BuSTace whose -, 
radius ^r(t) increased in. time as v(t>-'tQ) i * ' : - 

■ 'If we start a light source at, time, t^ and leave it-^ on, -the' corresponding 

Huyghens wave surr^Ke is an outgoing spherical front a step ' function dis-.; 

turbaiice, yhose one -dimensional anal og is shown JLn Figure 15-5a* In this figure 

we. plot " a magnitude associated with- the disturbance (say the fliix, density . F 

introduced in Section 15-^^ or a related quantity) as a function of time; at^ • 

time t > t-. , the wave front has moved a distance vft- 1^0#-* aiid it 'Iteeps i 
10. • ^ -r . ^10-^ . 

U ... ■ ■ ' - ' ^ 






Figure 15-55 




' advancliag with increasing ii'; . (The diSQbrjJbinuoxis'. fiihction draTO- in- Figuu^ 
is 'caiied. a.* Heavf side; piilse:. ) 

:>;^Staprt*ing.^-tlf aji . advancing vave. front. CheBfi^^f^er^ tEe vave ' STirf ace /W)- 

, Jji . iShSree . dlmehsionsiy. Hijyghens^ regartfed^each point oh the -wave siirf ace" as^ 

a xQew - source of an e lementary- spherical .'vave . (c al l it"^ vavele-tfT w) vhos^* 
' * • . ■ . ^ - ■ . . \ . .-..v - . ; 

radius also increa6es/in time proportionally to v ♦ Thus if ,the original ' 

. wave/surface is a sphere of i:adius r(t^) ^ the -wavelet surface w: spreads 

as a sphere of radius RC-t) =.v(t t^) ; the tvo-d^ensional analog -^s' shccwff 





V . . - ' ' *V Figure 15*5^? 

in ^!i^re 15?-5h-" • T^^ qbtain.the -TOve surface the source's advancing ^ vave ^ 
front, Huyghexis' prescribe 

[Huj'V 

.the: vave siirf aVe XCt^ ) at time t- yas the locus of the centers 

.. . ■■ ••■ , 1 ■: • ' ■ ' ■ . 1 

. \ of vayelets: v. . of • identical radius /R^ and take 



1x>. construct the vave Tsitrface -WCtg) at time. '^2.''^'^ ? regai^i 
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W(tjj'^,as tiie outer ' enveiopis of the set of; w»s 
- ... , ■ .-951 




Figore i5-5c* based oh Figure 15 -5b, illustrates IhM \ The essentialr^ notion 
is^ tbat if' we. assign a m^gnitiade to the outward part ^^f * a -wavelet, then only 
"on the. outward envelope of the set of v^s (i.e;!, onljr on ■ W(t^)-) do the 
magnitudes of the w's adcK^up . (reinforce) to give a* significant overall effect 




Fifijure- 15-S 

' . ■. • 

If a plan^ portion tsf a wave surface is incident on a' reflecting surface, 
e can cons tXTict the r efaject ed wave front by means of CHu] as indicated in * 
'Figure 15-5d* The -figure shows the incident wave front at ' t^ {plus the two 
rays ^or^ normals- that bound itlj) , and a ^ front (*shown dashed) - at^X t^] to ^iia- 



d±cate?*where the incident front would have reached at tiSne 



absence of "^lie reflector-^ 



in the 



^The >^oti7f>T^'reflected f roirt at time .t' ^mage * 



. .shown unTbrokeii of the dashed 'front at ' Itg])^' is the envelope ^f *he vavelet^ 
geheirated ty the incident- front at different times as the point where £t en- 
countered the r^lecting surface moved 'off to the right. The da st^ front"* is 

,/ atlso'the wave front \of the shadow-forming raysv discussed In Section 15-2 • 
Figure" 15 r^e shows how Hvyghens* construct^-pn jfor; scattering .by a strip yields', 
the closed -scattered wave surf a <^e corresponding, to. the^ reflected plus shadow- 
forming plusf diffracted rays, bf Figure 15-2pCiv); the result is of course simply 
the- closed eikpnal 'of Figure 15-2p(v) . . , * ' 




r 



I 



..- Similarly if the ^. scattering surface is the interface "bfftween two different 
."'optical media specified "by velocities v and v- -/we construct the trajas- 
mitjbed portions of the ^ wavelets' to take int^" account tHat these portions are, 
traveling at velocity v^ instead of v and then construct, their- envelope ' 
. to obtain- the refracted wave front as in Figure 15-5f. " - " . - •' 



We have Indicated that the Buyghens' s wav^ sxirf^aces are simply,. the elkonal 
stofaces discussed In Section 15-:2 J We now apply l^Hu] to the "reflection of . 
a plane iwave front fparaliel ray^ysteni)*'ty a perfectly^reflec ting convex 
setolcirckfi and make tliis Identification explic^. 'since all waves in this. ^ 
protlem. stove with the same veio'clty, all dist'ances (Jii) traveled are porpdr-. 
tional tcltime (t) , so that we may. .work with either L ' or t. ; in opder to 
expilodj^rt^ previous figures and results, we work with- distance L .■ ^ T<ie 
center • of the circle in Figure 15-5g is at X' = O , y = O . Tl^ie corresponding, 
incident wave is a» plane i?ave\front whose position at any time t > tl = O 
may. he indicated hy x > = 0 j^,e.*; our reference- time is"' t = O-, and o^r 



reference position is x ='0 




-Figure 15 -5g,- ' , 

We treat the Huyghens construction for -Figure 15r5g* essentially as^we^did 
that of figure 15-5d- We construct wavelets of different radii at different 
points on the circular- scatterer, the^ radius air^ point *being- prdpoortional to. 
^the time it would have taken the inbic^eni wave flont to travel fi^qffi that .poin^-. * 
td^.-the plane . x = x^ . - Using Hi;iyghens ' s princijle in this manner --we ciay '*say ' 
that_ a point P = (^.i^) . of the scatterer. where 6 = -a cos 'a < x^ under 
excitation hy the vave . front. * x = -a cos o: (see. Figure 15-5g) radiates a^ " 



circular wavelet of radiiis 



1.6'- -of 



I a cos a 4; I ; heroi 



X'= X, 



is. "the 



present position of the- incident n^avg front. The restatant wave front Is the 
envelope of ^11 such elementary wavelets. To draw a wave frori|^ construct 



enough, such wavelets to enable *their' envelope to be. sketQjoed. Figute 15-5h ' 
shows the case Xq "= .0 Ci._e.', for the tine when the. incidei^ front i^' at. the 
origin) and Figure -l^-So o^ Section .15 -2?" sliows additioft^s'l curves f^^"" d.iffe3:eiit ' 



ERIC 



} 



288^": 



I- ■ 



15-5 



values r ; in eaaii ca^e^ the straight portion of the curve corresponding to 
the shadow wave front is also the position that vould;have been reached "by the 
incident front in the ahsence ofa. the scattererl The^curves of Figure 15-26 



\ 



\ 




^ ^ - Fi^tire 15-5h 

»^ 

can he constructed either* hy using the present procedure (circles centered on 
the scatterer) for different constants^ or >y using the wave Surface of Figure 
15~5ii as the^ locus of circles , of identical radii and then drawing their out- 
ward envelope. , . ' 

Analytically, we find the* envelopeb of the family of circles ^y the same 
procedure we used in Section 15^2 to ohta"in the 'envelope of a set of straight 
lines. Thus if we take = O ^ we have the equation of a. Huyghens circlet 



(1) 



2 2 2 2 

(x + a. cos a) + (y - a sin a) = a cos a 



Ttie-ySL§XyfSi't±'ve vi-fcii respect t-o a gives = a sin 0£ - x "tan a , and entering 
•tiiis expression for y in "tlae equation of* tlie circle (l) " gives ^ ' ^ 

xCx(l' + -tan^ a) + 2a cos a] = 6 . Thus e±-blier 



ERIC 



V . * ■ * . 

(2) X ='^-2a' cos^ a and y = a sin a(l + 2 dos^ a) ^ (- |" < a < ^) , 



or 



(3) -. . X = Q • and y = a sin a. , . - (- i" < « < ^ 



- The parametric Equations (2) describe the emrelope 

a ^ . : 

so that the corresponding curve (W_ of Figure 15-5h) is half of a two-cusped 
epicycloid (tvice the size and rotated through 90 degrees, as conrpared vith 
/ that for the rays shown in Figiire. 15-2^(i)0 • This portion of the vave front 
is. generated ^ a point on a circle of radius |- rolling on the circle of 
radius a . The Eguations (3) specify the portion of the envelope of 

Figure 15-5H, which consists of a line segment of width 2a- normal to the 
direction, of incidence; thi's corresponds to the s hadaw<p forming 'wave • 

Given tKe analytical expression for the wave surface analytically in (s).- 
and (4),, or its graph, as in Figure 15-5h, we can construct its normals (the":* V 
2rays of Section 15-2), and then obtain any other wave- frpnt on layi^ off a 
constdiat ^distance along the * normals and joining the points. We can construct, 
the evoluie of ' the' wave frontfe (the caustic of the rays) and determine that 
R + — cos a is the radius of cixrvature, where we recall that R is distaiicie 
. along the ray from the mirror; .and, of course, * we can "discover" the law of 
geometjrical reflection hy noting that at a *given j)oint, the reflected and. 
incident wave normals make equal and opposi^be angles with the scatiterer^s j- 
normal . - 

Fron^'a "pure" wave view, in order to dptermipe the scattered wave front"/', 
when the incident front is at any ' x-. > -a ; we use. the wave siarface of (4) * 
and (3) derived for = 0 (W- = W^^ + Wg of Figure. 15-5h) As- the loc}is of \ ^ 

' the centers of circles of radius jx^I , and again determine the envelope 
- mechanically or analytically; i.e., we need not refer hack to the surface of 
the scattierer* Thus we determine "both past and future wave fronts hy the 
' Huyghens^ construction. If " 2 ^ obtain the wave fronts shown in 

^ Figuxe I5-20 of Section 15-2. ♦ The point on $l wave surface ( correspondiiig Sbo 
the incident fron^ at Xq ) at a!^ distance R'= Xq - a cos .a aXong a ray, may ' 
also he designated hjt the cylindrical coordinates r and 9 as in Figure 
15-5i*' For very large .values of Xq ,^ we see that R and r are practically, 
parallel fi^ad that 0 » 3t - aa ; we have - ^ 
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P 



r R— a cosra = - 2a cos cc « - Seisin* , vhich 

a 



.Q -w. . — w ^ ^ - , wx^wx corresponds-: to rsr vave - 



rrom a source at x - ^ (the'' pusp of the virtual caustic); If Tire t^en 
neglect. a"« r / we ohtain r .and the-vave fronts approacl; . circles 
centered on the origin of the airrdt. r, » - ■ 




Figure 15-5i 



•For incidence on the convex s^emicylinder, these wave" f ron"^s are, real in 

. the same sense a^ we spoke of - real intersections for the rays' of Section, 15-2; 
.• * . " - * ' ' * 

^^^^"Sor incidence on the concave sen^ cylinder, the wave fronts , of Figure 15-2o are 

virtual. ■ The virtual wave fronts "for incidence on. the convex cylind^k,(the 

real ones for the concave case) are ohtained fg>ar x^ < - these ^ are the 

curves, shown in Figure 15-5 J ( i-vi) •plus -their images in the x-axi's . For the 

sphere -we obtain the virtual wave fronts hy rotating, the curves of Figures 

l-5-5j(i-vi) aroujad the x-axis- ' . ' . ' 



Th'o^^^inside fronts" nearest the scatterer in Figure 15-5i may' "be likened 

-to^-a volcano wi^th crater. The 'concave craters of successive fronts represent 

* • ' ■ f ■ * ' - ' a 

a boiinded portion of a wave outgoing from an origin at^, = -'5- {the geo- 

. metric focus) • The outer sides of the volcanos correspond to hoimded portions* 

of raves' outgo ipg from the edge of- -the scatterer. The flat bas-es of the 

volcanos represent the shadow -forming wave^ The most significant featiore of 

.the set of figures is- that the locus of the cusps is the vijrtual caustic of 



the ceometrical^H^s derived, previously in Figure 15-2X1* Thus in the same 

■ * ■ •(- / - 



ERIC 



. 957 



(i) 



(ii) 




(iii) 





Cv) 



Figure 15r5J 



(vi) 



Jfashibn as we ■fcra'ced the origin of jtlie real rays to -their virtiial caustic 
the^ reeuL system of wave "fronts may be. traced back to the cxasps of the 
virtual, wave - system. 
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15-6.* Ci) Periodic Waves * ■ . ' ^ 

In .-the preceding section.. we obtained the eikoiiais of ray ^theory directly 
-'"by. applying Chu] to a wave front. HUygens represented ligiif essenti*ally as 
an irregiiilar se<juei;ce of isolated disturbances or piilses . . The essential 
feature of the' mathematical .description of a wave pulse is shovn in Figure 
■ 15-6a, • which represents a disturbance propagating with velocity v along tte 
X-axis. The significant asnect of Figure 15 -6a is that the shape of the pulse 
does riot change in time. \ . r 

/(\ ' ^ 

0 




-►X 



;v(t2-ti) 



" ■ ^ .Figure 1.5^6a ^ ■ .\ 

If we specify the pulse form at t = O by y = f(x) 



Xs 



, .then since the 

puXse fo27m at any* time t* is obtained by the translation x ^ x vt ^ the 
pulse form at time"':t is given by ' _ * ' ■ ^ . - 



. (1) 



y = f (x - xt) 



Physically ^ we see that the func^tion f (x ^- vt) represents the unchanged 
disturbance moving along the x-axis (direction 1) with constant velocity 
^ v . Sijnilarly a disturbance moving in the direction would be represented 

by*fCx + vt) . . ' L, ', ^ * . : ^ . ' .'^ : 

By itsejjf CHu] is merely another "method fqr rederiving the "results we, 
obtained geometrically. However if we. associate the idea of periodicity -with 
Euygehs^'idea of waves, then we will have progressed^quite far towards the full 
» .mathemati cal model we are developing. ' , . • 

. ' / . ^ . ■ ■ . ■ 

jperiodicity , Newton (1642-172?) by refaracting a pencil of ^ white light!" 
through a prism of glass, showed that a ray of white light . could be regarded V 
as made up of rays ^cii having a single color Can'idealiza-fcion called mono - 
. chroma-bic ligh-t ) , and -that the relative index of ■ refrac-tion depends oru, 

color- We -touched on this hefore in our discussion of^ -fche rainhow whea we 
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ve -worked with .11(02) , with 'cd as. the "coldr -parameter." His studies on' the' 
coiors .©"btained by 'illuiiiiriatirig' thin transparent plates, essentially estab- 
lis"hed that *' , • ■ •.. ' ' , • • ' * .' 

LNJ ^ : monochroma-tic 'ligh-tl periodic vi"bii -period depend^ehi: pn * . \ 

' . . ".^^ *^V:. . ■ ■ ^ ■ \. / 

Newton's picinirfe of ligMt as ,a . stream of ^fine particles subject to peri^>dic 
"fits"'*that followed eacSi other at oregiilar ''intervals is* not appropriate^^f or 
the.vi'^l-ble phenomena hef was- familiar with, hut the ide^i ot periodicity re* 
lated ■ to * color is as significant as Huyghens's idea ojf waves. 



* Yoimg^ (1801) combined flewton's idea of periodicity with Hi:iyghens idea' 
of waves, and regarded, monochromatic .light as made up of peidLodic waves. 

If 'we rewrite .(l) in the form . y = f (p) with 

- . ' • * ■• • ' 

' C2) ■ . ■ ; , _ "p = kCx - Tfc) k = k(a>) • , - . 

where lc(cp)^ ^ Ct)ie "propagation constant") depends on color, and where p' is 
called the phase , of > the wave, then Young's principle' states 

-< ' [Y] : monochromatic light can he represented hy a wave which is a 

periodic function of the* phase' p = Jfc(^x - nrb) ' ^ • ' 

Analytically, ve e:qprfess [ Tf] in the vf orm ^ " 

(3) f(p) = f(23r ^^p)^= fC23m + p) ; ^ n = O , ±*1 , ± 2 , «... , . / ' ^ " 

wfeere the period of f is fix;pd as 27Z ; the term p represents pjiase or^ 
position within a cycle, or interval of len^h 2;r 

If we impose the condition ^ ^ ^ - 

C^) . . ' f(0) = A , ' ' ' . — 

where A the amplitude is the maximum value of [f | , then the simple'st wave 
function satisfyxng '(3) and (k) is- the circular function . ' , ' - ■ 



(5) • . y - f (p) = A cos p = A cos(k[x_- vt]) ^ u(x,t) . 

We may write * - ' 

' 2'ir 



(6) Y • k = '^' 



where X is the wavelength, asscapiated with light of a single color. If we ' 
increase x hy A?c , then we increase- p^ hy ij:>p ^ — • Each time x'. 

'Changes by the length X , we haven — = 1 and £^ = 2jt- , and f{p3 of (5) 
goes through a maximum and minimum. The factor kx = \s a convenient 

♦dimensionless measure of distance for a. mo!^iochrom^itic waVe; it gives directly 
the "^harse change in . units . of 25t corresponding to the distance x - Similarly 



0 we may vrite kvt — 2jt ^ vith 



(7) 



as a (aimensicyaless measiire of time correspondins "to^ the phffse. chaias^' in omits 

pr Z-jz for a time interval .t - From (6) we have }cv = ^( which -together 

with .(7)* gives ^ . , " \^ ^ ' 

■ ♦ 

(8) ' 



We- are ijow. in a position to interpret the parameters* X and T = vX ^intro- 
duced in the above as well as *tlie corresponding ''color parSmeter" -'w^ have 
mentitoned previously. . " . • ' - ' ' . .* 

u(x.t„) , ' , ^ 




Figure 15-6l:j, 



■u(X6.t> 




In Figure we plot u of (5)''versus x \ for fixed t = t^ and ir^ 

Figure 15-6c, we plot .u of (5) versus t for .fixed ^x.- x^ . -At a fixed 
mraient of time^ u*^ i« periodic in x ; the wave form i^ repeat-et^ at intervals 
of lerfeth which is /why X is called^ the wavelen^h or .the 'spkce period. 



similarly at a fixed position on the x-axis,^we observe that ' u is periodic 
in t : the wave form repeats itself, at time: intervals T called the tjm^^ 
period or simply tfee period , • . ^ 

At-ia given time t^ ve obtain the wave form'-.of Figure 15-6h.. Later at 
t^ + At xe obtain the samer^ystem of crests and vaULeys^ with each point of 
the wave shifted to x + ^ , wKere Ax/^ v At . Thus" we 'may visualize the 
wave as traveling in the direction i gjf tjie x-axis. * . , 

, The reciprocal of T is called the frequency of the source producing the 

vave and it is convenient to measure this frequency in'~units of 23t ; i.e., 

•.^ to use a:> = — where co is* called the angular frequency . ' Thus we rewrite . 
.(5) as - 



4 



(9) - " u = A cos 

Thus we identiky the color parameter i as the angular frequency of the wave 
associated with light of a single color. " 

The a^igular frequency is a prop^rty-^nof the source of the waves and 

does no-^ depend on the optical properties of the different media (charact^ized 

" by different v). through which a ^iave passes; howevet^ the wavelength \ = 
does depend on the medium. In general the phase* velocity, v is, a function 

"03 ,.so that T-^gves of different frequencies travel with different velocities . 
vCoi) in the same material^^Equivalently, since the index of refraction is 
defined as inversely proportional to - v , we may rephrase ^he above -terms 
of uCos) . Taking the flevelopment until Equation (9)' as applying to meditam 
with index of refraction i-l = 1 (ftee-sgace or vacuum) , we replace kx for. 
the more general case by ^ " -.^ ^ 

X . - • . 

1^ 



(10) ^ ' kux = |2l nx = I?. 



where X . is the wavelength in t^e medrum with ^Ij. - 1 and \ (a function * 
of oi and the material) is .the-^wavelength in the optical medium defined by 

^The .wavelength \ is the^ length factor which accounts for- the differences 
in edge diffraction with color whici^ we Talluded to at the end of 'Section 15-a.- 

We could havfe introduced much of the above structure into the ray pictioxe 
by, associating the idea of phase (periodicity) with a ray* However, the wasire 
picture is in general mor^ fruitful for the usiial visible phenomena. For 
convenience in the following,^ we may use a mixe^ terminology with the rays 
understood as the corresponding wave ndn=-. i ^* ' ^ 
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If light of single color travels a distance L in va*cuTj^, its phase '' 
has changed/bjr kL . Corresponding to tite "unit sources of Section 15-^1-^ the 
^pjiase at a' distance' R aloiig the ray* from the source, differs from 'the phase 
at the source by kR • " Similar:^ for theo;refle^gftion problems , of Section 15-2,- 
the phase at P on the reflected 25ay in Figure 15-2d(i) differs by 
k(L^ + Lg) ^ from the phase at S ^ and the phase at- ,on the ray in Figure 
l5-2g' relative to the phase at x = 0 ' is given bj5 

P^- kCS*+ R) = + /(I - x)? - (tj - y)^) - From the geometrical methods of^ 

constructing dn eikonal (wave surface)*, ve -see tJlat it is 'a feurve (or sur:^ace) 
of constant phase (i^e-, therfe is no phase difference between 'aiy two points 
on 'an eikonal), and we may label a particular eikonal by a particular value 
of p . Similarly for the elementary sources-'of- Section 15-^, say the point 
source, we may sufrouid the source (Figure 15-l4a) with a set of eikonals> in 



^this case d^herical surfaces of . particular radii - R correspc^idins-^to the- 

t n 5 

particular phase differences kR . '/ ■ • 

Instead of "working directly vitH ^os p it is more convenient to manipu- 
late formally with - ^ 

■ *■ * 

(11) . ... e^^ =r COS p + i sin p , ' , ' ^ 

and tak^ the real part Rf(e^-^ = cos p when we want to exhibit the periodic 
behavior explicitly. 

Equation* (H) , and any operations of the calculus we' may apply t<J it, 
can be justified in the- following way. ^ ^ ^ 

. The convergence o^\^ power series can b^ def-dned irv an obvious way for 
complex "numbers -^z « + iy . Then, if sradius -.of convergence 

R , the series \ ^r>^^ will converge for -fehose z '= x + iy vi-fch \ , 

^^^^ ^ 

2 2 1/2 ' ' a* 

(x^ y ) ^ = |z[<R - It is then naturai to extend the domain' of the 

X * "5 * ' * 

function exp : x — > e to the set of complex numbers- by 



z 

exp z : z St 



* 00 



n=0 



Then, 
4r 
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n=0 j9 



n n 

X 



oo 



n=0 



- ^ "T2iqT *" l_ (2n + 1)1 

n=0 



n=0 



J" 



CIO 



+ i 



C2n ■+ 1)1 ' 



n=0 



viiere '"'^ recognize 



1 



^'^ '^ ^ hn l 1)1 - ^ = i_ 



n=0 



■ (2n}i 



n=0 



,Tiiii^ ve conclude tha^ 



ix 



= cos X + i sin x . 



If ve represent Cll) in the complex plane we o'btain tT:ie vecto^vdiagram 
^ (Argan^ aiagi^m) of Figure 15-6d. As -ye progress alongj^ (as we increase 

-^"^^ P increases and the tip of the vector of unit len^li describes a circle 
o^^uni**^ radius. The projection of the tip on' the x-axis (the real axis) is" - 
ttie oscxliatorj' fxihction cos P ; each time p increases "by 23r (each time 
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sin p 
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^ Figiire 15-6d 

-biie tip ^escri^bes a full circle), the x-projection" goes through its TnAyjTrmjn 
^ (-i-l) eXK^ mininium (-1) values- (The function e^- is often called a phasar > ) 
More generally^ we work with s ^ ^ ' ^ 

Cl2) - F(p) = Ae^P , ^ A > O- , 

vbere A- is ^tie amplitude- 

2«« 
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In subsequent applications wa^ use, the exponential Torm 

^ (13) Mx.,t) = Ae^f^-^^^ , 

for vhich^the function u of *(9) is given by ReCU)^ = u . We c;peak of (13) 

- - * ' - - ' * . . _ . . ^ . 

as a plane wave traveling in the direction of the x-axis - 

In general, we consider waves which are not necessarily plane waves of 
the form (13)^ and A need not be constant.. To tie-in the present discussion 
with' energy flux considerations of Section 15^4^ we note 'that (^in -general) at 
dis'tances from the source large compared to- waq£;^ength we may approximate A 
by/a^ cctostawit t.±r^^ i/f , where F "^is" -Che flux density introduced for the 
Kepler-Lambert -i-, ^le- We^write 

f ' ■ ' 

where L equals, x or r , and where F in general depends on distance - 



For the point source (or point scatterer) a^t the origin in three di^mj^- 
y we sjiowed in S( 

corresponding wave as 



sions, we sjiowed in Section 15- V that F = • We therefoi^e write the 



^i(kr-ccrt) 



(15^) U = ^ — / = /x" + y^ 4. 2^ 



where we used\kr^ (instead of r,0 -in the denominator for eonvenience. 
^S imil arly for a line sourc;£ (or line scatterer) along. the .z -axis, , the wave • 
cojcresponding t6 the . flux density- F = — * is ' , ' 

' ' ' • ' ':-^:r-<nt^) ' j — 

■ , / - - 

In the same sense triat ve interpr^ • (13) as a wave tra3cel^g sflong -the x-axis, 
we fepeak of ( 15) and (ic' as waves travelir^ outwardf radially^ or ^"s outgoing 
waves. For the planar source (or* planar sca1:terer) ^t - x = 0 % F is indepen- 
dent of distance, and the anal^og of Cl5) and (l6) is 

V- i(kx-cirt} ^ ^ ^ 

(17) . . U= . ^ , for x>0 , 

' ' ^ ' ■ f '' ' .." 

wtiich ve rewrite 'conpactly ^ . 

» * 

(18) u = ci^C''WI-<rt;) . 
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Interference . The concept of irtterf erence . vas introduced into wa^e 
physics- "by Young. Later ve shall disciuss interference in detail "but ve men- 
tion it now to stress the most significant feature airising rrom associating 
a wave *( or more specifically a phase) vith light. The essentials are- indicated 
in Figure 15-6e for scattering of a monochromatic plane wave hy a screen con- 
taining two yevy narrow slits separated hy d » \ . The waves from the two 




Figure 15-6e 



slits rhat arrive at (x,y) where' (x » d) hajre traveled different pa'ths 
and ^ arid ^therefore- differ in phase by " _ ' 



(19) - ' ' kCL^ - ) kd sin 6 = sin 6 . 

^ . ^ -I- a . A. 

Frofn (1^), we may thus write the resTjltant wave at (x,y) , in the form 



(20) 



U = + =; W(l + e^^)< , 



/ where we have used the fact that the fluxes from the *two slits are equal to 
/ ' ' _ ^ ' . • . ' ^ - ikL--ia3t 

a first • approximation and where we have ahsorhed e- . • ' and oth^r 

factors inco W . (See Exercises 15-6, No. *1.) The corresponding energy^ flux 

"or intensity is proportional ;to m> , ^ . - , 



(21) 



F.= jul^ = [w-l^ii 4- e^^f = \v\^2U- + cos {zf) ; ' 



w 



For "the moraeni; ve se-t 

in-terf'erejKie effec*fc^n terms- of the simpler ftmction 

10,2 



equal to xinity, and show the essentials of the 



, F.= |1 + e 

described -vectorially in Figure 15 -6f 



- 2(1 + 



cos 



0) 
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. . . We see -that, if 0^ = 0 "in (22) CiVe., 6 = O 'along therx-axis) tiien 
F = ^ • (T]ais corresponds essen'tialiy 1:o* a caus-tic^^of edge rays. as ■ discussed" • 
.in Sec1:ion 2.5-^ ;^>wever, we now have nni^h more s-tructxire for -the descripi:ion 
of liglrt ii;- th.e shadow region.) As 'we « vary y keeping x fixed, . "the intensity 
5*. -^reaches "the maj^nrum vsilue h. wtLen 

(23). ^ 0 = 2nn: 



n-= cr > ±0. 



± 2 



-A 



and a 



of zero-wiien 



■; 0 = C2n + !)«: . ' 

This "behavior is clear fronr (22) ^''and ^more graphlcaUl^y so f rom Figiire l^-^ff 
if • 0 = 2n:r y then the two vectors of^unit length pointy in the same dir'^ction 

2 ; if 0 = (2n + l)Tr , thb^ 
^ ^ The results for F 

with variation of^ are shown in Figure 15-6g- 



along" a straigiit line 'and their resultant is 

■ ' % ■ 

^ they point in opposite directions and cancel each* other 





Figure 15 -6g 



Thus for a monochromatic wave (fixed , a parallel screen on the * 

■ / . . ' • ' ' . •: t ' ' 

shadow side Qf the slit-screen- (the dashed line at x in Figure 15-6e) will- 

show "bright and dai* hands: the bright "bands or "fi'inges" corresponding to 

Jo = 2n3t are located on the screen at a distance x from the strip "by 



E 



- • ■ •• 1 ■ ' ■ . ■ :- 

i.e., wlaen the patli difference^ is an in-begral number of vavei^engths . Simiiarly 
"the dark fringes cdJi^xesponding "bo 0 ^ (2n + l)ir are locafted .tjy 

(26) - ■ '^'='1 , f.. = Cn + , ='(n 

We call (25^ " cons-bruc-bive interference", and (26)' "dest^rdc-biVe interference*" 

• , ♦ we use wliite light ^( a mi^fture 9f waves of different' ^X's.),^ then on 

the axis at y =r o J we olbtain a wtiite^ central fringe; however, from. ^25), the 

side fringes a:re displaced from the axis in proportion to X and we -therefore 

Bee hand? of dif f erent *colo3ss • (A.s we mentioned Ht *the end of Section 15-2, 

analogous phenomena in, the shadow iregion of a wide strip first tioticed hy . 

* ' ■ . • 

Gj^imaldi could have led^ to the discovery of- the periodic C^haracter of mono- 

chromatic flight "but did not,) Comparing (25) with e^erimental ohservations 

-we find^' from the displacement of "the hemds of light of different colors, that 

''the -'Vavelength for red light is ahout twice that of blue light, i.e., 

(27) \ ^ ; " 2^ ' . •• ' 

and., that the" colors orange^ through yellow throiigh .^reen have wavelengths ,X 
of length intermediate to that of red and blue^. ^- 

In the remainder of the chapter we consider sevez*al^ elementary applica- 
t^ons .to scattering phenomena of -the Huyghens-Kewtofe-i'oung period i'c wave 
theoiy of light. These appXicatiohs are. associated with Fraunhofer (1787-I8267" 
an experimentalist), Fr^snel (1788-1827, a theoretician)^ and Rayleigh .(l842- 
1919? "both)* ' ^' ^ - - 

FraTinnof er Dif f ya c t i on> hy a^ Slit , We next apply the wave model to 
Fraunhofer dif f ra ction of a- plane wave "by a slit of width 2a in a perfectly 
reflecting plane as in Figure 15-6h. Ve take the origin at the centHsr of the " 
slit . ^ , 

We write the , incident wave as 
V 

^i. 



C28>.- ^ ^ U.(^,y,t) = = e^^^^> 



and interpret _(28) as a wave of unit, flux density traveling in the x direction. 
Using i['Hu] implicitly, we regard as exciting wavelets _in the plane of- 

the a-oerture, and specify a wavelet originating at x = O , y = 'O, hy the 




-a 



' > A. 



•I > 



» : 



Figure 15 -6h 
i(kr^-cjDft) 



elementary ou-tgoing vave form ^-E- 



let ori at (O^Ji) , as in. Figure .i5-6h we use. . \ ' 



■ vSr 



as in Ci$)^i* Similarly"* a vave- 



v.. 



(29) 



u = C 



• i(l£R-i£Dfc) 



, k .= Vr^ - 2rTi sin © V 




l&very point of tlie line y = Ti ,x = O v, for -a < tj < a < <(.eveiry "^line" element 
of .the slit) cozresponds to a wavelej|^ of the form (29)''. We i^ppre^Sxtr-the ne1> - 
effect of ' all siieli vavele-ts at a 5is±.ant .point ? "by the in-tegral . > 



(30) 

by/ 
(31)/ 



uCTi)dTj , 



Restricting consideration to r »-a ^ we approxima-te R in i;he exponent"''- 



R - r - 11 sin 6 . 



In ' -the denominator w& xxse simply R ^ t because Iu| is much less^^sensi-blfve^ 
.to chSnges in the denominator than to changes _of the phase. (From Figure 15-^ 
A«re see that a slight change of the magnitudes of the two. vectors has lil^tle * v 



effecrt conrpared "to a comB^rable change .In "tiie pEase difference *0 .) Ttntts V^*' 
(30) reduces -bo , * • • f -'^' ''. 



-■■ (32) 



where 



i(kr-acft) 



U « C 



if 
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(33)- 



ikTi Sin ©, ' 



i,e*, TJ is an elementary cyiindrical vav^' (source at the origin) as in (25);, 
times* a function of angles * G(0) (^he^'' ^attering' amplitude ) . Ttius for 0 = 0 



or Tts^ 



we have- 



p(o) 



^ J -a 



dn = 2a , 



where '281 is the widtn of the -strip.-* For the, other angles, we -integra^te the 



exponential and oistain 



(35) 



GCe) = 



Ika sin 9 . -ika sin/^ - 
e - e o 2x sxnCka sxn 0; 



ik sin e 



ik sin 6 



- ^^r sin(ka sin 6) n ^ ^ rr^^^ 



where is the width of the strip, *and V is ^n oscillatory function with 

zeros at ka sin © = nsr . -(See Exercises 15-6, ITb. 2*) ) * 



A (ii) Hayleigh - Bom scattering by a_ sphere , ^ ' ■ ^ ^ - 

As another illustration we consider Rayleigh - Bom scattering by a sphere . 
of aradius a whose optical properties differ only very slightly from the free 
space in which it is Imbj/S^ded (a "tenuous" ^catterer) -rx We use the ^geometry 
of Figure 15 -6i- with center of the sphere at the origin, ^ and take the plane 
wave r 



(36) 



as the incident field . 




►Figure 15-6i. 
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^0 



Try* 



We regard' "ttie sphere as made tip of eXemen'bary' s^5xirce» o"f'. spherical wave- 

' ^iClcr-ajL) 

le-ts,. such -tha-t "the source at the origin produces a wavelet* \ eis 

in (15). The elementary source at the positions p = (i^^,^) excited "by the 
incident field =-e^^^^"^^ produ'ces an effect at n = (x^y,z) described 

" ' • '■ ■ - ■ ■ "... . ■ ■>■ ' 

' ' ' ' ■ ■ ° - . e . J* 

(37) ' ■ - • ; 



where the phase is chosen to^agree >with the phase of the incident wave at p 
- (R =r" 0) I The net effect is represented^ "by th^ volume integral of u over 
the sphere of radius a^: - 

• . •' ■ ' r ^ ' " " ' / 

(38) « U'= ■ juCp)dV(^: , 

' . . - - . ■ - ^ ^ /. •■ 

..'(We define the volume integral as the limit of sims ^ u(p,)AV where^the 
- - ■ ^ ^ ^ ^ n n 

volume is subdivided into elements witlr volumes AV * where 'p ^^li^s in 

* % • - , ^n ^ n ^ ^ 

1>he corresponding volume element, and, tlje limit, is -tafeen as" the maximum \ 
diameter of the volume elements approaches O . ) 

Essentially as for the slit problem we restrict considera1^^>n -to r » a 
and approximate R in the escponen^l^fbf -u "by 



X39) " . . 5:. R ,= r- - ^ ^ ^ 

in the denominator, we use simply R « r^ . rThus (38) becomes 

^(kr-ast) 



iho) . . - u » c ^—r^ — — Gte)- , ' . Y 



(tir^ ^ G(©) = Je^^^^-^*?/^^dy-, • \ . ' 

i.e., U is the product of an elementary spheri■caT^6ave outgoing from the 
origin as in;\ and a scattering, amplitude GC©)' which is independent^f 

. r but depends on "the angle of obsfervation ,0 * For preeent purposes we do 
not evaluafte the integral in (^l) hut merely show how it is analogous to (35^ 

■ - ■ . ■ ■ . _ . 

In -the fojrward direction 0 = O ve have r = .(0,0,z) so .-ttial; 
p - — = ^ and (hi.) reduces "to ^- ' ■"" - 

(^^2) • ; i / G(0) = dV = V , ' . ^' 

• / • : - ^ . ^ • ■ 

where V is "the vol-ume of -the sphere. For other directions, we.wri-te \ 
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i 



^ 4 



where - J(0) is^an oscUXa-bo^ fun<rblon .analogous |-bo F (i9) . of (35) It can 
"be -shown -bha-t " - . ■ / / , . 



xZ-^at Sin X COS X © ■ . . ' 

which approaches-- ^' if = d^- - and also approai*hes % if ka = ^SS.' 

. ■ o . ■ , r ^ ' 

approaches 0 . We may us^ the- fact -thai; U ist'prop6rfcional to - ^ for a 
variety of ^different scatteiWs to further the ^scusslon on- the color 9f- the' 
•sky -bhat we "touched on in Chapter 9, We consider this in the folibwing, which 
supplements the present section and Section i . , 

A (ill) Rayielsh - Scatteripg / ^ ^ '/ 

Xn l871> Eayleigh developed a mathemai;icai model to account for the hlue 
color of t^he sky based essentially on a scattering int'egral similar to (38) • 
"ge-ohtained the coiistant c explicitly^ and showed that for small — . (small 



scatterers; U was ptopozrtional to r . The z^^tio *of the scattered flux 

density ^-b r - to that -incident on the scatterer (see Figure 15-^j) is pro- 



-portional ^ . , ' c j 




/ ■ 

Figure 15 -6 j 



^to -lu] and can thus be written " ^ - ^ .* - 

■ ■ ■ * ■ ^ ' ' ' ^ 

wherfe g. ^oes not depend on length factors. Rayleigh also obtained the same 

^. ' ^ . ^ ' » ^ 

. dependence on X from dimensional analysis by' starting with ' ' ' 



(as otj-tained in otur primitive discussion of (38)) and requiring that B not 

)n of tl 

3t)G 



depend on any ieiigth, dimension of the scatterer: since F' and -Fq are 



972 .'^ * 
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diTfererrt values of the same physical qia^tity, their ratio is free of units 

• ' ..\ ■ ■ ^ 

or dimensions; -since" has the dimension of Xength to the fourth power, 

. • * . ^ . - r . ^ ' *\ • ' • ^ " 

and since X is the only available length, it then follows that B is 

" 1 . -, ■ -' 

proportional to (ShT. and (^5) reduces to the fontf {hV) . * * 

. Prom Equation (3)" of Section 9-3. (i-e., from = 2?v^ ^ wlaere and 

are "tlie. vavelengttis of red and. "blue, components j^of . sunli^h.t) , and from 
-Clfi*) it follows . tliat ' - .. - ■ - .. 



(46) 



= 16 



Thus, if a beam of white ligitt ^s Incident on a small scatterer as in Figure 

j, the hlue component-of white light is scattered sixteen times as istrongl;^ 
as the red; i.e.- the flux ratio' of the hlue and red. components obse;rved at an 
an^e 0 from the -direqtion of incidence is given by C^) . • ' 

Equation (^4^) specifies the scattered flux .density -at a point r(0) as 
fcirr Figure 15-6^ . The total flux scatter^ through a complete -spherical sur- 
face around the scatterer tas discussed in ^.Section is thus independent of 
r 

be written as 



If Fq = !r , the ^otai scattered flux Gthe scattering cross section )'' may^ 



in order to ^enrphasize tlie dependence on X ^ - 



■5 




Figure ■ 15-6lt 
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Le-b us nov visxtali:^ e an .inciden-b beam of rays flowing 1;lirough a -ttibe of 
cross-sec-bional area S as in Figure 15-$k, and * apply -tiie Kepler-Lamberl; flux 

. principle TklI ^. The flxoc tttrough S' ai: 2^ is I^S , and from [KLI -this 
equals -the flux I^S -throxigh -the surface S a-b plus f lux -ttaroiigli -the 

incpmplet.e sp her ical surface consistTing, of "the sphere minus -the cap • If 

'•ve neglec-t tihe "holeV in -the sphere^ we fepproxima-te -the scattering out of -the* 
"beam by Q ^ and obtain ' 



i-^s = i^Q + i^s ; 



Since Q is indepfenden-t pf r , -the difference "between -tiie initial and final 
^values^'p£ .the flux ^long a parallel beam intercepted by a scatterer anywhere 
, along the beam is c 



I^S - S = -I^ Q , . » 



.•'I . 



If there -are N suchl scatterers Jin the "beam,, then under appropriate restric- 
tions we may use (kg) TfLtti the right-hand side multiplied by K to approxi- 



mate 


the 


net' effect : 








(50)' 








-> * • - 


• 


0 


s 






• ••• V ■ 






. - • • • . 


• • • 





JPigure 15-6i 

■ • - ■ . / ^ ^ , . .. 

^ If there are n scatterers in unit volume iop. the geometry ' of 'Figure . 15-6^, 

then we have, .N = nS(z^. 2^) , and C5P) 'reduces to , 

(51) 



In th^ limit as 2^ approaches ^ we obtain 



and consequently ^ . 
mm with I^ .as the value at say • 2? = 0 



dT = ' 



-nQz ■ 
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From we have Ci = -5^ so that 



r 



wHic^ the ffem consideW in Chapter 9- Thus, as accounts for the 

blue of the 'sky in directiqns other than'tovar^s the sun, accounts for 

-Wie redness of the cXouds illur^ted'hy sunlight near dusk. (Se^ the dis- 
cission of "^(6) in Section 9-3-).'- * ' 

Jksuation (1^5) gives the scattered ^intensity for one scatterer excited hy 



a vave of Wt intensity. If o<e " s'cattSter of a coll'ection is at a. distance , 
2. from the entrance f ace] of. theS^idn :Of \scatterers (as in Figure 15-6m) , , 



r • 




1 



s 



- - - Figure 15-< 

then we multiply ih^) hy ' l(z) = V"!^/^ ^^^^ to account f dr. the intensity 
loss of tte exci4tion -that reaches i^ Similarly if- we observe a scattered 
ray from"^ this scatterer at a distance /r from its center, ^e in6or^orate ^^an 
^additional facto^ - to account for the "additional loss . Thv — * 

scattered intensity for .one scatterer &s in Figure 15-6m, -Becomes 



where z +" r is the total ray path within .fh^regi on of scatterers, 



-n 



Let us rewrite (22)' for -"z + r '= i as 



(56) 



T 



F = ^ e 



a ror^ that shows that. F vanishes for both X ~ a . and ,X - « and has a 
maximum at' a definite v^lue- of 5. «o„ ^ a • a 
respect tn x """{/-^^"^ >^ , say . X = A . Differentiating (56) with 

respect to \ , we obtain 

* * - - 



'(57) 



-4 



dX 



dX 



(1 -x-^D)C-4) 



which vanishes for- the wavelength 



^ 1 -'.h 
- D = ^ 



Corresponding to a l^^im^m scattered intensity 
(59). • - " > _ B -1 I 



-Dividing (56) by ^9) we write the 'scattered intensity as 



(60) 



^ 7? . 



so that. F - express^ed in' terms of the maximum value ' and the correspond - 

w^erl " ^"""^^ ^^^^^^^ to s^light gives a'maxin.:^ 

wavelength ^ the blue-gi^en region' of tte sun's spectrum. /, . ' 




Exercises I5-6 . 
1. (a7 Sho^ that jl9)- is v^lid to first order' in the parameter 

Cb) Show that the^error in (20) is at _most first order i/- e . 

2- .Determine the extr;na Of the scattering, an^^litude G(e) .for a\iii., ' 
Equation* l^'^). hv f*oTmo«-f.- — u.^^^ 2 . _ sin ' 



EguatioiV (33), by calculating the extrema of ^f : x 
graph is given in Figure A 10, p. 665). 



(The 
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15-7* Method or Sta-blonary Phase , - • ^ . - 

^ We are now- in a position "to bridge the -gap "between the geometrical optics 
. r^y pirdcedures of^ the early sections and the elementary wave procediires of 
Section 15-0^^ We do so ini-tially by considering diffraction by a strip. We 
woiak;;""wi'tli -the' wave f orm^ of Equations (28)^ '(29) , ailifl (30) of Section I5-6 
•and tjae geometry of -Figure 15-Ta. Thus ve take the /incident vave proportional 
to 



] 



ikx 



the wavelet from a secondary line source on the strip as 



(2) 



u = 



ce 



ikE 



and represent the' net effect of the wavelets at r as the integral 

a 



(3)- 



J a v> ra ^ilcR 

u(Ti)dTi = c . d-Q 



In eaclf of these wave forms we have suppressed the time factor e" for 
"brevity* To obtain the actiaal wave forms we must\ multiply ahove hy e""^"^ 
and then take the real part of the result . 



-a 




<x.y) 



_ ; Figure 15-7a 

The situation in Figure 15-7a is analogous to tliat of Figures 15-6e, f, 
h, and if we assxime R » a =; we obtain the same .forms as (32) to (35) 

'of .Section I5-6. Thus, if we expand — -to first order in ^ (as before) we 
obtain R r - tj sin B , and consequently the pre'vious procedure yields- 
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ce 



\ 



lea sin 0 J V,, 



TtJUs excep^^v that -the cojastant c may differ in the t^o cases, the* present^ 
resxii-t (tla« JVaujihof ei* epproxiina-fcloiic£^ scattering or dil^f raction hy a strip) 
is the sajni^ sis that for the slit.' (The delation of the result for the st2rip 
to th^t of the . sli-t shovii by the above Is a special case of what is called 
Babixiet^s P^inc^pie,) . ^ * 

introduce r = Is^ sin © to represent the phase difference between the 
ray^ from the center and from an edge to the observation point, and"*T)fcite 

=5= (the ''Fraiinbofer pattern factor"). ThB principal TTiflTr^ TrnW of r ' 

coi^5pond5 to r = O (i*e,, to the forward and back directions, 0 "= 0 and 
flf ).. ^The secondary maxiin^ of T occur at the zeros of tan y*- r >-vhich 
ar^ given ^PProxiinately by r « X.hSk , S.i^^ ^ S.^Tic and, for larger values, 
by r ^ ' '^^^ first three of these zeros of — , we have 

r 5: ^O.^ ^ 0.13 , -0.09 respectively* The zeros of T correspond to 



r =^ njt - 5?!^^ angular half -vidth of the principal rn<.^r^rm^rn (obtained from the 

position of^ the 'first zero, r = ka sin © = ar) - is sin 6 s: e = — = ^ • 

• . - v ka 2a 

TJae form (1») i3 restricted to r » a . In order to consider situations 
wbei^ r and a ^j^e conrparable' in magnitude, or r < a , we use a different 
apProxiniati^^ for h in (2), Thus w^e now relax the requirement x » -a. • and 
ass\3ij^e inst^d that ve restrict the direction of observation to the neighbor- 
hoods of th^ forward scattered (the direction of incidence) and bade scattered 
dire^ions. Hore explicitly^ we assimie (y - t])^ « , and use 



(5) R = + (y - rif « X + X5L^ 



2 



2x 



We UQe (5) the exponent of (3), but iA the denominator (essent'ially as for 
S^^tian (32) of Section 15-6) we use only the leading' term R « x / ' Thus 



In-fcesral (6) ^escribes the so-called Fresnel diffrac-bion "by a strip, 
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Aft-ep-^e have analyzed>^ tlae behavior ot (6)-, we shali also treat the 
corresponding problem for scattering by a circular cylinder; A limiting case 
'^oT the resttlt we shall obtain will correspond tp our geometrical optics re- - 
suits of Sections 15-2 e£d h in the form ■ , 

(7) ■ . ■• ' U = -SS ^=C,*^ e, 

where is the ray path obtained previously by us^jig Hero's p^rinciple^ CH' ] 

is. its second derivative with respect to a parameter along the cixcle\, and ' 
j) F is the flux density obtained by the Kepler-Lambert principle [KL]- . * 

Cur derivation of (7) from (3) will obviate the special assumptions of 
geometrical optics. In particular, we shall not. have to assume -Hero* s **prinT 
ciple of the extremum path/' Statements such as "nature prefers an extremum", 
"nature abhors a vacuum", etc., may be useful aids to memory, but. "nature"- 
neither "prefers" nor ''"^^^rs", and such statements, make our mysticism too 
• explicit'. We will show that Heroes principle' [H' ] i-s merely a consequence ' 
' Of an approxijnate evaluation of an integral. • . . 

The approximation procedure is known as the ^method of stationary phase . 
It was introduced by Kelvjji as a' mathematical method for* approximating a class ■ 
of integrals that come up frequently in- wave problems. Here we are concerned 
-with integration over an arc, U = J uds , essentiality as in (3) . 



Intuitively, the method is based on Young^s concept of interference, .and 
the essentials were discussed for Figure 15-6f * A complex number Ae^^ may 

be represented as a vector of . length A and direction angle (phase) 0 on 

. . . . ' • ±0 

an Argaiid diagram and the resultant of a set of numbers A e ^ is simply the 

' ±0 ^ - 

vector sum Te " = 2 A_e ^ depictted in Figure 15-7b-^or c. If the phase 

angles are all the same,^ then the element aiy vectors all . point along' a straight 

line and T = ^-^n * that the vectors ' reinforce each other, or that 

the e l e m e ntary waves "interfere constructively." On the other hand, if ^he 

angle^ are such that , the nose of the I^st vector ends up* at the* tail of the 

firsc to form a closed polygon, then T = 0 ; we say that the vectors cancel, 

or that, the elementary waves "interfere destruc-^ively ." In the situation 

shojflfl^'iJi Figure 15-7b, the phase chaziges slightly (varies slowly) with; 

I creasing ■ n and the resultant magnitude T is .accorr^ingly' large. In the 

^^situation shown in Figure 15-7c, the variation of 0 with n is large and 

T is small. The quetnti ties A and 0 may depend on a parameter 6 , and 

the magnitude T(0) of the resultant given -by 




Figiire 15 -Tb 



(8) 




ri=l 



may assume any valne "between O and ZA^ with variation of ' 0 . Similai-ly 
we may use _ the same idea for an integral of the .f drm • 



(9) 



J: 



^The integral of (4) is of the ahove-form, and the series of mg-yrf ma ajld 
m'^^^'^R shown "by the resultant -taji and will he interpreted graphically hy meai^-^ 
of .a vector diagram such- as Pigurfe 15-7b. Similarly for the integral in (6). 
(See Exertises 15-.?, No. !.)■ " ' . ' - 

In (9), if for a fixed © , |^ = 0 / when ti = rije) then we say the 
^ase is stationary at * tj ; in the vicinity of n., the phase 0 changes • 
slowOjr wi-tlx n -the . ^tuation ±s analagous to'tha-fc of Figure 15-7b, (not 
Figure 5-7c) ,^^^jarid ve ^^Qpect the contribution to the resultah]i Tie), to be 



large. To gi^re'-for the ma-bhematricai aiscussion of ^the general metlxod, ve 
first donsider .the- strip problem vithout .us i^s the method explicitly . The 
results ve ohtain initially ."be" relatively familiar procedures will provide a , 
hasis for. introducii^s the concepts .needed for our subsequent more general^ . 
discussion. . , 



Fresnel" Diffraction ; We may" express (6) in i:erms of the tabulated . 



Fresnel 'integral 



(ti^) as a 



vhpse path in the complex plane (i.e., the- trace of the poinf ^ 
function of n,) generates Comu's spiral (Exercises 11-5, Ko- .6(c)) of 
Figure. 15-7d. The magnitude \^^r,^\ = T(ti^) is 'a danced. osciiU^ory func- 
tion 'o:^- n . Figure 15-7d f or-(lO) is a continuous analog of sucS^^ cases of; 



r 



. r 




Figure l^Td 



discrete, vectors shovn in Figure" 15 -Tb and Figure 15-Tc The phase changes ' 



slowly, In the vicinity of 



•= o '^and then, changes with" increasing rapidity. 
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Although, the .curve Of 15.7a ha^ ^^^J ^ 

.p^^^. to a at the po^ . ^.^i ! thT:::::^r 

T - . approaches the limit ^ -i- as ti ■. 
lnte«ra«ng the second tex™ p^,, « the series ■ ' ' ' 



" lotTi - ^ ---3 . 



icvest o^er the e^r usi^ the.leadW'te.^ - ^C„) ^ ^ ; 
bounded in. proportion to * Fqt- ^- AT 

\ " ^^^^e-^^ itself, we accept Without 



proof 



(13). .^C«) = r.e^^V? dn = ^ ^ - iTco. - • t-, e^V^' " • 

■ ' ^ .' ■ ■ 

^^^"^""^ outside the rang^ of^the text.)- - / 

On the other hand for ^mall vaiues of n r.r^- ^ ^ 
' as-a power series . - ^ ^^'^ the 'integral ClO) 

« power series .xn .n and integrate term by term: ■ \ 

Cli*-)- . \. '^(t],) = f ''^ ri + iZ£zd 1. ^^1^ 

' ■ • • • , 

Before. applyi^ this re.s.£l!t ^ the strip problem let us fi^«=+ . - - ^ 
.^.te^ ..e s..t.., ena deterge c ^foi th: ^.rir^:?^^ ^.^ \ 



vavele-bs "bha-b simply serve -fco regeneara-bsk "the jincident; vave. For* "the llmlt^lng 
case ka CO , we have " tj^ - + bo , *Since ^ is *an,.^d fimction (lO), .from 
■the limit; of .(13) we oTD-tain . ^ ^^-^ 

and consequen-tly i ^ . * . . 

x-Qv : • . ^ -i^it, i3r/4 ikx' . - ' 

(18) .. . " U;- c ^ ' e . • , • . 

Bu"b an " 1 rif ini'bely ^ vi de sli"b" means no olDS^ruc-bion^ so 1:119.1: U of (l8) must; 
equal t;lie ijicidenj; wave* e^^'^^ . Consequent;ly, for i^he element;ary" Huyghens ^ 
sources is , , * ^ 

(19) • c = -— e ^ . * . ^ 

•More generally/ if we are deling wit;li secondary sources on a .scat;t;^er excit;ed 
"by t;lie incident wave , we may write ^ ^ 

(20) . _ ' c =^e-^Ag , • • \ 

where g may depand on the material of the scatterer, andyon '(directions. Thq,s 
we may rewrite (^) as " ^ . ^ 

(21) U = s ^— — i:5^(V - ^^COre^ T,^ (± a - y) . 

We now apply (21) to scattering "by a strip as in Figure 15^a* There are 
essentiality three different ranges of y that we. consider. 

In Figure 15-Te we specify three dif*fe2*nt ranges of y 'at a' fixed Value 

of X , say three different portions of a screen placed parallel to the strip. 

We "will use (21), (12) , and (l^) to obtain explicit approximations of U for 

the three ranges of y corresponding to the Ifraces shown in the figure. The 

range of yg is centered on the geometrical projection of the edge of the strip 

( equivalently the neighborhood of the shadow bolmdary y = a ) , and the range 

of y^ includes taich. of the ^ometrical projection (the shadow) of ^ the strip 

otL. the screen. ^ The range of y-. corresponds to t| » 1 and -"n^ » i ^ 

an^ includes y 0 ^as the special case = ""H^ 1 ; the range of y^ 

corresponds to 'H^ ^ 0 and --t]^ » i ; the range^ of ^ y^ corresponds tcj 

-Tj » 1 and -Tj » 1 . If we replace -x , y by fxl , My[ , then "the 
. • - •• ^ ■ ■ " * - \ 

results >pill apply not only for the. three sets of points (x,y/). in the first* 

quadi^an-t • shown in Figure 15 -Te, but also to the sets gbtainjeS in the other ... . 



Figure 15-7e . 

■three quadran-tsL "by refleci^ing the "three given sets in the' x-axis and in the\ ' 
y-axis, Xf, say, " ^ ^ approximate the integral hy the>^lrst 

two terms of (12) obtained hy using (13) , 



^-L » 1 



iiowever, if tj^ /is very* small then 



we upe onljr' the leadixig -berm of (Xh) . 



J 



At a point (x,y ) or more generally at the fdlir points '(!xl,|y 1) , ' 

^ ■ ■ 1 



we liave 
obtain 



- V ^ - /xfxl -T "^"^^ ' substituting (2S) into"" (21-) we then 



- i 



iltlxl . /, 



Vp-;. , 



1 - 



":3iCa-y)2/2lxl " . ^ik<£c45ry^/2 fxtl ] 



a - y ^ 



.a + y 



wbere g is not necessarily the -saafe for the forward" scattered direction 

^ as. the "back scattered dir^^ion Ixj = -x . Essentially as for (5), 
^^^-reqdaje;- .| ^^ x- | "^"^ ^ ' subject- to thi4 we see that in the regime, limit 
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(25) ., U s se 

Thus in tliis- liml-fc -fclie strip is* a one -dimensional secondary source. Taking"^ 
In^bo account thaft U is ^in general a function of direction, we write 



(26), • . - : - ^ ■ . for . sgn X = t 1 



In -the forward direc-bion, we reqr^jre = -1 order for a geome-trical 

^^^^sh^ow -bo exis-b in -bhe sense of.Sec-bion i.e., ^4. "^'"^ - Similarly 

».for -blie case of a perfec-bly' reflecting strip, ve. require |g- | 1 in order 

•^■tha-b the ratio of the reflected to- incident fliox density ■ 



imity as hefore* Thxis we have ^ 



C27) 



equals 



. -e ■ , for- X > O , 

' * TT -ikx i6 -ilex * ^ ^ ^ ^ - 

^ U - g^e =r e e for x < O 

where 5 • is a real number determined "by the material of the strip (or, 
descrihed ^mathematically, by the boundary conditions ) * For present purposes 

we take 5 ='0 , so .tliat^ 

" « - • . • .- ^ 

(28) v _ V- / e"^ for . X < O > ' , 

physically this corresponds for example to a waterwave or a sound wave 'inci- 
dent on. a rigid immovable strip, and also (subject io 'additional conditipns-) 
foi: 1Aie reflect ipn of an jelectroma'gnetic wave from, a metai' -strip . . 

introduce' the abbreviation ' ' ' . ^ ' r .. 
so that we may rewrite (2i^) as 

(30) ' U . » + Ce-^ + u Ca - y) + u (a + y)] if 

• ^ ^ ... ^ . . ■ . 

mie :present results apply, for --the geometry of Figure* 15-7f . From (5) . we' see 

J^4.' ^ — > • so that, thej^xponents of "u^Ca + yV sere approxima- ■ 
,tioi^^- off kR^ • The factors of kR OTe the ^phase changes of waves traveling 



■ ' " - ' Figure- '15-7f ^ . . t 

^frc«ii'the -edses of the strip ,Co\, -'a) to tloe olDsei^t<dfon point- C^^^ so . " 

tiiat ve may inteipret X^Igl t y) • as the edge waves corresponding to the edge 
rrays ye introduced in Beet f on 15-2^ Thus' the normals of the different waves 

of (30) shown -aS directions! of propagation in Figure i5-7f are also * the rays 
•corresponding to such points as PJ*^ in. Figure 15-2p(iii)^ 

In the region of the geometirical iLilSbw the toteO, wave U- is the svim of 
ikx « * . T 



= and • ^^N^ ' ^ ' ^ . • 

(31) = + = -UgCa - y) + u^(a ^ y) / 

i.e.^ the shadow forming part of cancels the incident^ wave and we are- left 

only with the edge waves or diffracted waves. Thus, cox:responding tp 't'Sl)^ -a 
"perfect shadow" does not exist; the diffracted field^ is .small for relatively 
small X . (in th^ izmnedlate vicinity of the obstacle), Jjut, it increases in 
magnitude as x increases 'and the siiadow "disappears" with increasing dis- - ' 
tance from the scatterer.. Although the preseiSi approximations are not adequate 
for either x O or x » , the results are qualitatively cdSrect* The 
field' .tr^^ : is oscillatory "both in x and y*- • . The jflux. density^ along the , 
Bx±s'''(^ corresponding to- Ii:f^_j.t^ with. '^^-^ ^ r V-?> 



^ . • ^- ^ . ^ .... 

ia a relative maximim; this is the* analog of the ybrago "t>rigl^^ discussed, 
for the disk* Tu the .hack-scattered 'region inclosed by proj^gj^Kds- of the 
strip edges parallel to -x , we have * / 

• ^ ■ • •• V ^ :. ■■ •■ • ■ ■■ - -■ _{ 

(33) U =U. + U = +.e-^ + u (a - y) > .i^Ja +.y)" ■ . 

^ ■ -ikx ■ * ♦ • -■ ... ^ , ^ _ Jl"'.-- 

where e is the gecmietrically - reflected wave* • . . . ^ 

.'The ah'ove results (2if) to (33*)^ subject to two restrictions: the f irst^ 
l^-^-^l « 1 \, enables us to^ use the apprcocimations in (5), and restricts/iis ^ 

to obseanration near the back and forwiiSd scattered directions^ the second, 

. ■ . . ■ * . , . ., ' . . . 

• ■ . ' 986".' , - . ■': 



»1 is required' in order, to xise approxima-bion (22) for ^ and 
tliis - restricts us to relatively moderate ^ values of l^j . Together, the two^ 
restribtiohs state that ka j= » 1 (i*e., the strip is veiy wide ccanpared 
to the incident vavelength) , ' and that y cannot he near j: a (i.e., y 
cannot approach the 'Shadow boundaries)* - ■ • - 

We- caimot use (3I) to (39) for a point* y ^ a in the range of y_ of 

. * . \ . . 

Figure 15-7e.. -In that: region although, -t] = ^ ^^ y (a + y) « V^Jxf ^® ^ ^ 

oTx ^ y) 0 . Thus, ir 

use- (22). for ^ (-Ti_) hut we must use (23) for 5^'(ti^) • Consequently^ at the 
four Jpoinvbs' [xf , [y^^l , we oh tain , - \ ' 



we see that t}_^ = (a - y) - 0 . Thus, in the general form (21), we still 



C3I.) U^ = + e .. vS^- - - 2 - J2S^- . 2^ 

^Che secoi^d and third terms are of tfee form considered* in, (24) , The first is" 

la cylindrical wave, i.e.,* the wave of a line source on the edge ~ a "true" 

. ' * 1 • ' * 

edge wave decreasing as — with increasing distance. The third term hecomes 

negligible forgery large, ka. , for which case the total field fbr x >.0 
reduces to ^ ' ' ' 

%5ias the field in' the • neighborhood of the shadow-line is half .the incident ; 
wave plus a cylindrical w6.ve cQorresponding to a line source with source^ W 
stirength proportional to .•k:(a -''y) : As. , y.: approaches a ., we see' tmt - TJ— 
apprSaches . — U, linearly; thi:^ holds . whether y approaches a from- ahove 

' £1 .'1. ^ " , . * 

f rem "above" or "below** in Figure 15-7e. Similarly for x < 0 , we have , 

C36) , . « U. ^ II_ « e-^ + I ^ H(klx|) ^^^.- y^; . 

• In the range o:P y^ in Figure 15-Te, we, have »» 1 , and we again 

xise (22) for both Fresnel integrals in (21). However, in contrast to (2^1-), 1 
the^'scattered wave at the f. our points (Ixl,|y^|) is given by 
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Ik (37) ^U^, +S-^^e-^AjV(-^^).+^^^^ j 



U • 



y - a , y + ^ 

= +• [u (a - y) + u (a + y) Iwj^. ' ' - 

SO that sx^ch points receive only the 'edge contributions of (30)* 

The ahove explicit • approximations sixfficfs for present purposes.-* A more- 
complete discussion of the prohlem-of -the^ strip is given in introductory texts 
on optics in' vhich the field at any point -in' ""space is xisually conrputed graphic 
cally from Cornu*s spiral Figure 15-7d. 

\ y ^ ^ - , . ' - \ \ . ^ ■ 

Thus up to moderately large ' .j'x| the* scattered vave is largfely "confined" 
to the strip jy[ < a in the sense that, vi thin this strip ve obtain the 'geo- 
metrically reflected ^^d shadow forming waves. These two waves ^correspond to 
the waves scattered^ by an infinite plane; however, superimposed on these ar^ 
the additional waves that we interpreted . as edge, waves* Because of the addi- 
tional waves, thQ shadow is not ".perfect"; careful observations' (subject .to 
the present restrictions on distance parameters) on the shadows of 'scatterers 
haying veiy regular edges .show a system of - bAght -and -darlc bands parallel to 
the Mges' of the scatterer (a "fringe system"). . We now determine the ^number " 
and separa-tion of such extrema "tha-t may "be observed/ in ."tJae shadow region a 
screen parallel to 'the strip. 



it 



We -vise 



rssyv - ... • 7'-- -^^f . , FCTi>d-n . 

(compare Exercises 7-2, No. 3(a) ) , to differentiate ^ U as given hy -(15) and 
(.^y , and ohta.in 



(39) § «A45r(n^) -y(.n_)] * ^ ^ < ^ - ^ - 



/ ikri^VsXdTi^ / ^ ?/2\.dTi 



dt]^ • dTi^ 



V See for example, F^A.* Jenkins and H.E. White^^ iSinrjATn^piy^ig Optics^ 

, McGraiw-Hill, 1957; ch* l8.-, - ;.- ■ : ■■ . 
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(compare Eagercise^ 7-2, Kp. 
correspond to / 



I 
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dU 



rema of U , dbtained from ^ = 0 » 



Co3asequen-tly ttie 'exponents mast satisfy 
• '5j*;;2^-'2% 2k ' ' 



n = O , ± Jl ... 



The distance betveen -.successive extrema is tbu^ 



AST = 22£ 



and tliere are K«-extrema, witti N given by^ 



IT = 



2a . 2ka 



its" 



In -the 'geome-trical proJe|s^ion of the sl±-b/ Thus "bhe number of eactrema Increases 
wi-tli Increasing s^ripj^^Cath., or vi-tlx decreasing wavelength., ojy decreasing axial 
distance, ' ' , . . . , 

Before continxxing the main line of this section, we consider the range of 
veiy large . jxi excluded in tlje discussion "ba^sed on'CSS) .' If Ixf '^becomes 

very latgS'. so that ^^°jr|y? g o , then hoth » O and >* 0 in (21), 
a^id we appa^dximate hoth Fresnel integrals. of (l4) . Thus "1 



U, s 



Ta - ^ ^ + y] 



■f 



lea = + HCk'lxDka . 



Thus dfor- thi^ case, the scattered -rieia is] essentially that of a line source 
of strength ka. . We deriy4d this result via (5) which means that it is re- 
stricted to ang les near the forward and "back directions; *con5>aring with C^), 
we see that (43)' is merely the, special case of {h) corresponding to © =0- , 
1JC ^ and that for other values' of © , the appropriate .form of at large 

distances is simply (1) . - - 



^ - Method . of Stationairy Phase . We have disc<LSs^ .the'<?>relii!iinaries, and can 
now turn to the/m&ln-topic of thi^ section-- In^jfeneral, we consider an inte- 
gl^sLl.- pf the' form ■ 



r 
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where G is a^slowiy varying function of x .con^ared to e^^^^^^ in the 

-sense'- that fractional change in G is small, when kL changes by ' 2jr - - If 

there .exist one or more yaluei^of . for which ~ vefaishes, then the princi* 

pal contrlhutions to the Tralue of the integral arise, .fr<^ the neighhorhoods of 

the ^extrema (or stationary values) of L ; elsewhere the* contrihutipns cancel- 

* 

through destructive interference as 'defined previously. We reiterate that the 
Intuitive basis of this idea is. the recognition that on an Argan^ diagram (as 
in Figures 2, 3, and ^), I is a sum of elementary vectors whose direction 
(essentially the phsise -kL).^ is" in general a rapidly changing -function of ^ x , 
so, that the resultant I is consequently small. However, if there exists a 
value^ of! x for which vanishes^ then the phase - is stationary at this 

value and only slowly varying in its vicinity; the elementary vectors near 
this value are almost in phase and add to give a large result. 

Analytically, we proceed as follows. . If a value x exists for which 

~' " " ' . ■ s , 

L'(x ) = O , then the second order Taylor polynomial for L at x' is 

.-,1 - s^ ^ 

Ci»6) L(x) = L(Xg) + r."C?Cg) ^ ^ + .. . . . _ 

* ■ ' * - ♦ . 

Assuming that Ir"(x^) O^, and that *the higher order terms a3$i negligible, 

we keep only teims u|> to second ^jyQe^ in tt^ exponent of (^5.) * W^e replace 

the slowly varying, function G(x) . byT'its value G(x ) . at the'.stationary ppij^^ 

. (.-the ■ point; . marki ng -the cen-tei* of -the region in wiiich -the . iniiegrand con-tribuHies 

.■■■-■'» ■ ' ■ - \ ■ ' ' ' ■ ' - • ' ■ • ..^=>» • 

signifi-can-tly;-,' and if, 'Xg'. is. "the only s-ba-fcionary point -wre use "the approxima- 



■tipn . - • %. 



- ikL(x ) ra. ikL"(x^)(x-x^)^/2 
(If?) • I«I = gCx )e te ^ dx- 

ilcLCx ) ) ^ 



/ 



s 



where V Ite the Fresnel integral as in (lO)ff (If there is more than one 
stationary poxlrfe, then is a sum of such expressions.) 
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. * • ♦ 

In particular. If -^1+ " « i then V of (13); we laa^e 

-^(^>e«- Vi" e"^/^ , aBd consequently. • ^ 

vhere "the subscript s indicates that the function is evalxiated at the 
stationary point . Compare (I48) with (7). 

Before applying (1*8), let us shov that in the small wavelength limit, 
3t » 1 , I " is much larger than an integral I as given in (45) when the 
Integrand' in (1^5) has no stationary point. We^ shov that if there are no_^ 
stationary values of L 7 -fctien the integral (1^5) only bas the order of ^ as 
compared to. 1^ which ^Is itself propc^ional ^^^^^ ^ ""^s 

is tWefore much larger- To show this we introduce L as-the ri.,ew integration 
variahle: . r ^ 



i f " regiliece^) 



■ ■ ■ ,■ ■ ' . ■ - ■ : _ 1 

^tod integrtute hy parts iai ordel- to develop I . in powers of ^ : 




L(W) • : ■ • . LCO • 



L(-a ) * 



Thus as long as ^ does not. vanish in the range -a_ to a^ , the integral- 
is only of order J- ■ -and is therefore much smaller. : than the stationary case 
I of (1*8) . 

s • ^ 

As a first app^icationTv^ ^'^^ ^^"^^ to tfie originallStigis^l (3) for 
the strip with the constant given W (20) : . 
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■ . ' V ■ Figure 15-7s 

C<xftpariiis .with (ir5)v ve.seerbhat gCti) = — i—"/ and that ' lCt,)" = R(«) 
• .Introducliig- 0 as in Fisure 15-7g, we differentiate to obtain. 



2 



(53) R**^ 



The s-ba-bionaxy values correspond t-o R«" = 0 : 
Cons eguen-tly 



* r ..." 

(55) , = ± . : U , ' =Ss£A . ^\ ^ ^ 

s s 



suhstituting |:nto the integral of C51) via (>7^ we obtain' 



(56) ' . I = 



Introducing (56)binto (5I) yields the earlier fonn'c^l),. Sie limiting foim" 
based.on Ci^B) gives I7^= ge^^ • as previously, vl.th g = -i from our 
"shadow condiijion*" / 

We may generalize the preceeding analysis dlrectl;^ to an arbitiW a^e 
of incidence (see Figure l5-7h) . The incident plane vave msor be vritten 

(57) . '*Tj = e^"°^ °^ ilsy sin a . 

ERIC . . : - 
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vhlch Is merely the form of (l) olJta^ed "by rotating the xy coordinate farfeone 
throvigt an angle -a . Since .the phase of (57) is zero at the origin (the 
center of the strip), the'vavelet originating at the origin has the same phase ^ 
as otrbained from (2). However, the wavelet originating at n is excited ^hy 




(x,y) 



-a 



' — Figure ^ * " 

U^CO,Tj) -.^gi^^sircx ^ SO' "that its phase .cdtatains the additional term rrj sin a 1 
Tbcas Instead, of" (2) we have ' * . . ~ 



(58) 



^ikR+ikri .sin a 



and corresponding to Figure 15-731 ^ we replace (51) 



(59) 



^ikR+ilcTj sin a 



dTil, 



where the appropriate value of" c,. yill be determined f rem a limiting case* 
Corresponding to (^5), we take G = to "be slowly varying, and 



differentiate the phase 

(60) ^ J L = 71 sin 

ta---J}-^. We now have. 



a + - y)^ > 



'WitK respect 
(61) 
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I*' = sin a + 



cos 0 . 



R 
- ( 



'sin 0 , L" = 

327 



15-7 • : ; . • . , , - . 

The s-ta"tioiiaiy values correspond to ; ' I'l 

(62) L* = sin a > sln^J^^O ; sin 0 * -sin, a ; 0 = -a , + a , , 

vhich con1;ains Euclid's principle of refleo-tion and the principle of shadov 

formation. Since sin 0 = ^ = ^ ^ cos ^ , ve jsee from (62) that 

y - 11 = |x| tan a , R = x sec 0 = jx.j sec a , and . \ ^ 

(63) L =Ti sin a +x sec 0 sfy - |x| tan 'c2)sin a + Ix|seca =y ^in a + [xjcos o 

s s . s 

Similarly, * . \. , 

" ' S " ' • 4 " -I ^ 

Subs titut ins in-to ""(59) in -terms of the liMitiiag form ik8) we obtain 

+ikL +i3tA - o = ' 'V 

(65) • u ~ .e ^ ■ - . - . . - 

>^ -. . vEjirr ■ ■ • 

± ikx cos or +iky sin a , s' i^r" ijtA 
' . : ^ - e ■ • . k cos a "^"^ ^ - ^+ ^ 

Coniparing U vith U.- of (57) > we determine c ;\frbm the shafdow pondition 

. ^ . " « , S . . ^ • . . 

(66) ; c.= -^^-£22.e-^A , ■ . . ' 



which differs from oixr earlier resiolt "by the sWditional factor cos a-- 
'Similarly^ the coirresponding vaiue of g for* a perfect reflector as'* "for 
(2.h)fS^, is now replaced 'by g cos- a ^. * . ^ ' • ' 

V - . , ■ ^' ■ ■ ■'• 

Using the more gei^etal form corresp"6nding to (k-j) , we now have 



/ Circiilar Cylinder ♦ Let us^now apply •'•the same method to consider scatter-" 

•ing of tKe planq wave (l) by the conyex cylinder as in .F'igiijjs 15-7i. The' . 
point aC0) pn the cylinder has^-jbhe coordinates a ,c»s 0 > a sin 0 , and the • 
^ excfiaiiion at' the point is"^ e^ <^ . We.' write tl^ 'corresponding scattered 

field as'th^ integral of u over ; the arc' • ad0 : 



i3c{R+a cos 0) 



(68) — . \ ' ^ 

do'not know , c compi^L^S ^nxt tHe.' result (66) aiid the correspondliag foa 
5; cos-Ct Slices* -ttie gener^iization" to a : (the an^e of incidence vitH 

re^ct -to'the stcrface iiormal) , IB replaced -T^^ x - 0 , Thxis for convenience 
[and as ca» ^Je^^ust if ied Ijy a more complete -• 
/ •/ /, ' - r3«/2 ^ik(R-'^ cos 0) . u 

,^ A ,r „-i^A T T - 1 COS 0 d0 , 

and ve sball that" . cos 0 in - the - integrand is appropria^or l^otH geo- ^ .. ^ 
metrical reflection and. shadow formation, .WeVconsider onl| the range 
q'< 0 <«. explicitly; however, the results may Tje extended^o all 8 l^y • 
introducing absoluie^ues of the trigonometric functions («s required to 
preserve 'symmetry) • 

The -phase of I is proportional ' to ^ ' / 

\ >. ""■ ■' — - -,9 ■-. 

X70) * , L = R + a cos 0> Jx^-^ - 2ar cos(0 - ©•) + a cos 0 , ^ : , . 

and its derivative- * o • ^ 

(71)-. ; ' ' < . "' i = = ^''"^i^ - - ^ ' . _ ■ ' ; " . _ , ; 

Wishes for the two values 0 = <^ <t such^that 

sin(0j^ - e) sin 0^ ■'■ 
■(T2L) ■■ ^ ••" Rj. ' " ' V 

■ ' ' sin(0p - e) sin(jt 0p) " • . 

For a:-gi:veii value of 9 , • the pha'se has only one'stationa.ry value; the value 
may -correspond either to. geometrical reflection as' in Figure 15-7 J, or to . ^ 
forward- scattering Figure 15-71c\ .: ^E^irst :^ue applies for ' y . in the .. - 
"lit"; region L in. Figure 15-7J ; the second value, which yields the shadow - . 
fortkngr rays, corresponds to y In the "dark" region -D .as in, Figure . 15-71.. ^ 
Equation (72L)cof responds tO;Euclid's principle of reflection, and (72D) to 
the B^ci^ciple of shadow formation. ■ : ■ 



^• The second derivative of . L . equals 

^ A^73l - .-^^ = L =r — : — - + — cos(0 - 6) ^ a cos 0 , 

• and substituti^ (72) leads to the special values at ttte/ stationary points.* 
; Thus for e;3Lther case, . : 

(7^) .. * -L*^ = ~ [--a- sin^ J^^ -J-.'r cosC0^. - 6) - R A cos 0 ] > 

vJaere R and '0 are the specif values shovn in either Figure 15-7j or 



Figure 15-7k. At a forward point, ve see froni. Figiire/ l5-7k that 

i- cosCir - 0^ + 0) + a " ^ cosC^r ^j^) ; consequently, . . . 

r, cosC0j^ - e) - Kp .cos =^^a , and (6l) reduces toy ■ • t . . . _ ' \ 

On the other handy, at the ^ reflection poin-t, we see from Figure 15 -7 J that' 
r coa(0j^.. ^) st-H- cosC^ = a - Rj^ cos 0^ ; \ consequently 

^- ■ ■ ' ■■• ■ . .2a". cosC^r .-;0 )■ ■ :■ ■ ' 

. -Similarly theys^tiona^ , value function at a forwsLrd point-. 

' ^ * ■ ' ■ - ' ' ■ - ' ■ ■ • ' ' ' ' ' ' . * * . ■ ■ 

(76d) - / ^'^^^ + a . cos .0^ =..^ - a cosCar r 0^^.) = x • * . . 

Although we could eliminate R^^ ' and 0^ :in the expression for the phase of 
"the reflected wave, it. is simpler to* leave 1^^^ -in the original form 

(76l) ; - ■ = Rj^ - a cos(it. -r 0^) r 

here (for a given value of r and .0) ' R^^ and 0^ are determined, as in 
Figure 15«7J^ i.e., by noting -t/hich /ray (determ^ed by the value of *y) of - 
tlie incident wave front can reach r(©)- via reflection in the cylindrtical. 
-surface. , ' . ^ . . ' . ^ ■ ' ^ ■ ' , ' "v 



. Finally phe reqiiired slowly varying parts of the ' integraud I evaluatec 

a1;- tlie sta'fcionary points are given ty • • • " :' ' ■ 

• . ; . ■•'•'* .--^ 

- ■ "■ .COS 0 , i . . I' 

■ (77) • V = ; s =.D , L . • /• , -., 

■ v.- >■ ■ ■ . • - ■ ■ : ■:. ... • -.. . . 

Substi-tu-tiijg <i;8) into we ob-taiii ^ ' 

* ... 

(78) ■, . U„ = -g aG. ^— — • . -.^ ■ ■ ■' . 

Tlms^-for- the perfect reflector ; g = 1 ^ we enter the a>ove D-vaXues in (78) l". ^ 
and obtain the.^shadpw forming wave ^» ' \ ' \ ' . \ . 

(79) ';: . :y 7^ ' ^n ".-^''^ ---^i • . ;. ' . ... ..; 

"Similarly; , for the geometrical reflected wave (in the«^^ region L) • ■" 
• ■.:*' -VaCE- COS a- ■ ^ \ 



2. 



The result. (96)' corresponds to. the geometrical 1 ^ . "obtaijaed -Results- of Section%."/'^ 
15j2.and Section 15;-4, parti culaTj^. th flar^'deiisity tatio'' ■ 

-■ V ' . ■ . : ^ ■. ■ ' ■ '2' ■ ■■ ' ■ ■ . ■ 

of Section 15'-^ is simply the present ' |tr_ | , aind similarly' the (J.8) of 
.Section '15r^ ceirespfionds' to . |U [ o:^:(78); the present forms are .richer in- " 

' ^ . ■ ' - ■ ■ , ■ . ' ■■ ^. ■ - ; ^' ■ ■ ■ r . ■ - . * ■ ' . ' 

thatvthey. make : the. roles' of th^ ray path (L ) -and. the caustic. . (L'O : e^qjlicit* 

The. cprresponding Fresnel approximations are ohtaihed by u^ing (47) 
»ad of 
.a;id obtain 



instead of (^) ♦ "t?e change' variables to tj = a sin (5 , 'D^ L =. a cos ^ D L - 



(^1) ^ V . ' = C± a . y) , 

-vhere Uj^ is given in X79) thus (8l) is simply (21) for the; range x >' O 
Similarly, . in -terms of U^. of (Bq), vehave . • ',• . -; .- ' 



'L 




:(Hj^ -+ g- cois a) . /* . - , 

V =-/ - «j^:a COS a • -. ^ ^ , a = or - jzfj. , • 

.vhere ^ (n) • is the. Presnel. integral as- in (10)ff. 



■ The Field On' Gaustics ; " Altliough supplemente-a "by^phase considerationsin ' 
EqUatd^ (79) and (8oi> are still"'- results of geometrical optics vhich v^ • 
could |<^nstrTic-t.piece-t.y-piec^ special'"lavs« - of the- earlier sectionsr ; 

gives the dire<stio^ ^^^^^ may "be ^ ' * 

* ohtained*'f rom;^ewton«s' idea of periodicity .^ 
•However ve ^ve nowVobtained th^se resets essentially from the single idea. " 
of periodic w^ves that evolved .-.through the vork of Huyghens, Young, and 
Presnel into the- integral (3) - . Starting vith (3) , ve^used a mathematical. • 
procedure to approximate the integral and ohtain the limiting form (^) vhich 
.converts (3) to the general short-vavelength approximation (7) -(tvo^^of .vhose . • 

■ spe<=ial cases are" given hy t8) - (8o)) . Kot only does the inte^ (3) super- 
■cede- the earlier specif laws, hut it governs inany other phenomena than those - 
■covered "by *(7) or (7a).-- We have already applied it to ohtain the Fraunhofer 

*,d:Fresnel approximations. We.now'apply it to deterge 'the magnitude of >the . 

■ fi^d Oh a -.daustic, t^^ case =1^ = 0 excluded in (1;6) and ^in our dis- • , 

■ cussion of .- [KLT . . ■ were ve considering. -the . analogous prohle^ of ^. concave . . ; 

^ , ■ =c.+-?ii-pv ■L"^^ = o ."so that the denominator 

■ ■semicir<£le., then we could pick, r .. .to satxsfy .Lg - o , so xna ^ . 

. of (80); vbuXd vanish. Hovever, tl^s vWd not require a special W; to -set ■ 
. .right -- -merely a more . complete approximation^^ given hy ,(1*6) .v^^^ , ..^^^ 

■ - on a caustic, hoth ' l' / and , L'l ■ vanish; addition, on a dusp- of V.; ; ^ 
-caustic (where the derivative of the .equation, of the .caustic vanishes, since • 

the curve changes direction) .th^ third derivative must alst. vanish. . ■ 

■ Thus for such cases we can no. longer approximate LCx) hy means, of (1*6),. x.e., 
.we niust keep additional terms in the . Taylor approximation in order' to ohtain_ - 

i:he firsi: - correction t-o /I^C^g) . ' . - ' - . , ' ^- ^ ' 

liei; us assume that the .first: n"- a, derivatives: of ' L at . x^ "^vanish. 
■We then- approximate ■.L(x) hy the Taylor polynomial of n-th order . 

■ . ' . \, V) • ■ ■ • 

(83) • L(x) = l(V J-^^l^u.)) ■ - ^s- <- -:V • 

in this case, "for infinite ends of integration., (corresponding; essentially to 
(U8), we. have ^ / ' 



(81^) 
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If ve. ixrtroduce .a new" .variable . .y . ' throaigh y'^ ; = ' — ® 



3le^ . .y . throaigh y" . = 
then we ma^ re^i-fce (84) as 

' ikL / i \l/n >« > n 

; vhefce . the : remfl 1 n t ng integral depends* orily on" * ia > ' ■ * " . 

. . Using. (85) instead of (1;8) in . (68) , ve^ ohtain 

"(86) - ■ * * / -ic^"^^^^ 

vhere we Bave suppressed practically . .everything . hut' ;the dependence on . Ic . = ~. . 
Thus for the line caustic of the circular cylinder, we have n ^ 3 , and since 
B(r*) « ^Cr') on the caustic = cos o: , ye* see. from (9) and from 

dimensional ^consideratioris that, TJ^ is proportional to .(ka)"'"/^ ; similarly 
for a .cusp Ca = O .for the circle),; we have n .= , and 'is proportional , 

to (ka; . Thus Uj^ on the caustic and focus increases., as the wavelength 
\ decreases, and indeed would rhe infinite, if there -were such a thing as a \ 
zero^ wavelength (the .implicit assumption of conventional geometrical optics). 
More rgenerally>;- since , n > 3 , we see . th^t iP-Z^r^l/n ai^y 3" increases as K 
decreases. *■- ' 

. " V . ■ . ' , * ■ ■ ■ ' ■ ■■ , . . ■ , - ■ * ■ . ■ ■ . - 

- ■ . Exercises 1^-7. ^ . • • 

' ' ■ ■ . " ' ■ ■ ^' \ ■ . . ■ ' 

1.. S&etcli vector diagrams for the first zero and first and second" extrema - • 
> ' of Tie)- ^^^^^ of Equation (i.), where 9 >. 0 

"V ' ... V- ' ■ ■ •■: 



. ; '.•'^000 : 



15-8» Mathemfltlcal Model for Scat-berlng- ^ ^' 

In 'previous secrtlon&'we considered ceirtaln aspects ^of vave theory but 
"bjEised the development on several unrelated "la-ws of nature." • In the present ^ 
section we tie these special postxolates together into a mathematical model for • 
s^tt^ring. 

Wave Equation, : We considered the plane vaves.' cos(^ kx - <nt) , and, for 
; convenience, worked with the real part of the -corresponding exponenti^als : 

XI; e =e e = f(x;g(t) . 

Equation (l) is a product of a function of ., x tiiies a function of t each 
' of which satisfies a second order differential equation: . : . * ' 



•■ ^. '■■ - ■ ■ ^ . . ^ 

(3) ■ = -<D^g(t) = -k^v^gCt) a> = kv = 222: = 2«v '. 

As disciissed previously, v is the phafee velocity of the wave generated "by a 
source yihrating" at a frequency v , and X . is the wavelength the distance 
hetwegn crests . - • 



The general form'^of (2) 2p^(3) is 



. dy. • ^ < 



whose solutions equal 



(5) . - . cos py sinW ^ e^^ , e"^^ * ^ ' ' 

or any linear combination^f these functions. Thus in choosing; the particular 
comhinatipns that led to (l), :we used sonie selection rules. We difs cuss these 
rules subsequently • 

Wow let xis usex^e ahove to construct more general equations. TXir 
attitude is theyTOllowing: . We know of phenoniena .that can be described by 
wave ^fimctio^^ar such as . (1)'. Let us* seek a general, wave, equation tha^ yields 
(l) as well as more, general wave formj^. The more^ general waves may- well 
correspond to phenomena not covered by (l) . 



Q - - ' ' ■ 1001 



Prom (2) and (3)^ we laave 




' dx V .g("t; dt 



. Su'b'trac'biiig one tTtjm. tbe o'tber^ ve o'btaln 

> ■ * ■ 

(6) ^ ^ 



or eqalvalen-tly 



: ' ■ ' . . ^ . . - dx. . V: d-t ■ 

■ * ' d ■ ■ * '* d ' ■' ' ' * ' " 

-where — operaties only on f(x) , and ^ on g(t) . The present natation 

is awkward. We would like to combine X(x)gCt) « in* a single form E(x,t) • 

^-To do so and preserve the idea that the dif feyentiatioiis with respect to 

^ and t arfe independent, we introduce the notation — = D to represent 

. - . ' . ' o X - . ' X * ' . . 

difTerentleCtion;With respect to x while t is fixed — partial 
diJET ei-entiation; similarly for t , -^T = D.-* Thus, we rewrite (7) as 

• 3 X y at. dx^ V at . r . ^ 

\ ■ * ' ' ' _ • • • ' »^ " • , . ■ 

This is called the wave equation . The wave functions of (l) are^ special 
.s^^ions of (8) corresponding to periodic, waves. - . ' ' 

We generalize ($) to" two spatial dimensions x , y "by introducing ah 
^ ■ ^ ■ ^ ■ ^ . 

* additional operation - ^ into '(8): ♦ " 

\dx - ay V a-fc / ' 

*'™ ' - ± kx cos QC + ilcv sin - icct ^ 

The plane waves e - that we considered in Section 



15-7 are- solutions of (9)' (see Exei^c'ises 15-8, ITo. l). Similarly for three 



spatial- dimensions we . introduce an additional , operation ^^-^ in (9) • We 
write the- general f onn ■ as 



15-8 



: .. .(10) / (a^. %^VE(?,t) =zE(?,t) -.44^i|^ = o , 

^ vhere r «« (x,y,z) , and where 

(vhidi Is afl bo frequently wrl-b-ben ^ ) is called Laplace *s operator • 

The c^^emeirtary. spherical vave that ve considered previotisly is thfe special 
solution ^4f: ( 10) that depends- only on the magnitude" r of ? and not on 
direction* "The islxnpler equation for the elementary spherical wave 

/ ^ . ' ^itr-icat 
(12) / E(r,t) = ^ 

- ■■ ■• 7 ' ^ ■ ■ ' ' 

can be olj-tained "by comparisdnr witli (l.) and (8). Thus if we replace E(x,-b) 
* ■ / • . j2 , ,2 ^ ' - ■ 

"by rE(r,-t) and 2__ "by ^ ve ottain -the corresponding equation for (l2) : 



(15) 1^ - -^y:rE(r,-b) = O 

We may rewrite -bliis directly in "the form of (lO): 



The general solution of (8) may he -written 
(15) VE^x,t) = P(vt - x) + G(vt + x) 

•vhere . F - and 'G are arbitrary. Similarly^ the general- solution of (13) is 

/•(I6) * ' ri(r,t) = /(vt - r) ^+ GCvt + r) • 

". .. ...... ■ . - , * / ' ' ■ . 

■ *Phe corresponding solution for the equation of the line source in two 
dimensions and of the general equation (lO) cannot he expressed so simply. 
We mention the genex^tl solutions only to stress that tl^frf" solutions corres-" 
ponding to periodic waves are special cases* ^ ^ - . 

\i- Let^us now Ignore practlcially everything that led to the^.wave equation 
(io) . We accept '(lO), as fundamental and seek, its periodic solutions. For 
CCT^letenes^^ we repeat the definitions of the fundamental parameters gl^en 
in previous sections • • 



ERIC ^^^^ v ; : > ; - ; : ; 




Th<^^eriodle.vaye& ve cozisldered correspozid -bo solutl«is having the 

(17) . V B^?>t)-=4($)6(i^)^.^ ^ ' ° 

IT ve substitute Cl7) into (lO) , the "vari-ables separate" in the sense that 
ve ohtain 

(18) -j^^(^) = :i_:'£s£|i 

t(f) V g(t) dt^ « 

essentially as in (6) (see 'Exercises 15-8, Ho. '3) . Since ^the left' side *af 
(l8) is a function only of ^ ^ and the right side only X30b t , each side 

nmst equal the same constant; (fall this constant -3c^ * Thus (l8) reduces to 

» ' ■ . - ■ ' . " " " ■ . 

(20) Af.(?) + k^f (?) = O , ' 

where (20) is Imown as Helmholtz^s equation. 

Equation (19) is the form (It) ve considered previously* Its solutions 
V are the periodic funct'ions of (5)*, Without any loss of geiieraiity y ' ve pick 

(2l> ^ si^) = = e-^ , CD kv , ' 

to -work with.. In Equation (lO)^ v is given as the velocity: the distance 
an element of the vaye covers in unit time. From (21)^ we see that g(t) is* 
periodic in. t , i^e., if the; time t changes hy multiple^ of the constant ' 

T = — then g ' is unaltered: J - > * * 

CO * . . . ^ 

(22)/ . ■ g(t);-gft -hmT) . 5 .T=:^ = i. / n^= 1 ^2 ,^ 3 , . . • * 

^ Thus, T is^N^e periodicity of the wave in tlme^ and v (the frequency) is 
the maaber of times that g-., has the same value '.in unit interval of time.. 
The period In space, the wavelength X = vT = is the distance . covered hv"-. 

^ . • ' CD ^ ■ ■ . 7 

an eleme^ moving with velocity v. for a time T . But from (21), we have 

■.V- ■ 1 ^ 23t . ■ w • 

a> - k ^ '= ^■JT' is the relation "between the separation constant^ 

/the propagation factor or wave nurnher) and^ wavelength. 

' ' • * . - * ■ . .~ ' '■' ' 

. -The. space equation (20) is known as the reduced wave equation or Helm- ' 

hpltz^s: equation. The one -dimensional case + k^f(x) = O is given ija * 

. . ' ' . ^ . . . / dx^ . ' ■ ^ . . ■ 

(2>,. and the special , case of thfe spherically symmetrical wave is impl^.cit in 

(lifjj i.e., (rf ) ^k^rf = 0 , f f (r) . " - ^ ^ r : 



The BLbave equatl'ons- specify propagation of -waves in a medium whose pro- 
peorties are determined solely by v * For the periodic <^ases^ once ve f ix the 
-frequency factor cd , the correspond^ Tig vavelength in the mediim is determined - 
IT ve are- dealing with several such media specified hy different velocities 
V ;m=0,ls**. • then ve obtain the 'same vave equations with y re-' 
placed 'by v^ ^ the corresjonding reduced vave equations for frequency factor 

. 

(23) ^ 



CD involve Ic — ~ =^ For convenience ve take v-. as a reference, and 

m V . ^ ' " ■ _ " ^ 

m - m ■ . ♦ . ■ 

vrite ' 



vhere \x is the relative index, of refraction. Consequently = pi:", :and 
the . corresponding space equation is 

(21^) ' ^ . (A + n^)f (?) > 0 , . . 

e.g.,, V - : \ 



[25) V l-^ ^ lf(x) 



(6 • •-•■) 



for the 6ne-d;^ensional case. If V is inde^^frtt&it of x^ , then the sblutior^. 
of -*C25) are the forms (5) "vith p =^ tik..* 

Conditions on the Solution * All the problems ve, considered are described 
by functions^,,^(2P)gCt) = E(?)e"^^ , vhere E(?) is a particular solution of « 

^ -the reduced vave equation ^ n : 

-- ■ ■»'.'* . . ■ - 

: Cr] : / -Kn^)E(r) = Of . , 

The particular, solution is determined, by constraints that have been implicit 
in' our d^elopment. The coi^traints are of tyo kinds. 

[Il3 : restrict:^j^ OB>sthe solutions at the scatteirer^s s^Iriface, 

[irCl: • : restr^^ipns on the solution at large ?^stances from the scatterer. 

The additional^ constraints are»' necessary because the vave equation, merely 
describes the local properties of tHe medium and hov a 'wave travels from point; 
to point • But* vbat if the meditmi is discontinuoiis? For exarrrple,. ^ , 

, * * . a. suppose ve have ,a glass of water and consider vaves on the^ s-urface '■ ^ 
■ ^ -. of the vater 'fcounded by the lanyielding rim of the. glass; 

b. ^suppose ve are in a boat on a very large lake and the boat is an 
obstacle for an incoming vave 
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_ Case a aiid . b illustrate tvo essentiaHy different kinds of vave ' problems* 
- *ith. which, we may he concerned'. h - * 

' ' ■ '" ■ ' . . V ■ - 

In Case a we deal wi-to a hounded medi-um:^ we are given v , the shape" 
of the hoxindaiy aiid constraints on the solution at the hoimdaiy , and then may 
se^ to .deteimixie the forms" aM periods of $he waves that can he laaintained 
in such .enplosed media. TheS:e aqpe free-yihration prehlemsf . the waves on a 
• ■taiit clothesline, the raves .on the surface^ of a gl^ss of water^ the sound 
.•waxes in a .closed room,' thfe' eiectromagnetic waves in a nfetal cavi-^; these 
. are illustrations, and analogous problems exist in the quantum theory of 

r atomic states. r- •.- - * ' 

*" ■ ' . ' " ' ' 

If the hounding surface is. one that yields,' then waves on the inside' * 
create waves on the houilding surface, and they may propagate in a region . 
external, to the asurf ace- We may also wet up vihuati-ons on a surface , and use 
■ :the surface "as. a s^durce'of waves for -the '.ext^r^ medium, e.g.," a vihrating 
^ drumhead as a source of ^ sound . All musicar Instruments ,- strings , drums , 
-pip^ .are- examples "of "vlhrator -radiator" systems for sound. (We have , / 
switcj&ed from talking ahout light <bo talking ahout sound and water waves^. 
this is at once for convenience and to stress the fact that for, wave physics 
ifciere are analogous phenomena in all branches ; of ^ science.) * * 

In- Case b - we deal_with' a -bounded obj.ect that represents an olistacle'- .V 
v,o a wave traveling in an -essenti-ally xmbounded medium. We reqtiire conditions 
jbhat tell -us the shape, and size of the obstacle,' whether its surface is pene- 
trable by waves, and, if so, then what ■ is the medium inside :Jts surf abe . Such 
-boundary conditions or tjransition . conditions .-specify the kind of discontinuity. 
' the obstacle repres ent s in, the ikbeddihg medium . Depend ing on the phenomena. . , 
we- seek to model, we. may require boundaiy conditions such as - ' ' ." 

Ella] ^ ^ ■ ' . E. = 0 on> surface v 

or"^ ' ' / - ' ■. ■' ' ■ ■ 

[Hb] , . =-0 on surface 

• on - . 



V" 



where' is the rate of change , of E along' a normal, .at a point on the 

surface. These conditions' correspond to , stirf aces impenetj?able -t'o waves . ' If 
.^e suKface "is .peiietrable (partially transparent) , then' many phenomena corres- 
pond-to the following: '.the 'waves- outside the'^scatterer ' s s.urface travel in 
medium-l and the wave functions satisfy (a + m.^^?)e^. = 0 ; witMia the 

scatterer they travel in mi5d-ium-2 and satisfy (A + p!^|k^)Ep = O ; at the 



/surface^ Etj^ and • are arelated.ty the trans itloi^ ^ cop<^ 1 tix«as 

vhfere A is a supplementary physical constant^ Thus in general^ the vave^ 
problems we consider are specif led "by two physical constants (or "physical 
parameters") and A ' whose values must he etssigned at the start. " ' 

■ Having- [l]^and [llX we . complete- th> mathematical, statemen 
scattering problem by conditions at large distances f A^m the scatterer [itEj .. 
These specify -aaat we -seek a solution consisting of essentially tw> terms? . V 
one. teirm corresponds to the incident field, . e.^-, a plane wave ' . ' * 



which is the space part of- e^^^"^^ ; the other term^ say , corresponds 

to the wave outgoing from the obstacle that /excites. In thr^e "dimensions, 
we considered simple sources producing outgoing waves pirppoirtional to / ' . , 



^ilcr-imt . . , ■■ - ■ - - 

■A — ^ \ — SO tha:t the wave surfaces -were 'spheres '.of . constant . r*. We al|o* ■ 

saw when we 'applied Huyghens* .principle to geometrical, oref lection frdm o.^'' 

■ semicircle, that the wave sxirfaces that were complieated' in shape in the^ 

, ' . . ....... * ^ ^ ■ , . ■ ■ , : ■ ; 

.^ricinity of the obstacle became more and Tnf^-rp symmetrical with increasing 
'distance. We siimmabri^e all such case^; by- the" statement ^ , . v 

■ ■/ ■■ • ■> i3cr ■ \:- , : ' ^- • . . ■ 

•'EmbJ / - , E - g as.^r ^ « 

where:;., r is measured from some,' point iin' the scatteafer^- and where/; g\. '(belied: 
• the scattering an^litudfe) is independent of r Thus at large distances 
from^the scatterer (r *^ ») ^ E reduces to the elementeiry g^iBM'.'r-i ^ie*! -tjq.w> 



s 

times, a function of angles . Similarly 'for a line scattered, -t^^Sse the 
elementary form - — \ — and write 

- ilcr ' , / 

Cihc] Jt>_ ^ g — ^— as r - oo 

■ . - p ■ 

■For on planar scattferer, the elementary source is e^^^f- and we have 

[Illd] E^ --.ge^f^l as kl - oo . ^ 

* ■ .' . . , " ^ ^ 

Collectively we' write - the total field as ; ' 



• 'V ■ ' ' . . ^ ikr . ■ ' . . ^ , 

* ■ ^ . ' . 3r \ , . » 

vhere -..i ;*and s ^si^aiiS for incident 6jid sc^ respectively* 

\ . Equations Cl] , IhJ;, and [mj constitute the matlieniatical^ model for 
scatteidng. They replace all>the special pirinciples.ve considered previoiisly; 
they dover ail the case^ where /the prdLnciples apply, and. many addiotional^ones 
as well ^ ^ . ' ■■ / - ; 

" ■ Poinlf Scatterer. As 'an elementary .illustration J-et us consider the 
scattering of ^ piane/wave e by a small sphere of radius .a^.for the 
"boundary .condition Clla] E = Q ^t r' = .a'* • For the general' cake of a ^ 
sphere of arbitrary radiiis e,r we would, worfc, with^the. conqplete solution of 
Cl> for ]x -1', subject to [XTIa^b^cJ • We would' represent ' E and E 
in terms of angle -dependent functiozis-, and initially urOoaown constants and * 
tlWi use [iTa] to determine the' constants- However ,«^he restriction' a « K 
or equivftlently., . . . • . ; - . v ^ 

simplifies • the probl ^^ ^ From the geometry of Fijgure 15-8a', the^ c incident field 
e^^^S^equals ^ ^ .at Idae surfac^e* of fusing the, res-fcriction 

(26;, we haye e . T 1 J. 150 that -we m&y wbrii ^ 



(27) . ''■'■Vv : . ^' .-V ^y ■ E^(a):>= 1 



'9 

\ 




Thus the exciting field at the. surface i6 indejsendent of -angles, eind the 



corresponding scattered wave must be similarly iiidependent_pf *an^es; E (r) 

. . s , 

is a' solution of — ^- 'CrE^) + k^rE^ = O , ;and the only one satisfying Cmb] 

8l% large dtstanc^s 'is * -^i"?: 

S ■ ■ ' " - 

• " - " - ikr 

•where Q is a cons-bant. At -6he surface of tlie scat-terer r = a , we have 
gikr • ^ ■ ; ■ T' ' ~ * /■ * 

— ;r— - r"^ and consequently the total field at • r = a- is 

■CO, • ■ _ 



C29) . , , E(a) -E.C'a) + E^(a)' « 1 + ^ . - 

, »■ 
Applying the boundary condition « E(a). = 0 we get 

(30) ; /r . . ;c.= ^ . ^ 

The scattered^ wave for r > a is thus \ ' ' 



\ Figure 15*8a ^ 

(31) : : ' . ' ■ , -e; -.-.!-^ • , • 

This c02?responds playslcally, f6r example, to sea-t-berlng of underwater sduxrd 
by a small ajir-TDoibble . ' . 

Sl j ab Scatterer. As' another exninp^ey let us consider scattering V)f a 
plane wave. Tsy a partially transparent slab as In Figure 15-8b. The ^nditions 
on the prcft>lCTi are; 



(32) ' ' + k^'^E^ =^0 |x|>0> 

(33) ' + K^^Eg = 0 ^2^:^= ^ \A < 9 V 



dE-,^ dE^ 
"dn" 



a 



(35) ' E^ ,= E^' + E^^ E^=e^', « ge^"^-l- as Jxf 



1 



(36) - - " - E„ 



e for x^a 



Hex ^ 
g_. e . , for X < -a 



Pipni (SSKv® mbst genereLL solu-tion In- tlie form 



: (37) * = e"^ + 1,^ e-'^ - 

^ We ;tlnis have f oxir ponstants (s+,g_,b^,"b_) "to determine, and 
P applying tljJ . sitrface conditions (34), ' . f 

At -a > we get . 

m ■ + g e^ = ^.-^^ 

JC39) ^ ^(^-'^•..g.e^) =-AK(l,^e^ 

similarly, x - '+a , ■ - ^ . « ' ' - 

" ■ - ■ , : . ■ ■ ^' .- ■ ■■■ ■ 

■ ■ ■ ■ ■ Q ;■ • " : . ■ ' ■ ■ 

; OSaos we hayg .f piir 'sagetraic^ equations, for .tOjp, f our^ iinKnowns:-. 
flying C38) - (.hi:^ (Exercises i^-S^ No^)',;and introd' 

^ ^ • ^ - Z + 1 2 = » HA , 

we obtain 



t-ion-^-^ 
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■ E3q)andlTis the den6mina"tors in (^3) and (hh) enables us* to interpret tKfe; 
solution in te,rnis of multiple reflections inside - the slah. ^ 




If we are deallng'S(ith a single interface at " x = 0 as in Figure 15-8<;, 
then we obtain simply • - . " . . ^ 



(h6) 



= e 



,ikx . 1 + Q -i}ac'^ 



2Q 



2Q 



(^e ibc^cises . 15 -9j , No . 5 . ) 



V 




•Figure 



The results and all the above may be generaliized by inspection to an 
arbitrary angle of incidence^ a as in Figure 15 -8d. Thus in Equations (32). 



2 M 2 2 p 

aiid (33) ve may. replace k ^by cos a and *"t>y. 



■ Q 2 ^ 
:Kr cos p . and . obtain 




" tions in Jberms of the. nev constants k .cos cc and ^ K cos p > * 



ikk cos a * -ikx cos a 

- . . . -iQ'e . . -^^^ 



Q« = 



Z* - 1 



' 2* + 1 



Z.' = 



KA. cos' & ' - 
It .cos a 
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aad (47) •'becomes %' - ' / ' 

^ We may now zmiltiply (i+8) and (49). "by -the same factor ' ®^ ^ . OThis 

converts (ii3) to • ^ • - . 

(50) X = e^ °°^«^^^^^^«-.Q.e-i^.=°^«-^i^'^i^«= ^^^^^^ - Q'E£(« - a)' , 

a , and E^(it - a) is its 



where S^Ca) is a plane wave incident at an angi 



/ 



mirror image in the plane x = O 
giyes . 



From (49) 



angle 



tiplication hy e^^ 



(51) 

I:^ we" require that' . 

(52) k sin a*= K . sin p , 

then (51) egoials 



f _ Q') e^^ P+il^ sin a - 



i.e. , sin Pi = ^ sin 3 =. ^i sin 3 , 



iECx cos p 4-iKy. sin p 



^ — tr, 



(53) J : . > E2- = 'Cl —QOe 

, ' " ■ • .L■ 

' which;" i.s a pljane wave traveling at an angle Vp^ . Eqxiation (52), which we 

•recognize as "Snell's Larw" [S] , is thus an artifice for converting' the. 

solution, of a one -dimensional pro'blem to ;4;he -corresponding two-dimensional 

solution; it insures that corresponding wave frdats match at the surface. 

. Integral Representations . In iSections 15-6 and 15-7 we used Huyghens* ^ 
principle in order to represent the. total scattered field, as the integrea of 
'Sravelet;s\' arising from distrihution of elementary sources . "*To round out 
the previous intuitive discussion we should Indicate how such forms follow 
from the- present , mathematical model- II] Dh] , and > [lH] -If . we had 
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available a theorem -of- Gauss (vliich relates certain surface and ^volume integral 

^ • ■ ' ■• ■ \ ■ . * ■ • 

forms), we could prove that scattering- functions E satisfying Xl] and 
[lU*] can "be represented^^xin terms of elementary sources H as ^ .7r-\. 

whei^ IS .is a j>oint on a surface S(p) as in Figure 15-8e"that incloses -the 
scatterer hut excludes the observation point r , and where is the out- 

ward normal derivative. The function EC^) = C?) + E^(5) . , the total field 
at'^'p >.and its normal derivative^ are weighting factors for the s^lrface 

•distribution of elementary sources' H C|r - aild tt H which radiate 

.. m- . on 'm .v"^., 

from ' "gr to ^ 

■ The elementary sources are ess/entially those we worked with in earlier • . 
sections. Thus in three dimensions, . nr . 




ikR 

and in one dimension 



(55) ; H^(^) ^ , y= I? - p!-=./Cx - if + (r - T,)^ + 



• ikR- ■ ■ ■■ 



i2k 

In "two ^dimensions-, for argument . kR »*1 , we have 



(57) . E^^^y - 7^ e"^: > 'E: =^ V^x ^ 1.)^^ (y - t,)2-- ; ^ ^ 

which is the foinii we worked with previously; the fact that (57) holds only 
for large values of the argument; aticounts_ for the. restrtction-^ ^ k^ >5? 1 that 
•we mentioned for- the stirip and cylinder problems'. . For' sfeall values of kR , 

the elementary source in two/dimensions .behaves , qxiite di-f f erently.: . ' .^ 

'. ' ^ ' ' ' 

Its e;icac1i represen-t!a"tion is given by , ' ■ . 

(59) . . ^ .=^. .4^^ (kR) .. , - ■ 

■■ ^. ^ -v. ■ ;.: ' ::■ 

wherQ. .H^, (which is known as ■ Hankel^* s" function oif the 'first. 'kind "of . order, 
zero) is^ the special -solution .of (20) for tWo dimensions - corresponding for \ . 
^ai^Le -independerft outgoing waves i.e. > ..it plays- the- same role iii two -dimenr 

• • ' " ikR' ; " ^-vi ^ ^ 

sional propaga.tion as" ^ ' and^ e^, ^ piay -ia the. other cases. Xf we.* 



specialize S(p) to the siirface of the .scatterer itself, then we can use 
such surface conditions as^ .[ll] to ohtain^ equations (integral equations) ■ 

.f or jbhe- unltoown values of E^(p) and ; for simple 'surfaces, the' pro- 

cedure is analogous to that we followed for the slab . 

- V " . i> 

Although we will not pr^ve (5^), we .will show how to obtain the approxi- 
mate forms we worked with in earlier sections. Thus if we specialize S(^)' 
to the scatterer»s surface and use the boundary condition [H'b] that 

= O , we _ reduce- C5^) to 

(^0> ^ ' \C?) = '-jEC^)^Hjk!r - pDdSC?) . . - 

In particular, in "two .dimensions and k[r - p| » 1 , we use (^j) in (6o) to 
obtain . 

. . . ■ ^ ■ s ■ . ■ ' 



/I?-pI 

which is of the required fonn [lllc] . If we knew the field Bip) on the 
scatterer's suz^ace, we coiild obtain the -Scattered field E (^J by Integra- " 
tion. If •wre do not know the field (and it is only for' very simple shapes 
that EC]?) :is kno-tm exactly) , then, we may seek heuristic physically motivated 
approximations. - . \ 

In particular if the. scatterer is very big -compared to TAvelength, then 
it is plausible , to. approximate E(5) by elementary gepmetri&l optics con- 
• sidei^tions... -Following essentially :K^^^ one approximates the total field 

E(p) on .the "lit. &ide" of ^ the scatterer by twice the ^incident vai^e E^ , and 
by zero- on the- "dark •sid_e."' Thus if we substitute ' • 

(62) ' EC^) ■« E^(^). on lit side; E(p)-s: 0 on dark si^e 

Jjrto (6l) we obtain' the general case of the integrals we. considered in Sections 
15-7 and 15-8, i.e.,. for the strip with dS(p) =' d-q and the circular cylinder 
with dS(p) = ad(Zf' " '. " . " ' - \. 

y . . ■ ;." ■ •. : . .■• ■' ■■■■ ■ 

From (5^) we could also construct' the vplume integiral of 'elementary ' • - 
scalitierprs- that -.we worked ' with previbusly . for the case, of a partially, trans- 
parent sphere. First , we; specialize .(5^;). to p on the scatterer and then use \ 
the transition conditions [^IIc] to replace the ebctemai - siirface fields ' 
^C?^) = E(k*p) .and *^ E(p); %^^ EC-K^p) ; " 



' and r— E(K,?I) where / K = kp. is the internal' vave number. ' We then use -bhe 
on . ^ * 

same theorem of Gauss /to convert the resulting surface integral to an integral 

■ ■ / * 1 

over the volxane of'-the scatterer. In particular for constant. \x and A = 1.^ 

ve vould^^ ohtain • • :* . . 

(63) • = - K^) f HCkjr -^pf)ECK^?)dV(??) 

where V is the volume of the scatterer. IX. we -add to both sides- of 

(63) we obtain^ an* integral Equation for E which can be solved fqr simple 
shapes- We shall not prove (63)., but' we will show how this rigorous result ■ 
leads to the previous approximation of Section 15-6, Equation (38). 

^ For tenuous scatterers ,in^ the sense KT = k pi Raylelgh replaced. 

■=the unknown internal * field 'E(p) in (63) by the Incident wave: - ' . - 

If ye substitute (64) into (63) and specialize, to three diiaensions by using 
'^(55)^ ye obtain ' ' ' 



\^ - P 



, which is -the more complete version of the f orm vith which we worked previouisly 
'in Section 15-6, Equations . (38)ff, Equation. (65V gi^es directly the resxilt . 
-that the flux ( |E [ ) is^ inversely proportional Ttp X for scatterers whose 
length dimensions . are snzall compared . to 

- " It' should -be, .^^tressed that, such approximations as (62^) and (61^-) are - 
adeqtafite oiily roi^limited ranges of the parameters. However., within th^^''^ 
limintations , they provide usefiil and, instructive explicit results for prob- ' - 
lems. that cannot be. solved., rigorously. » " - . - . , * 

In concluding this chapter, we should also reiteratej^and vrS tress .that we 
have covered mejely a "Selected' sequence "topics- in- ws^sre physics. The.- wave 
.equation^ that we ' introduced in ad hoc fashion are genera;ted moye aygt^>mfl-h-f n ^iiy 
in physics courses by combining .first order differential eqtLations'(Z4axwell*s . 
etguations for electromagnetics), which arise partly from interpretation of *the. 
physical experiments of - Faraday and. others.^ Although-.'.we made "light" the*, 
theme for. much of the development^ we have not' covered an^ essential :^^pe.et ' -^ V 
that distinguishes wave models for light" from the models used for soiind^ '/ 
light-, aijd all electromagnetic w^vea, faaust. also be chara<rterized;by : pola3riza- '* 
tloni this re'qtclres in general^ that we • deal with vector . waye functions, with; 
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1 



amplitudes perpendicularr to the direction ' of propagation instead of the scalar 
func-6ions we have considered. Our discussion.^of light was in na sense meant 
to he comprehensive and there are ■ m^ny ..phenomena involving light that are* loot 
descrihed hy a wave model at all. In illustirating different applications ' of . ' 
calculus, ve have used, light as a vehicle for an introduction to wave physics, 
not only "because we have many visxial experiences to draw on, but "because the 
adequacy of- a wave* model for such phenomena was far. from ohvlaas to the ear^y . 
_^vestigators (and not pai-ticularly ohvious even* to us without, some careful * 
L^ohservations) . For wate^r waves^ . the appro^riatene^ of the 'i^thematical model. 
^woTild have heen clear . from -the start, and even for soimd waves the^intuition ' 
. leads relatively directly from the vis ihle waves oaCf 'stringed ins ^rmients and " 
'* on -drumheads to waves in air. Thus in discussing light, we co\il^ introduce 
key topics leading =to the developmen-fc of the wave mAdel essentially in'their 
historical order > and thereby indicate the greater ^nerality and the greater 
; feconomy of the wave model oyer the earl:^r collection of special "laws of 
nature." However, the initial reservations that "light" is neither wave nor 
particle^ and that oialy certa-lrr- clashes "bf phenomena involving light are" 
adequately described by a wave- model should not he Aost sight of.. Light is " 
•;one of :yie most complex characters in the ABC of mathematical physics. 



" ' Exercises 15-8 . ' . / 

■ . ' • . . ■ ^ ' ■>• ■/. ^ . ' ' ■ ^ . ' \' ' ' 

1, Verify that -the plane waves ' , .. ' ~ 

■ - . • ' ' *■■"..- * ■ ' - ■ ~ . . 

^ y u\^:.^±iloc' cos''Q: +iky ' s^^^ . * . - 

are. solutions of (9) as f^TQ -^VedJ ^ j « 

2., Showvthat. any sufficiently different iahle functioit of the form 

: . f ■ / . ^ ^ -TJ = FCvt - x) 4; dCvt + x) - '. : / ■ 

satis'fies Equation (8), • - 

3. Verify that a solution of the"; wave equation (lO) has' the foim" (17), 
namely * £tk - 



only if' 



E(x,y,2,t) =,,fCx,y,z)g(t) , 



. ■ . . v^gCt) .. dtf : . 



y. ■ • : • ■ ; •.■■■1016.. ' ■ • 



15-8 



Obtain (43) and (UJ*) as solutioaiB of the Xlnear system (38),- (41) 
Derive Equations (47) and'(i;8). 



-J 



r' 



■ ■ id 
ERIC 




351 



1017 




abiBolu'te coOTergence of integrals > 

absolu-te value, 25^^ 274 

acceleration, 2, 409j> \ 
"Aly'the stor^" about/i4'97, 659 

angl^ . 
lnclination^30 
^ of inters'ectio^lDf curves, 491 

•angular f requencey, 962 ' 

.angular Eionien:t;um, kh. 
\ «ntiderivative, 42? 
-Arago bright spot, 923 > 986 

arcCos, 144 

arclength, 43, 384, 385/ 650ff .... 
arcsin, 143 
arctan, 144 * 
area, lly^6Tff 

between the graphs of , two 

. "A .. fvmctions,. 397 ^ ^ 
intuitive concept,, 11 ^ 
invariance of, 56^ 
of a standard region, 13f 

area function 

additive property, "367 
order. property, 367 

asymptote, 230f • . " 
horizontal, 232,-234. 
oblique (slant), 233 , 234 ^ , 
vertical, 232, 234 * ^ 

attenuation, 502 

base of a j>over, 445 
Binomial Theorem, 338, 857 
binormal, 76 
bound 

lower, 261 

upper, 261 
botindary conditions^ IOO6 
bounded growth, 512 
bounded set of points, 26l 

greatest J-ower bound, 266 
, least upper bound, 265 
bouhded variation, 649 
bralcing coefficient, ^513 * . 

Buniakowsky's-Schwarz ineqxiality.y 403 

' .ca^ioid, . . 
catenary, 489 

Cauthy Condensation Test, 872 
. Cau<d3y Convergence Theorem 
(Th. l4-2k)^ 859 
Cauchy^. Criterion f oi^ convergence, 864 
. Cauchy "If orm of remainder. . 

' . (Taylor' s Theorem) , 825 



664 



Cauchy product, 880 . , ' 
Cauchy sequence, 859 
Cauchy *s in.eqxiality, 253, 403 
• caus-^ic 

line, 910 

p^t, 910 r 
s^hface, 910 *^ 
virtual, 916 • 
caustic epicycloidal, 917 
caustics 

Afield on, 999 
^ rainbow, 93O 
center of curvature, 62 
.center of mass, 5I 
centoid, 14 ' 
central f orciei, 44 • > 
Ceva's Theorem, 20 
Chain Rule, l49 
change of. origin, I8. 
characteristia equation, 605 
*chronibcie, x ,'509., 
circular frequency, 14 
circular functions, 137,. 303 

analytical definiti^on o?, 653. 
derivative of, I37 
.derivative' of- invel 
/ dlff erentlal\equatic 
. Cl^iraut' Equation, ^65 
^ cluster x>oints , Sol 
cof 1 1 n ear ±ty of vectors, 
competition, 512 
completeness of-^the-'real nuiELb^er 

■V'.; •■ \- \^stem; 263 ""j^ 
- component,.* 5 ■ 

parallel, 33 . / 

perpend icula^, 33 
of a vector, 5 
composite function 

derivative of, l49 
composition • 

of functions, 102, 285; 
of translations, 6 • 
conditihuous dependence on initial 

data, 593 
conic sectioii, 313 , . — • • 
directrix, 3I3 
eccentricity, 313 
^ focus, 313 

conservation of angular momentum, 44 

partial, 52 ^ . 
conservation of energy, 11, 3I 
constant function, ^ 274 
constant phase, 9^3 
cons tra ined extreme value problems , 213 




l43 

for, 471; 
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conB-braiixt, 213 ? 
continuity jpy91ff . ^ , ^ , 

a-t a point (definition), 93 
or composition function 

(OTh. 3-6e)| 102. . 
of a dlfferentlablfe function 

(Th^ . 3-6d), lOl . / ' - 
on the Interval, 108 
' Intuitive Ide^, 162' 
, of Inverse fun^^ion 
(Th. 3-6f),. 104 
plecewlJBe, 589 
^of product, of continuous 

V^unctlons (Thy S-^'b), 99 
of quotient of A continuous * 
functions (Tb. 3-6c), 100 
of rational combination* 99 
of a stroijgly monotone function 
(Kb. 16), il5 
• of sum of ccJntinupus function 

XTh. 3-6a), 99 - / \ 

continuous - -** \ . . • 
. -* depend enc<g^^ oh initial data, (502 
. piecefwlse> 589 - ' 

boundedness , 73^5 
' integrabllity, 6k8 
•mbnotone 'Betveen extrema , I78 
convergence 

'absolute, 664, 8T3 
conditional, 873 
polntvise (Def. l4-6a), 883 
radius of, 89I 
of sequepcea, 8^2 - 
uniform (Def. l4-6b), 885 
convex function"^ 206 

boundedness of, 212 
continul-ty of, 212 
differentiability of, 212 
convex :point, 9^5 
convex set, 20T - 
convefxlty;^ 206 

flexed downward, 20?, 23^4- 
_ flexed upwaria, 3G7, 208, 234 . 
coordinate, repreisentatlon, 5 . 
coordinktes 

/polar,. 308' * 
^properties -independent of . 
. (see invariance) ,2 
cbplanar vectors ,7 V . 

Cornu spiral, hj 

cosine, ^see circular function)', . 137 

integral, 635 
cover "Sfc 

of a closed interval, 64-5 

of - an interval, 6^5 
carltical danqplng, 23 



cross-product 

right hand* rule for, 27 
of two vectors,* 26 
curvatrLre, 58 * 
as' characterization of ^a pliane 
ciiarve, 67 . 
- ..^ - center of,^ 62 ^ 
' invariance of, 58 . . 
radius of , 59 • ' . 

. : ■ sign of, 59 - . ^; ' 
cxarve . ' 

arclength of, 43 
"^vFrenet-Swrret eqtiatlon for, '77" 
^otlon.^Ji^ng, 35 
]^rametric representation of, 40 

Lecevi^e smooth, 40 
principle ^normal J '48 ^ " 

rectlfiable, 65I , 
pimple closed, • 51 , 
vector tangent > '41 
cycle, 
cycloid, 47 

damped oscillation, l4 % 
decay> 499 \ 
decay coefficient, 499 
decimal T / 

, perlodi^y 267 
decon^sltion into partial fraction, 56 
decreasing, (see increasing), 299 
decreasing ftinctlon 

(see Increasing function) 110,234, 



Weakly 196, 299 
definite integral; 427 
derivative, 3, 27ff 

of a^, 466 

of -arccos.x, l47 
^ of arcsin x, l47 
* of arctan x, 147 
' o±^ ia circiilar function, 137ff ' 

of a coniposite function, l49 

of compositions (Chain Rule) 
(Th. 4-6), 149 

of a constant, II8 

of cos X, 139 • , 

of cot X, 139 

■B , IIT 
x' 

of e^ , 465 - 

of an exponential fimotlon, . 465 



at, an escfcremiim, .173 



ERIC 





.117 
X — » 

X. — » 



n.8 
118 
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V; iiis. . 

■/x, 118 



• \ 



of. t : X -♦i /ll8 

of f : X -» jx| , 118 
of a fractional power, 13^1. 
of a function at a point 49 

jot an liDplicitly defined function. 

-161 . ' 

of an integral power; 12.^ I 
Intermediate value property of. 

Intuitive concept, 5ff 
of an Imrerse, I3I 
of an Inverse circular function, 

of inverse of dlf ferentlable 
^' function-^CTla. ^.-3), 132 
, left-sided (No*.?), 121- 
L^bnizlaE^ notati<3a, I56 . 
of linear c6nibi:jat.ion 

\ . - (Th . " W2a ) , 129 
of 'log h6^., , .': "\ 
of the logarithmic ftmction, 
of a monotone, functiofa, 196 
notations for, 154ff • * 

of a polyncxaial 

(Th*' ll-2c. Cor. 2), 125 
of polynomial of dlf ferentlable 

function (Th- 4-2c, Cor, 3), 

125 . 

of a power function, U65^ 
power rule for positive integers* 
(Th, 4-2c), 125 
product 

(Th. ^-2b), 122 
quotient of dlff erentlable 
functidk (Th. 4-2d, Cor. l) , 
"127 i 128 

rational functlo^^ 
(Th. V-2d, Cor. 2), 129 
of. reciprocal of diff erentiable 

function (Th. l«:r-2d), 128 
of . right-hand and Xeft -hand , 
fllfipx test for, 198 ^ . 
of -^in /x, . 139^ 




of a 



of a 



of a 



su^cessi^e higher, I59 
of tan X, 139 
of a vector function, 38^ 
differential equation, 429 

^ . - f^^j j 471 

linear first wfler,, 550ff 
linear second order, 603ff 
separable, 621ff 
sin X, cos X, 

• (Th. 8-5br), i4-72^ 

differential operator, 590 

differentiation, llTff 
. linearity of, ^l^O*" 
partial, 1002 
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direct sum of llnofer -vector spaces, -12 
direction angle, 30 - 
Dirlchlet integral, 66^4- 
d is cont inuity ■ ■ 

poln^^f , 9k 
dlspla^^jfient , totjrl, Uod 

oT a^functfton, 269 \ 
dot product. of two vectors, 22 
d;nisttics, 3 

e^ k6l, 2jSo. 

irrationality of, 479 W 
properties of, 477 ' . • , 
edge diffracted rays,.^0 > , 

eikonals, 917 

ell, 881^ ' V . 

ellipse^ '313 

focal chord, 314 
*latus rectum,- 314 
energy i 11 ' 
\ -density, - 503 
e3b.vel6pe, 63 ' 
■epicycloid, 75 - . - . 

epsiloniqs, 67f 
equilibrium, 33, 39 

stability of, 40 
equivalent, parametrizajblon, 44, 49 
escape velocity, 49 
estimate 

lover 255 * - 
upper, 255 
Euclid's Principle 

of propagation, 904 
of reflection, 904 - 
, Euler*s constcmt, 861 
- Euler* s Method , 842 
Euler polygon, 843 
evolute, 62 - 
^ as envelope of normals, 63 

' exponent, 445 . 
u definitloh of zero exponeSnt, 446 

general lavs for negative integers 

general laws for positive integ.ers 

: : y ' . ' ■ ' 

rational- exponents : 447 
exponential i^mct ion ^ 4-47,/ 458ff 

' derivative of>' 448 . ' , >^ . 
differential ' equation: for, . 471 . • 
inverse function, 448 ^ • 
relative, magnitude, 463 
exponentially- damped sinusoid, 607 / 
Extreme Value Theorem 
V CTh. 3-7b), 109> 345f f ' 
proof,. 347 
extremum, 173 . * * - 

derivative at, 173 
isolated, 199 * - 
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1$ dated, 199 * 
local, .176, I8I, 200 
location of, 73ff 
" on open Interval 

(Lemma. 5-2), I78 ' 
relative^ 176 

sepond derivative test for," 205 
s*ign of derivative test,. I98 
strong, J*19 ^ - ' 

.factorial ^ 

, y deflilltlon of, 328 
»v>€Sstlmates of, 481 
Faraday, IOI5 - • 
Fermat's Principle of Refraction, 928 
field, 245 

ordered, 2i^^9 
First Comparison Test for Convergence 

. (Th, li^-3c), 865 
flexure, 206ff 
flwc density, 9^1 
flux- principle, 939 
Solium' of Descartes, 228 
force,' 3 \. ■ . 

toToine term, 59I . - ■ 

Fourier Series of :f7 890. 
fractional part, 278 

Fraiinhbf er dif fra ct ion, S68 r ■ /. . # - . 
free vibyation pro^blems, . 1006-- 
Frenet-Serret equations, 77 
frequenpy, l4 

driving, 16 ' 
natural, I6 - 
Fresnel diffraction, 978, 98I 
Fresnel integral, 98I ' . 
friction _ ^ 
linear, 14 ^ 
. slididff> ^7 ■ • 
fxinction, 269f\ 

a^bsolute value, 95^ 274 
of "bounded -TOriation, 649 
circular, 30^w 
composLte, 285iyf, 286 
continuous and Sphere ^ dif feren- 

tla-ble, 111/^52 ^ 
convex j 206 
. , even, 276 • " 

exponential, 447^ 458 • 
hyperbolic, 485 
. .implicitly defined, I61, 359f f 

increasing, 299 
s. increasing on tlie right, 3^9 
^integer part, ^5T^ 275 
* inverse of^, 290, 300 . . 
lljiiit of, 58ff 

linear comhination of , 78 ^ 
logarithmic, 448 



monotone, 298 
odd, 276 
one-to-one, 290 
. periodic, 277 
' . power, 459 

rational comhinatd^n of, 78 
slgnum (sgn), 61, 62, 276 
strpngly monotone, 299 
^ veakly increasing, 299 
function definition, 2o9 

circular, 137 , 303 . * ♦ 
constants, ^74 
explicitly *d<*flned, 162 
• identity, 274 _ ' 
implicitly defined, 161 
• ^ inrvrerse circular, l43f 
fundamental, 98 
' fundamental set of vectors, 28 
fundamental solution, 594 
Fundamental Theorem of Calculus, 4^25 

Galilean Principle of Relativity, . 8 
glohal property of f , 169 
gnomon, 881; \, 

. of a function, 272' \ ' -■ 

■ " sketching, 229, 233 

- Greek Alphahet, ' 244 . . 
Green's function, ,6lC - - ^ 
Grimaldl, 922 . 

grovth coefficient, 497, .513 

■half-lif'e, '499 

" harmonic osfclllator, l4 

heaviside ^pulse, 95I 

Helne-Borel Principle, 645 

helix, 48 ■ . " " * 

HejLmholtz's- equatiorf, 10O4 

Hero's Principle (of reflection), 966, 
/ 909 . - . 

homogeneous equation, 591 

Hookers law, I3 ^ 

•Huyhen*s Principle, 951 

hyperhola/ 313 

hyperbolic functlois, 485 
• . cosh x^. 485 

derivative : of , -485 ' 
differential equation for> 489 
ge&netrical interpretation, 487 
inverse of, 488-^ ..." * - 

sinh xy 485 ^ / " 
tanh X, 485 - , - . > 

hyperbolic sector, 487 

hypocycloid, 75 ' 

- -.of four,cuspsy 44 



Identity Function, 27^; 

inqllned plane, motion on, 26 .\ / 

iiOAse, 270 ' [ 

implicit differentlationV l62 „ ■ * 
• Implicit Function Theorem, 36I 

Improper Integrca, 578 

• •• . convergence of, 66I 
. increasing function, 23if, 299 
. continuity of, .110 
wiSfctkly, 196, 299 /■ : 
.indefinite integral, 427 

Inequality ■ > • . 

■ . strong, 249 

' weak, 249 ■ 
inertial coordinate system, k 
inflection point, 230 
initial value, 497 \ • 
initial value i^blem, 430, 592 
Integer part , 275 

integra"bility ' ■ . - ^ . . 

. • of a contlniiovis funotion. ^^ff, 
648, - V I- 
of a linear .comljinatidn of 
' . . • -vnionQtone ifunct UB5Tt 
/ :Qf Jk ..tt^tBhfXB ;functic3£, 378 . ' 
.* of' a ^i^cevtse monotone function, 
' . ' 4i5 \ / ^ 

integral, 11, 377 ' 

a"b solute convergence of, 66k . 
of a continuous function. 648 ■ 
. . ^convergent, 582 . - . 

'definition, -377 
estimate of, 437 " ' ^ 

"existence of, 638ff ■■ ■ . ' 
ISci^ence Theorem 

; (Th. 6-3a), 378 
geanetric properties, 388 
. improper, 578 , , * 

■ intuitive concept, llff ' * 
limit of Tiemann Sum,. 383, 643 
of a linear comhination, 393ff 
of monotone fijnction ■ 

. (Til. 6^:^), £79 
of a motioil, 11 ■■ .1 
nonnegative/functlon, 40l 
operator/ 617 ■ 
' of a periodic function^ 401/571;" 
of a rational, comhinalfion of 
.", circular functions, 55O 
#of a syametrlc ^Jonction, 57O ^ 
test for convergjepce 

• - (ir^.. ;L4-3d )y 866 ^ ^ . ■ 

Integrals * ^ 

/*rr^ convergent, 582 
%deflnltey 570,-427 

definition, 581 • * 

divergent, 582 , . ■ . / 
improper, 578 
symmetric,- 571 • ■- . 



Integration, 535 

of oc^sta;it times integra"ble 
i^^functibn, 394 

• formal, 433-' 

'Ot linee^r' combination of 
. T« integrahle Ximctions, '393 
linearity of; 393, ^30 - - * 
by. parts, 55^ • - 
of a pol^oaomial, 633 
of National function^,' 563^ 

• special reductions, 57/ 
substit\ition of circular 

funftions, 546 
Substitution Rule 

(Th. 10-2), 540 
of . sum of * integrable functions, .3; 
by summation, 633 . 
■ interference^ 966 - Jf . 

c^astructive,' 9i6S i 
, . destructive, 968 - ^ . 
,>toterior-. poiint of.^n interval, 259 \ ' 
^'"Xntermedlate Value Theorem " . / 
(Th. 3-7a),.i09 . 
proof, 350f . ' 
interval, 259 ^'--^ 
closed, 259, 3j09 
• :•: ^ Interior point of ,^ 259" , '.V 
. * Inverse function, 13l,.291f . 
3fength of, 259' 
midpoint *of , 259 
, open, 109, 2591* .- . .v - 

interpolation^- linear, 191 " 
i'rivariance, 2* . " ' - 
of area, 5^ 
of curvature, 58 
inverse ■. 

of a function, 290 
Inverse. Circular Functions^ l43 

derivative of, 147 • 
inv^lr^ function 

derivatives' Of , I3I 
inverse, hyperholic functions, 488 " 
" derivative of; 489 . . 
inverse sguqre force, 47 
involute, 6a 

geometrical coostruct'ion of, 73 . 
iteration schemes * ^ 

* alternating, 817 . ' 

approximate, x for f(x)^« ^, 809 
convergent, 8o9> 8l4 
square root, 8O8 

jordaJ^gurv^, 51 . 



Keller, J.B.^920 
Kfelvm^ 979 , ■ 

Kfepler-Lambert Principle, 939f 
K^pler-Vs First I*aw,'47" . 
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Kepler^K'fiecohd LaWj^ hp 
Kepler' s -JPhird Eaw, 50 
klnematTics, 2 
kinetic 'energy, 11,- 31 
Kir*chhof J^ ^ 2^0±h 



Lagrange * - ■ ^ . 

oim of remainder 

(Taylbr»6 Th.), .825 
rule of variation of parameters, 

. .615 
latent ^^rlod, . 509 
law of - inertia, 3 ^ 
. Law of tlie Meany l8^ff, 190 

, generalized, 76 • - • * 

'.Law of Mass;. Ac:€ibn, - 
^ Least Upper Bound Principle, 265 

Leitniz, 156 . ; ^ 
/Leitrnlzian notation 

for derivatives, i56 ^* 
for integral, 3#5 
' LeilDni5*s' Test for Alternating Series 

■ ■(Til- 1^-^T3>, ST^J- 
; lemniscate of Bemouli, 313, 359 
length, k 

of an interval, 259 
^ limit " . / ■ _ ■ ' 

of a constant, 79 
of . f at a, -."sSf 
of a function, 55f f 
' V of a function i( definition) ,. 59- 
of a function at infinity, 231 
. limit infer^or> 862 

-intuitive concept, .6 
of a°-l-inear combination, 81 
, . of a product, 82 ^ 

_ ^ of e - quotient,' 85 . 
^ Vright- and left-sided, '"90, 578 ' 

of. a sum,. 8Q ■*'''^s^^', . 

supei~L«r, 861 ' -■' 

limits, 55 V 
limit- theorems- " • 

con^Sbant f tinction . - . ■ ■ 

• (Th. 3-^)., ■79. • ■ 

(Th.. llt-2a) . 852 - 
constant" multiple of a function 
(Tti. S-^ht). .79 . ■ 
, (TfcL. lii-2b>, 852 . ., 

linear com"bi nation of functioJis 
(Til. 3-4c,- CorO , 81 
( Til. lit -2c, Cor. 5, 852. 
"'nbnnegative function ■ 
■ ''.•(Lem\ 3-^, COr; s2). 83+ ■ 
■ (Lem. l4-2. Cor. 2), 853 ; 



.product -D:f. functions 

(Th: 3-^-), 82.-: ' 
; (Tli^.*il4-2d)-, 853 • '_ 
riational.- riiixt^ion . ... • ' 
'. sf.ThV" 3-^, Cor. 2) / 8^ 
. _ (Thr ll4-2e. Cor . ) ,^ 853 
reciprocal <>f .. a - ftoictiaSa- ; - •• 

(Th.- 3-^), 85 • 
•, , (Th. 14-26), 853 ', - 
Sandwi"clr.-T]ieOrem-. -L '. 
'. • (Th.- 3-ltf , Cor-. l)v 
■ ■ (Th.' Il4--2f Cor., a) 
Squee2re Theorem • 

' : (Th.' 3-^f> Cor,' 2) . 87' 
(Th.vl4r2f, Cor. 85^ 
sum of functions. 

(Th. 3-hc% 80 
(Th. Ii4.-2c)^ 852 



Of 
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.line 

. - ' - vector equation. iQf, 13.; 
' linear approximation, 22hf 
linear approximation of f,.223 
linear conibination, 7® 
linear differential eqriation of first 
' . order, 590 

forcing term^ 591 \ 
fundamental solution, 59^ 
general solution, -5^ - 1 
initial : value _pro"bl em, 5^ - 
ryonbomogeneoxis equation, "^95 
reduced equation, 591 
linear differential equation -of second* 
. . order, 603- ^ r 

-homojgeneous equation, 60f ' ' 

supelfrposition^ principle, V^O^ 
linear^ friction, l4 
linear interpolation, I9I 
linear operator, 591^ ^01 
linear vector, space, 9 
local property, 169 f* 

-of a. function, lOS 
logarithm, kM8 ■ 
iDase e, h6l 
. iDdse 10 (common) , 46l 
logarithm ^. ^ - 
derivative, ^^9 
estimates for^ ^ ; 

function,' ij-^^. 
as an integral, ^4-52 
V; of a product, ^53 
;.- of a quotient, ^53 r • 

vith any "base, kSj. 
logistics equal^^b^ig, -513 
Lorent-2 forbes^!^8 . 
^ower stmi over , a' 37^ * ? \ 



maj^lng, 270 - 

..mass, 5: y, • ■ \ . ■ \ . . 

; ffia-tttematlcaX ^^uction, ' 369^?, 319 
firsts principle, 323 ' 
: second prinfciple- 327 . 
maximum fs<se extremum), I73 

.. local, 1T7> 181, 198, 205,- 231^ 
. of a se-fc, 255 V. t 
' maxwell^ 1015 " * V '^ 

r mean :life- time,. ;;499 
. Mean Talue TKedrem of Integral . 
' : calculus, 'h02 r ' • 

' ^Menelaus ' s Thteoreni, 21 
method, of equated coeffiCiieni^s, -566 
minimum (see extremum), 173 
; local, ^177, 181. 198, 205/ 23^ 

. . ^ .- of a set, 255 . 
■ mod el ■ - . ■ / ■ ■ 

/ , / for decay, .^99 ' 
^ - . ^ ' for grbwtli, 497 ' ' - 
momentum. S o ^. ' ^ " 

moriocbromatic light, 959 
.Monotone Convergence Theorem 

' ' (tIA iJ^-Sh) , 856. 
monotone function, 298ff, I96,. ifl5 
derivative of, I96, 204 
integrahillty of, > 378 
inverse of strongly monotone 
function (Th. A2-4), 30O 
V llne'^ar' combinations of, 4l5 
, piecewise,^ 415 ; • . ' 
sect^onally, 415 
strorigly, 178, '299 

nefighborhood, 58, 26O, 259' 

deleted, -58, 26O ' ' * • ' 

- of infinity, 587 V ; 
/radius, of , '260 r / ' 

Nested Interval Principle, B65 
Newton, 156' V'\:. " »- ' : "V • - • 

.Jf ebon's .First Lav, ^^.4 /. - 
Newton's Second Law, 5 
Newton's Third Law, 6 
Newton'sM 813^. 
nonhomogeneous equation^ 595 
noOT, of ^^^ggjgartition, 379 
j29ormal 
./ V^.: lln 

•:;feo:ajQ(|Pne, 3I 
V at a point^,;226' 

. principle tb a curve> 74 
notation 

D*; li7 : ' ^. • -• 
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A. (difference) , I56 
'"..A (increment), l49^ 

dx 
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/■f» ,.117 ■ H ■ : ^ 

Leihnizian^ 156. ^ , 

..null vector,^ 8-V • . ' 

numher ■ * ■ " " 7 \ • - 

irrational, 263 . ' ' .... 

numh.erical integratlon,-829f, 
^ rectangle rule, 829 
■•trapezoid arule, 830 
. Simpson's ^Bule, 832 , • 

'^Stirling^ .PbiimiLa,- 835=.7 . ■ V 

ope2ra:tor . • • . . 

differential,' 590 - ■■■ -* ■■ " 
linear,' 59I, 601 ^ 

orthogonal trajectories, 622, 917. 
..osculating circle, 62-* 

*, * • ^ ■" ■ . 

■ parahbla, 313 -^'' ^ ^ 
pairallelism ^•■=^-^ 

of directed segments, 4. 
' parallelbgranf ' • ' ■ 

.law for vector add iti,on,; 7 
parameter,. 44 ' . ^/ - . ^ 

parametric* arepresentation of ; a curve, 4o 
"paraxial rays, 915 
particle-, 2- . 
* charged, 18 -. . 
particular solution, 595 ^ . 

partition, 376 ^ ^ ' 

\. partition of Ca,h], 376 \' 
pendulum, 32 /" ^ 

cycloidal, .36 ; ^ ' 

period' of., 34. ■ . .i. 
■ ' ■ spherical, '52' .. ■ . ■ . . 

A ..period • " " • . ^ 
' of a deci-mal, 267^ 
. . - of a function, 277 
fu25aamental^ ,98,. 578 
- bf planetary motion, 50 * ' 
per^dic .-waves, 959/ ; : . - 
phase, .59^> 960 . 

, method, of ^t^tionary, J979, 989 
phase- lag, :l6- 
■ Pl 

-def init^ion of, 655 



Pi card's 



8l4 



plecewise continuous, 589;. ■ . 
piecewise monotone functions, 415 

■integrahili-^,. 415 ^ ' ■ - ^ \ - 
.planar source^ 9^. *. > 
-plane/ ' ' ,: ^ 

characterization "by dot product, 25 
■ of .incidence, 905 ' ' . " 
' ".normal to, 31 * *♦ «• >. - ' * *^ 

" - vector equation of > l€' * - . v 
planetary motioh^^7 




point-'.of? inflection. 



234 
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Poisson trigbt; spot, ,923 . V" 
.polar axis, 308 *- ■ ^. ■ _^ 

polio: ; coord iiiate3 , 308* ' / " * 

p<£liriza-ti03a^ lpi5. : ' V' ' * 

polyripmiaX . * ' *? 

<j-- . ' ■derivative ot> . 125 -V 
pwfiiber .cjf' zeros, l88 

position, vecixar, . 8 
, ; potential .energy > 11, 31 ^ . 

potential- fiinctioh, ;38 ' • 
". potential well,/ 3? . . . 
. po^er^ Wl5,. :^59 -^.r 

power series,^ 891 
primitive of f,- h'Zl 
, principal nonMil, . - 

PAnciples of Arcjiimedes , 266 ' 

product, of fimctipns, 285 • — 

p-test for convergence 

.. <Th. Il4--3e), 867 
* - • . ' . ■ ^ • • 

. radiation* 

primary, 9^8 * 

• secondary, 9^ 

radioactive decay, 50C^ ^ . 
radius of curvature, 59 
radius of a neigtil^orliood, 26o * 
radius vector, 308 * - . 

■range of a -function., 269 . 
ratio test for convergertce ^ 

XTla- ll^-3g), 868 • 
rational combination, /. 78,; 99. ^ . 
-Rayleigh-Born scattering> 970? ^ 
reaction rasfce, '54-6 
; real mmbers, '2^^ ' V . - 
' * • alg^raic properties of , 245 
brder^arelat ions,. 249 * . ' ^ / 
. real number , system, 245f f . • . 
completeness., 263ff> 645 
. rect.ifiaTDle> ; ■65I ' ' ^ ■ ' 

^recurrence xelatiotis, 558 
recursion^ 238, . • ~ 

' ^.definition "by,. 328 . 
: reduced equation, 591 

reflected ray system, *.905'' 
" reflectors ' 

.parabola, 913 ' • 
semicircle, 91^ .% , " 

refraifeion . 



, ' index- of ,^. 927 ' 
res istance ^ 

of air, 11, 23 
resonance , 16 
restriction, 297 

: . of a function, 
rhedbase, .508^ 
R'iemariTi^ sum, . 38I ' 
limit of , 383 
/upper, '304* 
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. rocket. " ■ " . . 

. motion of ," 21 * • ' 
Rolle.'s Theorem. , , ' * "'^ ■ 

. '(Lpmtfn. 5%3) l87\ 
root ' " ."^ -;■ : ' . 
princ^ipal, 301- . > . 
. • " test. for. convel^ecLce • - 
. . •• (Th^ ■14.3&>>: -869:.V 
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Sandwich' Theorem, 
scalar,. '9 ' / . .■ \ 
L s.catterer ■ ■ 

- point, 1008 .- 

- slah', iOC 
. scatt^^ringy. 503 

• / amplitude,' 970 
. >> coefficient, 503,^; 
Second Con^iarispn Test for convergence 

(Th:. l4-3f) , 868 
second^ derivative, 205 ' ' 
semicuhical parabola, 42 ^ 
se^ratle. differential . equation, 621 
Separation Axiom, 263 
separation constant, 1004. 

sequence, ' 851 * ; ~ V 

^sequence of psurtial sums,. 
^ series, 863 ^/ 
set-. * . ■ 

convex, 207 • 
signum^' 276 . - 
pimple , closed ciirve 52 
' area* enclosed' hy, 52 

Simp.3bn*s ihiie,^;^B32.- " 
sine (see circiilar function) , 137 
■slope> :5^ 27ff;'-3CXr/'.^ ^ 
smooth, 5^ .' ■ ' . ^ 

'piecewiseV " 5^ ■■■ • ' 
Snell's lisw of Eefteaet^pn,' 927 
solid of revoluticicrpi^ . 
spherical pendulum ^ 
Squeeze Theorem^:^? , . 
Istahilityy. 40-^ ; ^i. ; " .-^^ 
. standard "iregioni^.ylS ' . / ■ 
* ■\\ lt>wer hound > . 370 
• iipper "Sound, -370 
--steadj^ytate, 599 ' . 
.Stirlihs'^s-:FQrmula, 482,-835. ' . 
/strs^tijf ied medium, 933 
■ strori^ly monotone, 299 -r 
Substitution Rule, 428 ? 

for integrals, 5^ ' " 

substitutions ^ • - 

of circular functions, 546 
^' of hyperbolic ftmctions, 553 
sum ^ * 

of functions, 285-- \, / " 
Riemann, 381 - 
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.: -upper, 3T7 . ^ . . . ^ *, ■ , 
•'• of vectors, 7 " ■ " 
. SjjiB. ilotationj, . 333, 371 ■ ■ 
f fiuinmatioh/ '3^9 

. -.Superposition Principle, 60^; ' 
... ■supremum,' 265 
' 'synibol • • 

,*.;. max. {r^^r^, . ^'',r^},- 255 ' ■ 

72> 7t, 76 

=.83, -255 •. .; 
ssTimetry, 57P 

■•."tazigent, .29: ■ . ■ 

. , to''jbhe curve,, '223 

,.-!raylor expansion,. 823 .. ' . 

• Taylor series, -823 .. ' ■ ' 

Taylor ""s Theorem; • 
V . . ; (Tlr; I3-3):,. 8?0 

tbierahce,^ 6 *• 
■ tolerance ' e (error) |^ 32,- "63 

transient s tat e^ 599 

■ .transition condition's/ IOO61. ; 
.1iransla!t;ion, ;^ .^.> . ^ 

:■■ translations:- . . • . . . 

\ composition of , 6 

1 triangle inequality, 255 - . 

■ triple scalar product, 3I . 
trivial .'solution, 591 '. .-...^ ; - 
trochoid; 21 : 

. .tirun'cation error, 8i4-5 ■ 



yelocity,^.-2 ■■ ^. , 

average.,- '30,'. i;2. , .-. ' . 
.-\instantaheous, .i;2 
volume of solid of revolution, - 405 



Wallis's Product- f or 575^, 836, 

wave equation, .1002 

' wave -lengthy- X 925 " \ 

..wavelet,. 951 ; » 

fwave, sxirface,. 95I ' ' ' ■ 
weakly, increasing, 299. / 
Weierstrass^. Ill . * 

■ 5^elerst?:ass .Funcjtion,. 352 
Weierstrass M-Test * ' " ' " . 

. . (Th.. lU-6c), 887., 
.well -posed ^ro'blem, . -593 ;. : v 
•work, 31 . ■. : • ■ ' ' ' 

young's Principle, 960 ' - 

zero of • order k, Q26 • •• 



.unit J;s!ne source^ 9^0 ' 
unit point sourQe,. '940 • '. 
upper svm over . a i. , 377 



: ■variable,^ 27^ • •. ' .;■ 
' .variation; of parameters, - 596' 
-vector " . .'-"-^ - 

; • • component: of',; • 5 ■ 

coord^-hate representation of, 
V '-^coplanar, 17 . 

cross product of , 26 
. .''definition of, h ' . 
' . dot product of , 22. . " , 
length or,- k '^ 
. • . linear d'epe^dence of, 19 

multiplication by a scalar, 9 
; /position, .8 . 
r.-* triple scalar product of, 3I 



